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The spaces Ha‘&y((a, b) x (a,b), R) and H, 5((a, b), R) were defined in ((Hiiseynov (1981)), pages 271-277). Some singular integral
operators on Banach spaces were examined, (Dostanic (2012)), (Dunford (1988), pages 2419-2426 and (Plamenevskiy (1965)). The
solutions of some singular Fredholm integral equations were given in (Babolian (2011), Okayama (2010), and Thomas (1981)) by
numerical methods. In this paper, we define the sets H, 5 ,,((a, b) x (a,b), X) and H,, 5((a, b), X) by taking an arbitrary Banach space
X instead of R, and we show that these sets which are different from the spaces given in (Dunford (1988)) and (Plamenevskiy (1965))
are Banach spaces with the norms | - || ady and || - ||, 5- Besides, the bounded linear integral operators on the spaces H, M,y((a, b) x
(a,b), X) and H, 5((a, b), X), some of which are singular, are derived, and the solutions of the linear Fredholm integral equations of

the form f£(s) = ¢(s) + A [ A(s,£) f(D)dt, f(s) = () + A [ Alt,s) f(t)dt and f(5,1) = $(s,1) + A [ A(s, ) f(t, $)dt are investigated

in these spaces by analytical methods.

1. Preliminaries, Background, and Notation

The approximate solution of the singular integral equation

1 Vk(shu) ,
u(s) - ;p.v. J ————dt = f (t) (1)

-1 t—s

was obtained in [1], where k(s, t) is a real-valued kernel, f(s)
is a given function, and u(s) is the unknown function.

High-order numerical methods for the singular Fred-
holm integral equations of the form:

b
Au(t) - p.v.J It —s|P 'k (t,s)u(s)ds = g (t), o

a<t<b
were developed, where A#0, 0 < p < 1, k and g are given

functions, and u is the unknown function. Equations of this
form often arise in practical applications such as Dirichlet

problems, mathematical problems of radiative equilibrium,
and radiative heat transfer problems, [2].

The polar kernel of integral equations was introduced in
[3, 4]. This singular kernel is in the following form:

g(x. )

k(x,y) = W+h(x,y), 0O<as<l, (3)

where the first term of this kernel is weakly singular and g
and h are bounded on the square s = [-1,1] x [-1,1] and
g(x, y) #0. With g = 1, h = 0, we have the special case of the
above kernel:

1
— 0<ac<l, (4)

k(x,y)= =)



see [5]. One of the weakly singular integral and integrodif-
ferential equations with this kernel was given in [6-8]. The
solution of the singular integral equation of the form:

1
y(x)¢(x)+A(x)p.v.J ¢(y)ady=f(x),
-1 (y-x) (5)

[x] <1, 0<a<1

was examined in [5] by numerical methods, where
p(x)#0,A(x)#0 and p(x), A(x), f(x) € L*[-1,1] are
given functions and ¢(x) is the unknown function to be
determined.

The integral operator defined by

A:L,(0,T) — L, (0,T),

T (6)
(AN = [ k(x=y) 1 ()dy
was studied in [9].
An integral equation of the form:
b
f(s)=¢(s)+AJ Als,t) f (D) dt %)

is called Fredholm integral equation of the second type. Here,
[a,b] is a given interval, f is a function on [a, b] which is
unknown, and A is a parameter. The kernel A of the equation
is a given function on the square [a, b] x [a, b] and ¢ is a given
function on [a, b].

Now, we may give some required definitions and theo-
rems.

Definition 1 (see [10, page 41]). Let X be a Banach space and
(S, %, u) be a finite measure space. Then f: S — X is called
measurable simple function if there exist x,x,,...,x, € X
and E}, E,,..., E, € Tsuch that f = 3", x;xp , where

1, weeE

8
0, w¢eE,. ®

Xg, (W) = ‘[

Definition 2 (see [11, page 88]). The Bochner integral of a
simple function f given by Definition 1 with respect to y on
E € ¥ is defined by

JE fdu = inl‘ (E;nE). 9)
=1

Definition 3 (see [12, page 201]). Let X be a Banach space with
the norm | - | x and (S, %, 4) be a finite measure space. Then
g : S — X is called strongly measurable if there exists a
sequence ( f,,) of X-valued simple functions defined on S such
that

lim||f, ) -g®]x =0 teS-N, uN)=0. (10)

Theorem 4 (see [11, page 88]). All continuous functions f :
S — X are strongly measurable.
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Theorem 5 (see [13, page 336]). Let X be a Banach space with
the norm || - ||x and (S, Z, u) be a finite measure space. If g :
S — X is strongly measurable, then the scalar function

h:S— R, h@t)=|g®)|x (11)

is X-measurable.

Definition 6 (see [11, page 88]). Let (S,Z,u) be a finite
measure space and X be a Banach space, and then the
Bochner integral of a strongly measurable function g

S — X is the strongly limit of the Bochner integral of an
approximating sequence ( f,,) of simple functions satisfying
(10). That is,

lim L f.du = JE gdp. (12)

Theorem 7 (see [12, page 202]). Let (S,Z,u) be a finite
measure space, X be a Banach space with the norm || - ||, and

g:S — X be a strongly measurable function. If fE gdu exists,
then

[ o] < [ lolan ©

Theorem 8 (see [12, page 203]). Let (S,Z,u) be a finite
measure space and X be a Banach space with the norm || - | x.
The Bochner integral JE gdu exists if and only if g is strongly

measurable and jE lgll xdu < oo.

Theorem 9 (see [14, page 82]). Let X be a real or complex
Banach space with the norm | - ||x. Let a,b,a, 8 be the real
numbers satisfying —0o < a, b < 00, 0 < «a, § < 1 and
M be a nonnegative constant. The set C**((a,b) x (a,b), X)
consisting of all functions A : (a,b) x (a,b) — X fulfilling the
conditions:

[A (s, D)llx <M,
(14)
IA (s + As,t + At) = A(s,0)llx < M (JAs* + |At[?)

for all s,t,s + As,t + At € (a,b) is a linear space with the
algebraic operations:

(A+B)(s,t) = A(s,t) + B(s, 1),
15
(MA) (s,t) =M (s,t), AeK, (K=R orK=0C), =

and C**?((a,b) x (a,b), X) is a Banach space with the norm

1 Allo,0,5 = max‘[ sup A (s, B)llx» mA} , (16)
s,;t € (a,b)
where
o sup |A(s+As, t+ At) — A(s, 1) x
A= u '
ststAst+AL € (a,b) |As|® + |At[° (17)
As#OVAL£0

Again, let X be a real or complex Banach space with
the norm | -|x. Let a,b,a be the real numbers with
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—00<ab<oo,0 < o < 1and M also be a nonnegative
constant. Let A be an X-valued function defined on (a, b) such
that
A ()lx <M,
(18)
[A(s+ As) — A(s)|lx < M(As)*

forall s,s + As € (a,b) with As > 0. By C*((a,b), X), we
denote the set of all functions A satisfying (18). C*((a,b), X)
is a linear space with the algebraic operations:

(A+B)(s)=A(s)+B(s),

(19)
(M) (s) =AA(s), AeK, (K=RorK=0C),
and C**((a, b), X) is a Banach space with the norm:
[Allpq = max § sup [[A(s)lxs
s € (a,b)
(20)
[A(s+As) = A(s)llx
s+As € (a,b) (As)a
As#0

C**9((a,b) x (a,b), X) and C**((a,b), X) are called a
Holder space. The functions spaces which are similar to
C**((a, b)x(a, b), X) and C>*((a, b), X) were investigated in
[15, pages 2419-2426], [16, pages 25-51], and [17, pages 18-33].
The class G, (h, e) of the functions k satistying the equalities

k(xy)=0(|x =y "h(]x-y])) 1)

and

k(x',y) —k (x”,y) _ O<h(Py (x/>x”))e(|x' - x"|) )

P;’ (xl’xll e (Py (x/ _ xu))

(22)
was introduced in [18], where functions h,e : (0,00) —
(0, 00) are increasing,

! " . ! "
by () = minfly - [T} @
and m is a natural number.
Theorem 10 (see [14, page 16]). Let T : X — X bea

bounded linear operator mapping a Banach space X into itself
with |T|| < Land I : X — X denote the identity operator.
Then I —T has a bounded inverse operator on X which is given
by the Neumann series:

I-1"= OiT" (24)
k=0

which satisfies

1
I-1" < .
” " 1 =T
The iterated operators T" are defined by T° = I and T" =

TT""". The series in the right of (24) is convergent in the norm
on B(X, X).

