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We establish the existence of triple positive solutions of an m-point boundary value problem for the nonlinear singular second-
order differential equations of mixed type with a p-Laplacian operator by Leggett-William fixed point theorem. At last, we give an
example to demonstrate the use of the main result of this paper. The conclusions in this paper essentially extend and improve the

known results.

1. Introduction

The existence and multiplicity of positive solutions for differ-
ential equations boundary value problems (BVPs) with the p-
Laplacian operator subject to Dirichlet, Sturm-Liouville, or
nonlinear boundary value conditions have been extensively
investigated in recent years; see [1-10] and the references
therein. Particularly, the following differential equations with
one-dimensional p-Laplacian

(¢,()) +q®) ftw =0, 0<t<1 ()

have been studied subject to different kinds of boundary
conditions; see [1-4] and the references therein. The methods
mainly depend on Kransnosel'skii fixed point theorem, upper
and lower solution technique, Leggett-Williams fixed point
theorem, and some new fixed point theorems in cones, and
so forth.

Recently, in [9], Kong et al. have studied