(25)

2. The Main Results

2.1. The Spaces Ha’&y((a,b) x (a,b),X) and H, 5((a,b),X). In
this section, we determine essentially the spaces H,, 5 ,((a, b)
(aa b)) X) and Ha)é‘((a) b)’ X)

Theorem 11. Let X be a real or complex Banach space with the
norm || - lx, a,b,, 8,y be real numbers with —co < a, b <
00, 0<a, a+y<1, 0<y < <1, andM beanonnegative
constant. Then the set H, 5, ((a, b) X (a,b), X) of all functions

A: (a,b)x (a,b) — X,

() — Als) 26)
satisfying the inequalities
A > t S >
1A GOk < o (27)
M (|As)® + (At)Y)
[AAllx < T ey
(t-a) (28)

AA = A(s+ As,t + At) — A (s, t)

for all s,t,s + As,t + At € (a,b) with At > 0 is a linear
space with the usual algebraic operations addition and scalar
multiplication defined by

(A+B)(s,t) = A(s,t) + B(s, 1),
29
(AA) (s,t) = AA (s, 1), A €K, (K=RorK=C),( :

and H“)(;)y((a, b) x (a,b), X) is a Banach space with the norm

I Al = max {pa, ku} (30)
where p, and k4 are defined by
pa= sup (t-a)*|A(s D)l

A st € (a,b) x (31)

(t - a)*""|AA|x

ky= sup —_——
A s,t,s+As,t+At € (a,b) |A5|6 + (At)y (32)

As#0VAE#0

Proof. Let X be a Banach space with the norm || - [|x. It is
known that the set & = {A | A : (a,b) X (a,b) — X}isa
linear space with operations in Ha)&y((a, b) x (a,b), X). Also,
it is obvious that A + B, AA € H,s,((a, b) x (a,b), X). On the
other hand, since

Ha,ﬁ,y ((a’ b) X (a’ b) > X)
={A| A:(a,b)x(a,b) — X, A satisifes (27) and (28)}

cd,
(33)

Ha’s’y((a, b) x (a,b), X) is a linear space.
Furthermore, H, 5 ,((a,b) x (a,b), X) is a normed space

.0,y
with the norm || - || Indeed, consider the following.

a,8,y"
(N1) It is clear that ||A]|
(a,b), X).

wsy 2 0forall A e Hys.((a,b) x



(N2) If A € H, 5, ((a,b) x (a,b), X) and | A
A(s,t) = 0foralls, t € (a,b), since

wdy = 0, then

||A||tx,6,y = max {pA’ kA} =0. (34)

So A = 0. On the other hand, if A = 0, it is found
that IIAIIM)Y = 0 by (30), (31) and (32). Hence, the

proposition “||All, 5, = 0 if and only if A = 0 is true.

(N3) Let A € K, (K =R or K = C). Since

poay = sup (t=a)*[(A4) (s, )llx = Al pas
s,t € (a,b)
t—a)*|A (LA (35)
b= sp | LEOTMAGAL
s,tst+Ast+At € (a,b) |As|® + (At)y
As+#0VAt+0
by (31) and (32),
IAAllg s, = max {ppay kot = 1A max {py, ky}
(36)
= M 1Al
(N4) If A,B € Ha’&y((a, b) x (a,b), X),
Parpy = sup (t-a)*[(A+B)(s,t)lx
st € (a,b)
< swp (t-a)A(sDlx
st € (a,b) (37)
+ sup (t-a)*|B(s,t)lx
s,t € (a,b)
=PatDPs
by (31) and
_ (t—a)”V|A(A+B)lx
ks = su 5
s,t,s+Ast+At € (a,b) |AS| + (At)y
As#0VAt+0
_ gty
© w0
stepbsting gon sl (A0 (38)
. (t — @) 7IABl
s,t,s+As,t+At € (a,b) |AS|(s + (At)y
As#O0VAt+0
=k, + kg
by (32). Hence,
"A + B":x,&,y = max {P(A+B)> k(A+B)}
(39)

<max{py + pp.ka +kg}.
From the inequality

max {py + pp. ky + kp} < max{py, k )+ max{pB,kB(} |
40
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which holds for all real numbers p,, ps, k4, kg > 0, we obtain
"A + B"{x,é,y < ||A||0c,6,y + ”B||0c,5,y'

Asaresult, Hlx,&y((a, b)x(a,b), X) is a normed space with
the norm | - IIMS)},.

The space H,s,((a, b) x (a,b),X) is a Banach space
with respect to || - || wd,y- 1O see this we consider an arbitrary
Cauchy sequence (A,) in H,4,((a,b) x (a,b), X), and we
show that (A,) converges to a function A € H,s,((a,b) x
(a,b), X). Since (A,,) is Cauchy, for every € > 0, there exists
ny(e) € N such that

1A, = Aulls, <&  (mn>n(e). (41)

So from (41),

sup (t—a)*|A, (st)—A,, (s t)”X <&

s,t € (a,b)
(t—a) ™A (A, - Al (12
sup 5 <e
sts+As,t+At € (a,b) |AS| + (At)y
As#0VAt+0

where

A(A,-A,)= (A, —A,)(s+As,t +Af)

-(A,-A,,) (1.

(43)

By (42), while As# 0 or At #0, we have

[t-a) A, (s,t) -t —a)*A,, (s, )| < & (44)

t-a)"|A(A, - Al <
|As]® + (At)Y

e (mmn>ny(e)) (45)

forall s,t,s + As, t + At € (a,b), (At > 0). We see by (44)
that ((t — a)*A,,(s,t)) is Cauchy in X. Since X is complete,
there exists a unique x € X such that

lim (t—a)*A,(s,t)=x or lim A, (st)= ;ax.
n—oo n— 00 (t _ d)
(46)

The limit x € X depends on the choice of s, € (a,b). This
defines a function:

A: (a,b)x(a,b) — X

(8)  — A(s1), (47)

where

nangoAn (s,t) = A(s,t). (48)
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Now, we want to show that lim, , IlA, — A"a,a,y = 0 and
A € Ha)&y((a, b) x (a,b), X). By (48), the continuity of the
norm gives together with (44) and (45) that

(t—a)*|A, (s t) - A(s,0)|x

(t-a)*

A, (s,t) = lim A, (s, t)"X
(49)

= lim (t - a)*|A, (s,t) — A, ()|«
<E§g,

t-a)*"|A(A, - A)|x
|As|® + (A1)

_(t-a)T|AA, - Tim, o, AA, [
|As|® + (At)” (50)
(t - a)aW“A (An B Am)”X
|As]® + (At)Y

m— 00

<é€

foralls,t,s+ As,t + At € (a,b) with At > 0 such that As#0
or At +0. Since [|A, — AII“,&Y < eforall n > ny(e) by (49)
and (50), we derive lim, _, . [lA,, - AII%&V = 0. Furthermore,
since (A,,) is bounded, there exists the nonnegative constant

C such that |A,,| ady < C which yields

sup (t—a)*|A, (st)]x <C,

s,t € (a,b)

(t-a)"|AA, || <C S
|As|® + (At)Y

s,t,s+As,t+At € (a,b)
As+0VAt#0

for all n € N. Thus, it is obtained by (51) that

C
l4n 0l < G (52)
”An (s+As,t+At) - A, (s, t)"X
C(1as® + (at)Y) (53)
< - 7

(t _ a)oter

for all s,t,s + As,t + At € (a,b) with At > 0 and n € N. By
(52) and (49),

JAG,)lx = |4, (s 8) + A(s,t) = A, (s, 1)

< 1Ay 50y + A (1)~ A5 D)y

(54)
C+e
< —.
(t —a)*
By (53) and (50),
AAlx = ||AA +AA, - AAn||X
Saaderla@-mle

(C +e) (JAs]’ + (A1)
<

(t _ a)oc+y

foralle > 0 and n > n,(¢). Therefore, we obtain from (54) and
(55) that there exists the nonnegative constant C such that

C
A(s,t < —Q
1AG Dl <
(56)
C(las® + (At)Y)
|A(s+ As, t+ At) — A(s, 1) x < W
Hence, A € H, 5, ((a, b) x (a,b), X). This step completes the
proof. O

Theorem 12. The inclusion

C*7 ((a,b) x (a,b),X) € Hyy,, ((a,b) X (a,b), X)  (57)
and the inequality

1Al < max{[Alos, (& - @)% [Allgs, (b - )™} (58)
hold, where [ Allo,s,y is defined by (16).

Proof. If A € Co’é’y((a, b) x (a,b), X), then by (16) and (17)
there exists the constant ||A||0,5’y satisfying the inequalities:

IAllo,s,, (b — a)*
A (s, t)lx < T t-aF
|A(s+ As, t+ At) — A(s, 1) x (59)

_ 1Al - )™ (1as® + (At)Y)
- (t _ a)(x+y

forall s,t,s + As,t + At € (a,b) with At > 0. By taking

M, = max {[|Allgs, b - )% [Allgs, - a)},  (60)

it is obtained by (59) that A € H,4,((a
||A||(x’5)y < M,. That is,

,b) x (a,b), X) and

C*7 ((a,b) x (a,b),X) € Hy5, ((a,b) x (a,b), X), (61)
as desired. O

Example 13. Let us take R instead of X and define the
function A as

A:(a,b)x(a,b) — R, A(s,t)=s+t. (62)

Then, we have
A (s, Dllg = 1A (s, )| < 21b| = M,
|A(s+ As,t+At) — A(s, 1) g

=|A(s+ As, t + At) — A(s, )|

< |As| + |At] (63)
= |As]®|As|" 0 + AL ALY
< max{(b-a)""°, (b-a)' "} (|As]’ + |At]")

= M, (JAs® +1At]")



forall s, t,s + As,t + At € (a,b). Thus, we obtain by (63) that
A € C*((a,b) x (a,b), X) and || Ally, < max{M,, M,} =
M. From Theorem 12, we conclude that A € Ha,&y((a, b) x
(a,b), X) and

[ Allys, < max {M®b-a)", Mb-a)*""}. (64)

Theorem 14. The function A € Hgs,((a, b) x (a,b), X) is
continuous with respect to the Euclidean metric on (a,b) x
(a,b) c R%

Proof. Let (sy,t,) € (a,b) x (a,b) and d be usual metric on
R2. Then, we wish to show that the function A : ((a,b) x
(a,b),d) — (X, |- llx) is continuous. It is clear that

lim )d ((s,1), (595 t9))

(st) = (So’to

(65)
= lim \/(s—so)2 +(t-t,)° = 0.
(s,t) — (s[,,tg)
Besides, since
0<|s—so| <d((s:0),(spo10))>
(66)

0<|t—to] <d((s:1),(s0:10))

we have by (65) thats — s, andt — ¢,. Thus, since the
equalities:

[[A (s, ) = A (500 20) || x

(67)
=|A(so +s—spto+t—ty)—A (so,to)"X,
”A (s,t) = A(sp, to)”x
= "A (SO’ tO) -A (S> t)"X (68)

=|A(s+sy—st+t,—t)—A(s, )|

hold, there exists the nonnegative constant M by (28) that the
inequalities:

0<[A(st) = A(seto)llx
M(IS - 50l8 + (t - to)y)

) (ty—a)™" (=)
-

M (Jso =+ (to = )")

0<[A(s,t) = A(spto)|y <

(t _ a)a+y >
(t<ty)
(69)
hold from (67) and (68), respectively. By (69), we have
(s) lirao,to)||A (5,£) = A(s0: 1) = 0. (70)

Hence, the function A € Ha)&y((a, b)x(a,b), X) is continuous
at the arbitrary point (s, t,) € (a,b) x (a, b) which means that
it is continuous on (a, b) x (a, b). O
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Theorem15. Let X be a real or complex Banach space with the
norm || - | x, a,b, &, & be real numbers such that —co < a,b <
00,0 < 0,8, + 0 < 1, and M be a nonnegative constant. The
set Hy 5((a, b), X) of all functions satisfying

M
IAGlx < = e

M(As)?
_ a)tx+5

(71)
[[A (s +As) = A(s)llx <

foralls,t,s+ As € (a,b) with As > 0 is a linear space with the
usual algebraic operations addition and scalar multiplication

(A+B)(s)=A(s)+B(s),

(72)
(AA)(s) =AA(s), AeK, (K=Ror K=0C),
and H, 5((a,b), X) is a Banach space with the norm:
IAlls = max 1 sup (s —a)*|A(s)llx
s € (a,b)
(73)
(s —a)***AAll
sup ———————
s,s+As € (a,b) (AS) >
As#0

where AA = A(s + As) — A(s).

Theorem 16. The function A € H, 5((a,b), X) is continuous
with respect to the Euclidean metric on (a,b) c R.

Theorem 17. The inclusion
C* ((a,b),X) C Hyg ((a,b), X) (74)

and the inequality
IAlls < max {[|Allgs(® - )%, | Allgs (0 - 0)**°}  (75)

hold, where || Al s is the norm in the space Co’a((a, b), X).

Since the proofs of Theorems 15-17 are completely similar
to that of Theorems 11-14, we leave them to the reader.

Lemma 18. Let X be a real or complex Banach algebra with
the norm | - |x and define B, by

B,(s,t) = A{(s,t) Ay (s,t) -+ A, (s,8); s,te(ab),

(76)
where
A;€H,,, ((a,b) x (a,b), X), (i=12,...,n),

o ta,+ta,+p<1l forn>1.
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Then, if
8 =min{d,,6,,...,8,}, (n=1),
D, =1,
D, = max {(b B a)an—a} , (78)
n=2),

C,=D,D,---D,, (79)

then B, € Hy, o y.ta,06,((ab) X (a,b), X) and

1Bulleysayt-sar iy

(80)

< 2n71CﬂI|A1||0c1,61,y||A2||zx2,82,y .“ ”An

Proof. We use the induction method. If A; € H, 5 .((a,b) x
(a,b), X), then

%057

S=min{8,} =6, B, (st)=A,(s1),

B, €H, 5, ((a,b) % (a,b),X), (81)

1Billays,.y = CillAil 5,

Thus, Lemma is true for n = 1.
Assume that if

AjeH, 5 ((@b)x(ab),X), (i=12...k),

(82)
8 =min{6,,6,,...,0;},
then Bk € H“1+"‘z+"'+“k:8’)’((a’ b) X (ax b)) X) and
||Bk||(xl+(x2+~~~+(xk,5,y
(83)

< Zkilck"A1||ocl,81,y||A2||(x2,82,y e ||Ak||ak,8k,y'

Now, let A; € Hai,(si,y((a, b)x(a,b),X), i=12,....,k+
1) and 6 = min{d,,6,,...,0;,,}. Then, we must show that
By, € H, ’5’),((61, b) x (a,b), X) and

oo+t oy

||Bk+1 ||ocl+tx2+---+ock+l,8,y

< 2ka+1"A1||ocl,§l,y”A2”a2,82,y e ||Ak+1

1Oy
(84)
Then,
By (5,0) = Ay (1) Ay (s,1) - A (5, 8) Apyy (5:8) @)
= By (s,0) Agay (s.1).
O

(1) Ifb —a < 1, then we have from 0 < |As| <b-a <1
that

As[Pr | As[mR 0000 < AP
(86)
8 =min{6,,8,,...,0,1}-

7
Furthermore,
IBsr (s:0)ll
1B Agen 50l < DB 5Dl Arn (0l
“Bk||oc1+o¢2+‘--+ock,6,y||Ak+1 s 1005 1Y
(t _ a)“l*“z*"'*“k (t _ a)“kﬂ
Zk_lck“Al “0‘1:51»]’ o ||Ak+1 % 150k415Y
(t - a)oc1+o¢2+~-+o<k+1
(87)

foralls,t € (a,b). Since Dy = 1 forallk € N, C, = 1. So, we
have

#CelAilasy Wbl

(t _ a)ocl+tx2+---+ock+1

[Bet (5, 0)] <

from (87). Additionally,
|ABe. |
= |Be (s + As,t + At) A, (s + As, t + At)
=By (5,1) Aoy (5:0)]
= |(ABy) Ay (s + As, £+ Af) + By (s,1) AA |
< |AB| x| Aksy (s + As, £+ Ab)|

+[Be (s ) x[A Ak x
(89)

By (89) and (83), we get

[ABealx

||Bk||a1+¢x2+~~+ak,8,y”Ak+1 0y 10k 1Y (|A5|8 + (At)y)
(t— a)a1+az+~-+ak+y(t + At_a)ak+l

||Bk“oc1+oc2+---+ock,6,y||Ak+1 ey 150k 1Y (|AS|6Hl +(At)y)

(t _ a)zx1+¢x2+-~-+xxk (t _ a)ockHer

< 2C Ay 6,y 1A (18s)° + (At)")

“k+1>6k+l’y
00+t
(t _ a) 110 K1ty

+2"*Ck||A1||a1,5l,y~--llAkHll%,%,y (1881 +(At)")

(t _ a)ot1+oc2+--~+(xk+l+y

>

(90)
where § = min{$,,d,, ..
nABkH"X

< 2CrnlAily oy NAkil s, (18P + (A1)

.0 }. Thus, we conclude that

(t _ a)ocl oyt toy Ty

(o1

from (86) and (90), where § = min{6;,6,,..., 0.1}



(2)Ifb—a > 1,then 1 < Dy, and since Cy,, = C;.Dy44
forall k € N, we have 1 < C, < Cy,,. That is, (88) is obtained
from (87). Besides,

(1) if 0 < |As| < 1, then (91) is derived from (86) and
(90).

(ii) If 1 < |As| < b —a, since 0 < |As|/(b—a) < 1, we get
|As|% < (b - a)* 70 |As|?,

(92)
|As|mm{61,62,...,5k} < (b _ a)mln{51>5z ,,,,, 5k}—5|As|5’

by taking |As|/(b — a) instead of |As| in (86). Let
Dy, = max {(b — g)mint01020}=0 (g, a)a"“_s} . (93)

Since 1 < Dy, (91) is derived from (90). By (1) and
(2), we show that (88) and (91) hold. Therefore, B;,, €

Hoc1+0<2+~--+0¢k+1,6,)/((a’ b) X (a) b)) X) and

”Bk+1 "oc1 oyt 0,05y

< 2Caa Al 5, 1420, A1

Ker1 ’8k+1 Y ’

(94)
So, Lemma 18 holds for all n € N.

2.2. Some Bounded Linear Integral Operators on the Spaces
H“,a,y((a,b) x (a,b), X) and H, 5((a,b) x (a,b), X). Hereafter,
by C,, we mean the constant defined by (79), and, by
the integral of the Banach valued functions, we mean the
Bochner integral unless stated otherwise.

Theorem 19. Let X be a real or complex Banach algebra with
the norm | - |x and A € H, 5., (@ b) x (a,b), X).
(i) Then, the integral operator

T, : C**% ((a,b), X) — C* ((a,b), X) (95)

defined by
b

(Tyf) (s) = j Als,t) f (O dts

a

f e C™ ((a,b),X),
s € (a,b)
(96)
is bounded with

ITy] < M (a11) 1Al 5

1oLV (97)

that is, T, € B(C"*®((a,b), X), C**((a, b), X)).
(ii) The operator

T,:H, s ((a,b),X) — H,
defined by

(@), X)) (98)

b
(T,f) (s) = J Alts) f(t)dt; feH, s (@b),X),

s € (a,b)
(99)
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is bounded with

”TZ" <M ((XZ) "A"al,Sl,yl’

thatis, T, € B(H,_s,((a, b), X), H, , (a, b), X)).
(iii) Suppose that o, + &, +y, and &, + &, < 1. Then, the
operator

T;:H, 5 ((a,b),X) —
defined by

(100)

., (@, b),X) (101)

b
(T:£) (o) =J A(s,t) f(O)dt;  feH, s (ab),X),
s € (a,b)
(102)
is bounded with
IT5) < M (05,81, 11) 1Al 6, (103)

that is, T, € B(Haz,(;z((a, b), X),H%él((a, b), X)), where the
constants M(c), M(d, e), and M(x, y, z,t) are given by

1-c
M@ =b"9 " (104)
1-c¢
M (d,e) = max{M (d),M (d + e)}, (105)
M (x, y,2,t)
=max{(b-a)*M(x+y),(b—a)"*M(x+y+t)}
(106)
for all the real numbers c,d, e, x, y,z,t such that c # 1.
Proof. (i) We have
1Al 5,1 o,
a0 fOlxs —— 5
1405, 1 o, (49)*
[lAG+AsD =A@ f Ol < —— = &,
(107)

forall A € H, 5,,,((a,b) x (a, b),X), f € C"((a,b), X) and
s,t,s + As € (a,b) with As > 0. By (107), it is obtained that

b g
I79) Ol < 1L, [, e

=M (0‘1) ||A||o¢1,51,y1 "f"O,zxz’

1A (T )lx

dt
(t _ a)“l"’%

b
< VAl o, 09" |
a

= M (ct; + 70) 1ALy, 5, [ F o, (29
(108)

such that

A(T,f) = (T f) (s + As) = (T, f) (s). (109)
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Thus, it is concluded from (108) that T, f € c% ((a,b), X)
and

||T1f||51 < M (e, 1) ||A"zx1,51,y1 "f“O,ocz' (110)

Besides, the norm of T holds the inequality

12l = sup |ITiflls, < M (e, 72) 1Al 5,4,

0,03

(111)

from (110). Also, since T is linear, it is an element of the space
B(C**((a, b), X), C*((a, b), X)).

On the other hand:

(ii) The inequalities

L )
(S _ a)al(t _ a)Otz )
(112)

[A®s) f®)]x <IA®G)IL]f O] <

I[A(t,s+ As) = A(t,s)] f(t)||X
<|A(t,s+As)— At 9)llx| f (t)||X

B Al 5,., Ilfllaz,az(AS)”

(t—a)2(s—a)™

(113)

hold for all A € erl,c?l,yl((a’b) x (a,b),X), f € H, s,
((a,b), X), s, t,s + As € (a, b) with As > 0.
So, by (112),

”(Tzf) (S)“X

Moy, 11, s, Jb dt
o (s-a® a (t—a)® (1)

M) VAl 1l
- (s—a)n

and by (113),

1A (T2 )]x

- ||A”vc1,61,y1"f"ocz,é‘z(AS)y‘ r dt
= o+ a (t— g)“z 115)

M (0) DAl s, (89

a N >

(s—a)

(s—a)

where A(T, f) = (T, f)(s + As) — (T, f)(s). By usage of (114)
and (115), we get that T, f € H, , (a, b), X) and

"TZf"vcl,yl < M ((XZ) "A”U‘pa]))’] ||f||(x2,62' (116)

Thus, T, is bounded with

Il = sup |Tofll,y, < M (e2) 1Al 5.,

a2,52:1

(117)

from (116). Furthermore T, is linear, and, hence, T, ¢
B(Haz’az((a,b),X),Hal)yl((a,b),X)).
(iii) It is clear that

1A% 001l

[466) £ ©Ollx < 1A OIS Ol < —— e
A Gs+As,t) = A(s,0] £ ()] x

<A (s +As, ) = As Bl f Ol

My, 11, 6, (29"
- (t _ a)"‘l Tt

(118)

forall f € Haz,(;z((a, b), X), s,t,s+ As € (a,b) with As > 0.
By (118),

I(T.) Ol

b
< J 1A (s.2) £ ()] ot

(t _ a)ocl +o,

b
< WALy s, |

(b= a)" M (o, + ) |1 Alla, 5, 9, 1. f o,

(s—a)™

<

and by taking
A(T3f) = (T5£) (s + As) = (T5 ) (s).»
[A (T P)lx

(120)

b
< j [[A(s+As, 1) = A(s,0)] f (1)] xdt

5, [* dt
< “A"ocl,ﬁl,yl “f||o¢2,82 (AS) a (t _ a)“l+[x2+YI

(b _ a)oc1+81M ((xl +a, + YI) "A”al’al’)’l ||f||0c2,62 (AS)Sl

(5 _ a)a1+81

(121)

Thus, we have by (119) and (121) that T5 f € H, s ((a,b), X)
and

1T flla, 5, = M (o102, 81 y1) 1Al 6,9, f i 5,

So, by (122), T is a bounded linear operator and also

(122)

"T3" = Ssup ||T3f||o¢1,61 < M (&), 4,01, 7,) "A"al,él,yl'
[1£1lay.0,=1
(123)
Therefore, T € B(H,_ s, ((a, b), X), H, s ((a, b), X)). O

Hereafter, by M(c), M(d,e), and M(x, y,z,t) for all the
real numbers ¢, d, e, x, y,z,t with c# 1, we denote the con-
stants given by (104), (105), and (106), respectively.
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Theorem 20. Let X be a real or complex Banach algebra with
the norm || - |x and A € H, 5., b) x (a,b), X) such that
Y, < 8,. Then, T given by

(TB) (s, s,)
b
=I Asp 1) B(bs,) dis (124)
Be Haz,éz,yz ((a, b) X (a, b) , X)), S$1,8, € (a, b)

is a linear operator from H, s . ((a,b) X (a,b),X) into
H‘x2>81>}’2((a’ b) x (a,b), X), and, also, T is bounded with

ITl < Nl Al 5

WOy (125)

where

N = max {M («;), max {(b—a)*M (a; +y;), M (a;)}} .
(126)

Proof. The function C; , given by

C,s, (1) = A(s,t) B(t,s,), te(ab) (127)

is continuous for each s;,s, € (a,b). Therefore, the function
C,s, t (ab) — X is strongly measurable by Theorem 4,
and, hence, the function ICs, s, X" (a,b) — R is Lebesgue

measurable from Theorem 5. Since

|Csl,sz (t)"X = "A (Sl’t)B(t’ SZ)“X

< "A”ocl,&l,yl ||B"oc2,62,y2 .
—_— bl
t—a) (s, —a)™

$1,S,,t € (a,b),

(128)

b
Lebesgue integral Ia IICsl,sz(t)II th exists, and, so, Bochner
integral in (124) exists by Theorem 8. Now, by taking N, =
Il Allg, 5,7, 1 Blla 5.5, We get

”(TB) (SI’SZ)HX

<[

C51>52 (t) "th

N Jb dt (129)
T (s, -a)® Ja t-a)™
_ M (a;) Ny
(s a)lxz
from (128). Let define
D, (s1,s,) = A(sy,t) B(t,s,),
AD, = D, (s; + Asy, s, + Asy) — D, (s1,5,) (130)
A A=A(s) +Asp,t) — A(sy,t),
A, B=B(t,s, +As,y) — B(t,s,), (131)
A(TB) = (TB) (s, + Asy, s, + Asy) = (TB) (sy,s,),  (132)

Abstract and Applied Analysis

forall As, > 0andt,s;,s,,s; + Asy, s, + As, € (a,b). Since

AD, = [(A,,A)B(t,s, + As,) + A(s,t) A,,B],  (133)
we have

|as,|*
(t _ a)“l"’)’l (52 _
(Asz)yz

(s

“ADt"X < (-a"N, a)azwz

(134)

So, we obtain [A(TB)lx < [ IAD, | dt which yields

N, Al 5,0 1Bl 5, (185 + (A5,)")

(52 _ a)‘xz"']’z

IA(TB)]x <

(135)

where N, = max{(b - a)”"M(«; + y;), M(a;)}. Since
max{M(«,), N,} = N, it is found by (129) and (135) that

N||A||a1,81>}’1 ||B||oc2,82,y2

(52 - a)«xz ,

S
N||A||oc1,6l,yl ”B”ocz,Sz,yz (lAsll L (ASZ)YZ)

[(TB) (s1,5,)||x <

IA(TB)lx < =
X (52 _ 61) 21Y2
(136)
Hence, by (136), TB € Haz)(sl%((a, b) x (a,b), X) and
ITBlly,s,,, < NlAly,s,, 1Bla,s,.y, (137)
That is, T is bounded by (137) and
ITh = sup [TBlos.,, < NIAl, .-
Blog, -1 0,7 a0,y (138)
Clearly, T is linear. So, T € B(H,s,,,((a,b), X),H, s ,,
((a,b) x (a,b), X)).
O

2.3. The Solutions of the Linear Fredholm Integral Equations in
the Spaces Ha’&y((a,b) x (a,b), X) and H, 5((a,b) x (a,b), X).
We have the following.

Theorem 21. Let X be a real or complex Banach algebra and
define the function A by

A(s,t)=A, () A, (s, t) - A, (5 1)
such that
A; € Hy 5., ((a, b) x (a,b), X)

s,t € (a,b) (139)

Vie{l,2,...,n},
8 =min{6,,6,,...,0,}, o +ta+-ta,+y<l

with n € N.
(140)

(i) Then, the linear Fredholm integral equation of the form

b
f)=¢(s)+A J A(s,t) f (t)dt (141)

has a unique solution f in the space C*((a, b), X) with
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flls < - Pllss 142
I71s 1= M271CM (o + o + -+, p) ”Al||a1,61,y||A2”0¢2,82,y - JA, AR Il (142
where ¢ € Co’a((a, b), X) and A is a real or complex parameter
satisfying the inequality:
[A] < !
- . 143
2" 1CnZVI (“1 ot ta, V) "Al"ocl,dl,y"AZ”aZ,(Sz,y o ”An ,,0,,y (143
(ii) The solution of the equation Proof. (ii) Equation (144) may be rewritten as
b b
F)=d(s)+A J A(t,s) f(£)dt (144) fs)-A J A(ts) f(t)dt = ¢(s) (151)
’ or
uniquely exists in the space H ((a, b), X). Besides,
quely p 0+ k0t y (I=AT) f)(s) =¢(s), se€(ab) (152)
1 . .
||f“a1+a2+...+awy < Tzl A2 C.L ||¢||al+a2+m+%y, (145) which yields
I-AT) f=¢, (153)
where ¢ € H, iy i.sa (@), X), A is a real or complex
parameter satisfying the inequality: where T is defined by

Al < =,
21C, L

L=M(a;+ay,+-+a,) (146)

x ”Al ||¢x1,81,y”A2”o¢2,62,y o "A” ,,0,,7"
(iii) Suppose that

2(p +op+-+a,)+yand oy +ay +--+a, +6 < 1.
(147)

Then, (141) has a unique solution f in the space
Hy voyieta,0((@ b), X) such that

1
“f||(x1+oc2+~~+¢xn,6 < 1- I/\| m-10 K||¢||o¢1+a2+...+aw5> (148)
n

where ¢ € Ha1+a2+<-~+an,6((‘1’ b), X),

K=M(a;+ay+ - +o,0 +0,++a,05,7)

(149)
X “A1||oc1,81,y||A2||(x2,82,y ot ”An a,,0,,y°
and A is a real or complex parameter satisfying
PP 150
2IC, K (150)

b
(IO =] A€ F Ot € Hypagrray (@D, 0,

(154)
and [ is an identity operator on H, .4 ...4a,,((@, b), X).
By Lemma 18, we have that A € H, |y ...q,05,((a,b) X
(a,b), X) and

”A”oc1+oc2+---+oc,,,6,y

- (155)
<2 Cn"Al "al,él,yHAZ“az,az,y T "A‘ﬂ

0,7

Also, we derive by Theorem 19 that T € B(H,
((a> b)’ X)) H"‘1+“2+"'+°‘m]’((a’ b), X)) and

Lo ety

"T” < "A”oc1+0c2+--~+ocn,8,y M (061 L “n) (156)
from (117), and so
IAT < M 2" 'CM (o) + -+ + )
(157)
x "A1||¢x1,61,y||A2||0¢2,62,y T "A” ,,0,,p"
Since ||AT]| < 1 by (146), the inverse operator
(I=AT)" : Hy g rota,y (@ 0), X)
(158)
— H ((a> b) > X)

o+ +e K,y

exists and the norm of I — AT satisfies the inequality:
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1

-y

from Theorem 10. So, (144) has a unique solution f in the
space H, ((a, b), X) such that

o oG ety
f=-21)"¢,
”f"vcl+az+~~+ocn,y = 'l(I - AT)71¢||“1+0<2+...+%,],

S (Y O 1% -

and this also completes the proof of the second part.

The proof of the first and third parts of Theorem can
be completed by the similar way to that of the second part,
using Lemma 18, Theorem 19, (111), Lemma 18, Theorem 19,
and (123), respectively. O

(160)

Theorem 22. Let X be a real or complex Banach algebra. Then
Fredholm integral equation of the form

fs15) =@ (s5,) +2 ij(sl,t)f(t, sp)dt  (161)

has a unique solution f in Ha,&y((a, b) x (a,b), X) with

1
1 lesy < m”‘l)”a,&y’ (162)

where A, ¢ € H,, 5 ,((a,b) x (a,b), X), N is the constant given
in Theorem 20, that is,

N = max {M («), max {(b —a)"M (« +y), M ()}, (163)

and A is a real or complex parameter fulfilling

< —

NIA| (164)

a0,y
Proof. Equation (161) can be expressed as
b

Flons)=A [ A0 f(hs)dt=(ss)  0169)

a

or
(I=AT) f)(s1,8,) = ¢ (51,8,); 51,5, € (ab)  (166)
which implies
(I-AT) f =¢, (167)
where T is defined by
b
(TF) (s1052) = | A0 £ (t5)
a (168)

f € Hzx,(?,y ((a> b) X (61, b) > X) >

and I is an identity operator on Ha,é,y((a’ b) x (a,b), X).

1- M2 1C M (o) + oy + -+

(159)

+ 0‘71) ”Al |la1,51,y||A2||(x2,52,y o "A" «,,0,,,y

By Theorem 20, we have that T is in the space
B(Ha,ﬁ,y((aa b) X (61, b)) X), Ha’g’y((a, b) X (a, b), X)), and

AT < [A NN Allgs,- (169)
Since ATl < 1 by (164), the inverse operator

(I-AT)" :H,s, ((a,b) x (a,b), X)

(170)
- a0,y ((a)b) X (a! b)aX)
exists and the norm of I — AT satisfies the inequality:
a2 = 1=
1 |AT] .
. (171)
P —
1 - [AIN|A]

a0,y

from Theorem 10. So, (161) has a unique solution f in the
space H“,(;’y((a, b) x (a,b), X) such that

f=U-AD"¢,
1/ lasy = 1@ =219, 5, (172)

< @A) @],

which completes the proof. O

2.4. The Bounded Singular Integral Operators on the Space
H“,(;((a, b)) X)
Lemma 23. Let A € H, 5((a,b), X), s € I, = (a,a + p(b -

a)/(p+2)),and 0 < As < (s—a)/p with p € (1,00). Then the
improper integral given by

b
I'(A)(s) = p.v.J ?T(tzdt, sel, (173)

exists, and there exists the nonnegative constant M(«,§, p)
depending only on «, 8, and p such that

M (“) 8) P) "A"u,@
(s—a)* ’

M (a,8, p) | All 5(As)°
)OL+5

IT(A) ($)llx <

IT(A) (s+As) =T (A) (9)lx <
(s—a
(174)

hold for all s, s + As € (a,b), where | Al|, 5 is defined by (73).

Hereafter, by I,,, we mean the interval I, = (a,a + p(b -
a)/(p+2))with1 < p < co.



Abstract and Applied Analysis

Proof. We can write

s=((s—a)/p)

T(A)(s) = J h,(t) A (t) dt

a

s+((s—a)/p)
. J h, (£) A (1) dt
s—((s—a)/p)

b

(175)

+ J h, () A (¢) dt
s+((s-a)/p)

for all s € I,. Here, h, is defined for each x € (a,b) by
h.(t) = 1/(t — x), t € (a,b) and ¢ # x. Since the functions
A € H,5((a,b), X) and h,, are continuous for each x € (a, b),
the function B, defined by B,.(t) = h,(t)A(¢) is continuous,
and, so, it is strongly measurable by Theorem 4, where t €

(a,b) and t + x.
Since
h A
MmawumusVawwAamst%%%%@ (176)

ands—t > (s—a)/p>0forallt € (a,s — (s—a)/p), we get
1/(s—t) < p/(s —a). So,

~((-a)/p) dt p (G gy
< -
L t-a)*|t-s| s—aL (t-a)*
(p-D(s—a)/p
=P j u “du
S—a Jo
o 1-«
_rp-1)
(1-a)(s—a)*’

(177)

By (176),

s=((s—a)/p)
J B, (6) A (1) dt

a

s=((s—a)/p)
< J [ (£) A ()] et
X a

PP =) Al
T —w-at

(178)

On the other hand, since (s — a)/p > 0, we get

s+(s—a)/p _
Jo—eayyp @/t = 5) = 0. Thus,

st((s—a)/p)

J h, (6) A (1) dt
s=((s-a)/p)

s+((s—a)/p)

- | B (O [A () - A ()] de

s—((s-a)/p) (179)

- j b (1) [A (1) - A(s)] dt
s—((s—a)/p)

s+((s—a)/p)
+ J h, (t) [A(t) - A(s)] dt.

S

13

Sincet € (s —(s—a)/p,s), weobtains—t > 0,t —a >
(p—-D(s—a)/p>0and 1/(t —a) < p/(p—1)(s — a). So, we
have by (28) that

|, O]IA®) = A©)lx = |h O 1A () - Al
=-h (t)|[ACt+s—t)- Ay

- Mllasts =0
- (t _ a)aﬂ‘i

g PN Al s(s — ) |
(P _ 1)‘”8(5 _ a)zx+6

(180)
By (180) and
s (s—a)/p _ )0
J (s— )% \dt =J W= S g
s—((s-a)/p) 0 op
we have
s “IAll,
| lh, (1A (©) = A9yt < — L ad
s=((s-a)/p) (p-1)""8(s—a)

(182)
Similarly, sincet —s > 0 for all ¢ € (s,s + (s — a)/p), we get

|hs [ IIA () = A(s)llx
=h,()|[A(s+t—s)—A(s)|x

(183)
_ At =9
- (S _ a)ot+5
from (28). Also, by
st((s=a)/p) (s-a)/p _g)¥®
J (t -9 dt = J W du= S (gg)
s 0 6p6
and (183), we derive
O O[IA© - At < —Mas - 1g5)
t t) — 1 ———.
) e @IA Q) - Al < el
. s+(s—a)/
Thus, by taking I = [ " " h (D) A(t)dt,

T j I, )] 1A (1) — A ()]t
s=((s=a)/p)

s+((s—a)/p)
«| I OIA®) - AGxdt  (36)

. J4 L IIAIIa,aa
(p _ 1)0(+58 6p5 (S _ a)
from (182) and (185).

From the inequality t —a > s+ ((s —a)/p) —a = (p +
1)(s—a)/p which is satisfied for all t € (s+(s—a)/p,b), we get




14

t—-s=t—a—(s—a) > t—a-pt-a)/(p+1) = (t—a)/(p+1) > 0,
and, thus, 1/(t —s) < (p + 1)/(t — a). Hence,

||A||oc,6 (p + 1) ”A“a,8

[h, ) A < T AT < ] (187)

From
Jb dt _ poc
st(-ayp) E—a)  a(p+1)*(s—a)®
o p*
alb-a)* ~ a(p+1)"(s—a)*
(188)

and (187), it is obtained that

b b

h,(t) A(t)dt g (1) A (1) At

<]
X s+((s—a)/p)

- (p+1) Pl Allps
Talp 1) (s—a)*

Js+((s—a)/p)

(189)

By (178), (186), and (189), we have

s—((s—a)/p)
IWMMmuSJ h () A (t) dt

a

X

s+((s—a)/p)
j h,(£) A (1) dt
s—((s—a)/p)

+

0 (190)

b
. J h, (£) A (1) dt

s+((s—a)/p)

- My (@8,p) IAlls
CEDS

X

such that
p(p-1)""
l-«
p° 1
—_— + —_—
(p _ I)OL+56 8p5

M, (&6, p) =

(191)
(p+1)p°

a(p+1)"

+

Furthermore, since

1
(t—s—As)(t—ys)
IR -
As\t—s—As t-—s
0<As<s_a,

Abstract and Applied Analysis

we can write

T'(A)(s+As)—=T(A)(s)
b b
- [ s a@d- [ nwaod

a

s=((s=a)/p)
_ ASJ B, (8 B, (£) A (1) dt

a

s+As+((s—a)/p)
J [hepse () A1) = hy (8) A(t)] dt

+
s—((s—a)/p)

b
s J hoon. (O h, (6) A (£) dt.
s+As+((s—a)/p)

(193)
Thus,

[eune (€)1 () A D)

- lAlly,s
T (t-a)|t-s—As||t-s|

PllAls
T (s—a)t-a)*

(194)

since [t —s—As| > [t —s| > (s—a)/p>0and 1/|t —s— As| <
1/|t —s| < p/(s—a) forallt € (a,s — (s — a)/p). Besides, by

s(salp) gy (p-Ds-a)/p

J — = J u *du

a (t - a) 0
_ (p-pT (195)
(1-a) pl=(s— a)* v
As = (As)°(As)' ™0 < (As)° (s —a)'™?
and (194), we get
~(s-a)/p)
as | v (), (6) A (0t
a X

(196)

P = D) T A (A9
S G-we-a™

Sincet—a>t—-s>t—s—As>O0forallt € (s+As+(s—
a)/p,b), the inequality 1/(t —a) < 1/(t —s) < 1/(t — s — As)
holds, and, so,

||hs+As () hy (1) A (t)”X

- [l All .o
T (t-a)*(t-s—-As)(t-s)

1 All .
T (t—s—As)F

(197)
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By

r dt
stas+((s-a)/p) (t —s— AS)ZHX
b—s—As
- J u
(s—a)/p

1+a
1

-2-a du

(198)
_ p
A+a)(s—-a)'™ (Q+a)b-

s— A$)1+(X

1+a

p

T (l+a)(s—a)t

and (195), we obtain

B, s (£) B () A(t) dt

b
As J
s+As+((s—a)/p)

PAl 5 (As)

T (1+a)(s—a)t

(199)

from (197). Then,

[hs+As (t) A (t) -

s+As+((s—a)/p)
J hy (t) A(t)] dt

s—((s—u)/p

s+As+(<s—a)/p>
j hoas ) [A() = A(s + As)]d

s=((s-a)/p)

hy () [A(t) — A(s)] dt

s+As+((s—a)/p)
- J (200)

s=((s-a)/p)

s+As+((s—a)/p)

+A(s+As)J hg,as () dt

s=((s-a)/p)

s+As+((s—a)/p)
_A(s) J h, (¢) dt.
s=((s—a)/p)

Also, we have

s+As+((s—a)/p)
J hs+As (t) dt

s—((s—a)/p)

s+As—((s—a)/p)

= J- hs+As (t) dt
s—((s—a)/p)
(201)

s+As+((s—a)/p)
J h5+As (t) dt

s+As—((s—a)/p)
s+As—((s—a)/p)

= hg,as (B) dt,
L—((s—a)/p) A

15

e - =o.

A
since IH st(s=allp dt/(t —s— As) = b

+As—(s—a)/p
Therefore, we get by (195) that

J»s+As+((s—a)/p) JS+AS—((S—“)/P)

hooa (£) dt| < |y as ()] dt

s—((s—a)/p)
J~5+As((sa)/p)

s—((s—a)/p)

—h, 5 (t) dt
s—((s—a)/p) A

s+As—((s—a)/p) A
LJ dr < 22
S — s—((s-a)/p)

p(As)®

= —ay

s—a

<

(202)

since s+As—t > (s—a)/p > 0 which implies that 1/(s+As—t) <
pl(s—a)forallt € (s—(s—a)/p,s+As—(s—a)/p). So,

s+As+((s—a)/p)
||A (s+ As) J hg,as (8) dt
s—((s—u)/p) X
s (203)
PllAll,5(As) PIIAIIM(AS)
T (s+As—a)*(s—a) (s —a)**®

Since [ dt/(t—s) = 0and -5 > (s=a)/p > 0 which

yields 1/(t —s) < p/(s—a) forallt € (s+ (s—a)/p,s + As +
(s —a)/p), we obtain

s+As+((s—a)/p)
j h, (t) dt
s—((s—u)/p)

s+((s—a)/p) s+As+((s—a)/p)
_ J h (¢) dt + J h () dt
(

s=((s—a)/p) st((s-a)/p)
204
s+As+((s—a)/p) ( )
- J h, () dt
s+((s-a)/p)
s+As+((s—a)/p) 8
P J gr = PBS p(As)6
S —a Js+((s-a)/p) s—a (s—a)
from (195). Hence,
s+As+((s—a)/p)
H—A (s) J b (£) dt
s=((s—a)/p) X
s+As+((s—a)/p) p"A” 5(AS)
1A G | [ty < B O
s=((s=a)/p) (s—a)
(205)
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By (192),

s+As+((s—a)/p)
J hs+As B)[A@®)-A(s+ As)] dt

sf((sfa)/p)

s+As+((s—a)/p)

-| hy (O [A (1) - A(s)] dt
s=((s—a)/p)

s—(As/2)
=As J
s=((s—a)/p)

hoons @) By () [A(F) — A(s)] dt
s—(As/2)

- I hone () [A (s + As) — A(s)] dt
—((s—a)/p)

s+(3As/2)
+ I hyas (1) [A(t) — A(s + As)] dt
s—(As/2)

s+(3As/2)
[ hone-aea
s—(As/2)

s+As+((s—a)/p)
+As j hyon, () By () [A (1) — A(s + As)] dt
s+(3As/2)

s+As+((s—a)/p)
- J h, () [A (s + As) — A(s)] dt.
s+(3As/2)
(206)

Sinces—t+As>s—-t>0andt-a>(p-1)(s—a)/p>0
which imply that 1/(s -t + As) < 1/(s —t) and 1/(t — a) <

pl(p—1)(s—a)forallt € (s—((s—a)/p),s—(As/2)),itis
found that

MOV NOIZIGEVC)|
= [resns O R O [A G +s-1) - AD]]

(207)
MAlasls =07 p Al -0
S (t _ a)0¢+5 - (p _ 1)tx+5(s _ a)a+5
By
s—(As/2) (s—a)/p
J (s - t)a_zdt = J W2 du
s—((s—a)/p) As/2
3 (As)°™! _(s- a)’! (208)
C(1-8)201 (1-8)po!
S (As)°! )
(1-6)2%1
and (207),
s—(As/2)
as | e (6 By (6)[A () — A (5)] dt
s=((s—a)/p) X
(209)

PN All,5(As)°
T (p-1)" -8 20 (s —a)*t

Abstract and Applied Analysis

Since
s+(3As/2)
J hooas ) [A(t) — A(s + As)] dt

s—(As/2)

s+As

= J hoons (1) [A(t) = A(s + As)] dt
s—(As/2)

(210)

s+(3As/2)
[ 00 - A+ )

s+As

ands+As—t > 0,t—a >s—a—(As/2) > s—a—((s—a)/2p) =
(2p-1)(s—a)/2p whichyields 1/(t —a) < 2p/(2p-1)(s—a)
forallt € (s — (As/2),s + As), we get

||hS+As (t) [A (t) -A (5 + AS)]"X
=hoas OIA(E+s+As—1) = A(t)lx

IAllys(s + As = 1)°!
Ml

(211)
(t _ a)a+6
_ (2p) " NAls(s + s - 1)
S e s—a)
By
st+As 3As/2 5 S
J (s+As— t)‘s_ldt = J WOy = 3 (Ag)
s=(As/2) 0 62
(212)
and (211),
s+As
J hoons (1) [A(t) = A(s + As)] dt
s—(As/2) x
(213)

(2p) "3 Al 5(As)°
T (2p-1)"0820(s - a)®*®

Sincet —s—As > O forall t € (s + As, s + (3As/2)), we
derive

e as €V A (£) = A(s + As)]|

= |hgias ) [A(s + As+t —s— As) — A(s + As)]|

Aot =5 = A" A5t = 5= A5

(s + As — a)** (s — a)**?
(214)
By
s+(3As/2) As/2 5
J (t—s-As)dt = j W du = (AS()S (215)
s+As 0 52
and (214),
s+(3As/2)
J hs+As (t) [A (t) -A (5 + AS)] dt
s+As X
s (216)
_ Al (89)

T 829(s — a)**?



Abstract and Applied Analysis
So, we derive

J—s+(3A5/2)

hoas () [A() — A(s + As)] dt

s—(As/2) X

a+0 48 4
S( (2p)™"3 +J_>MMMM)

(zp _ 1)a+6828 625 (S _ a)oc+6

from (213) and (216).

s+(3As/2)
[ hono-aod
s—(As/2)

N

[ hwuo-ao

s—(As/2)

(218)

s+(3As/2)
+J h () [A (1) - A(s)] dt.

N

Sincet —s < 0andt—a > (2p — 1)(s — a)/2p, which implies
1/(t —a) <2p/(2p—1)(s—a) for all t € (s — (As/2),s),

I () 1A (1) - A1
= —h, () A () - A ()l
=—h @) A +s =1 - A®)lx
_ Mllgss =6 (219)
- (t _ a)oc+8

S@M“%Mwu—ﬂ*{
(2p- 1)“+5(s - a)‘”‘S

Sincet —s > Oforallt € (s,s + (3As/2)),

Ik ) TA®) = A x = h O IA(s+E=5) = A9)lx

5—
. | Allys(t = )"

(S _ a)a+6

(220)

By

I (s— 0 dt
s—(As/2)
_ @y’

As/2 51
= u du= ,
Jo 8529

J-s+(3As/2)

(221)

3As/2 S/ nad
(t - s)&ldt = J Wy = 3°(4s)
0 529

17
equations (219) and (220), it is obtained that
[ nouo-aea
s—(As/2) X
(2p) I All 5 (As)°
T (2p-1)*"825(s — a)*®
(222)
s+(3As/2)
[ hono-ao
s X
- Ml (89)°
T 829(s—a)*
By (222),
s+(3As/2)
[ hwmo-ao
s—(As/2) X
(223)

a+é 8
S( (2p) . 3° ) I All 6 (As)

(2p _ l)tx+5628 8? (S _ a)(x+§ .

Sincet—s >t—s—As > 0ands+As—a > s—a > 0 which
yield 1/(t —s) < 1/(t —s—As)and 1/(s + As—a) < 1/(s — a),

Ihgas (8 B () [A () = A(s + As)]|
= |hgias ) Ay () [A(s+ As+ £ — s = As) — A(s + As)]|

I Al o(t — s — As)°2

[ All 5t — s — As)° >
< < .

(s+As—a)*® ~ (s — a)**®
(224)
By
s+As+((s—a)/p) (s—a)/p
J (t-s— As)a_zdt = J W2 du
s+(3As/2) As/2
(AS)871 ~ (S _ a)B—l
S (1-8)201 (1-8)pot
S (As)a_l
(1-6)201
(225)
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and (224),

s+As+((s—a)/p)
As I heon (OB, () [A(H) - A(s + As)] dt

s+(3As/2) X

1Al ,5(As)°
T (1-8)20" (s — @)’

s—(As/2)
- J hoas @) [A(s+ As) — A(s)] dt
s=((s—a)/p)

s+As+((s—a)/p)
- I h () [A (s + As) — A (s)] dt
s+(3As/2)

—3As/2 As+((s—a)/p)
=[A(s)-A(s+As)] (J @—J @>
—((s—a)/pypns U

AsH{(s—a)/p) As+((s—a)/p)
=[A(s)-A(s+As)] <J d_u_j d_u)

3As/2 u

3As/2 u  Jaas2 u
=0.
(226)
Thus, by taking
o+6
P +
M, (e, 8, p) = 2p +
? (p-1)"°(1-8)20"
N
(p-1)ezt o7 (227)
RO R
(Zp _ 1)0¢+5826 628
N 1
(1-98)201°
we obtain
s+As+((s—a)/p)
s+As s
[hons (8) A () = By () A (1)] dt
s—((s-a)/p) X
(228)

M (.8, p) I All 5(As)°

(S _ a)(x+5

from (203), (205), (209), (217), (223), (226). By (196), (199),
and (228), we find

IT(A) (s + As) =T (A) (s)llx

_ (M (0,8, p) + My (@ )) 1Al (89)° (229)
- (S _ a)oc+6
such that
1+« 1-a
M (e p) = 2 [0+ a)(p-1) H_“], (230)

1-a)(1+a)

Abstract and Applied Analysis

By (190) and (229),

M (a8, p) [ Alas
(s-a)

M (8, p) [Alla5(As)°
(5 _ a)oc+6

IT(A) ($)llx <

IT(A)(s+As) =T (A)()lx <
(231)
with

M (a,8, p) = max {M, (a, 8, p), M, (.8, p) + M; (e, p)}
(232)

which terminates the proof. O

Hereafter, we assume unless stated otherwise that
M(a, 8, p) is defined by (232).

Theorem 24. The operator T defined by

b

f_(ts)dt; A€H,s((ab),X),sel,
(233)

T (A)(s) = p.v. J

a

is the singular integral operator in the space B(H,;
((a,b), X), Hy 5(1,,, X)), and |T|| satisfies the inequality

ITI < 2p°M(et, 8, p).
Proof. If 0 < As < (s — a)/ p, we get by Lemma 23 that

M (“) 8’ P) ”A"(x,5
(s—a) '

M (o, 8, p) | Ally 5(As)°
)a+6

IT(A) ()llx < (234)

IT(A) (s +As) =T (A) ()l x <

(s—a
(235)

hold for all A € H, 5((a,b), X), s,s+As € L, Furthermore, if
As > (s —a)/p > 0, we obtain by (234) and

1 1
<
s+As—a

P
m&gu—&

>

S—a

s (236)

that
AT (A)llx < IT (A) (s + As)llx + [T (A) ()lx

- M (,8, p) |All s N M (o, 6, p) | Alla,s
(s+As—a)* (s—a)”

_ 2M (@0, p) [Alls(A5)°
- (s —a)*(As)®

_ 20" M (0,8, p) IAla5(89)°

a+d

(s-a) ’
(237)
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which holds for all s,s + As € IP’ where AT(A) = T(A)(s +
As) — T(A)(s). Thus, by (235) and (237),

) S
IT(A) (5 + A9) - T (A) (9] < 2@ 0 P) AL (A9)

(S _ a)zx+8
(238)
and by (234),
20°M (a,8, p) |A
14 @l < L@ MAles - (359)
(s—a)

Since T(A) € HM;(IP,X) and
IT (Alles < 20°M (.8, p) | Al s (240)

from (238) and (239), we get
ITI = sup IT(A)llas <20°M (@8,0).  (247)

| Allg5=1

Also, T is linear. So, T € B(H, s((a, b), X),HW;(IP, X)). This
also concludes the proof. O

Theorem 25. The operator T defined by

b
T(A)(s) = po. J K(s,t)A(t)dt,

(242)
A€ Hys((ab),X), s€(ab)
is the singular integral operator in the space
B(H, 5((a,b), X), L ,((a,b), X)) such that
ITI| < 2p° M (o, 8, p) [M (aq)]'""%, (243)

wherel < q < 00, & < 1/qand K : (a,b) x (a,b) — Riis
given by

1
—, sel, te (a,b), s#t
s

K(s,t)=t- (244)
0, s¢l,, te(ab).
Proof. Equation (242) may be rewritten as
YA
=] T e
0, s¢l,.
From (239) and (245),
2p°M (a, 8, p) | All,
() @y < ZAEEPIAs (g

(s—a)

for all s € (a, b). Thus, we have by (246) that
b q s q b ds
J IT (A) ()% ds < (2p° M (0, 8, p) | All5) J G-

= (20"M (.6, p) | Alg) "M (axq) .
(247)

19

So, it is obvious by (247) that the inequality

IT (Al (@) < 26°M (@8, p) | All 5[ M (cxg)]"
(248)

holds. From (248), we obtain | T| < 2p5M((x, S, p) [M(ocq)]l/q
and since T'is linear, T € B(H,((a,b), X), L ,((a,b), X)), and
this completes the proof of theorem. O
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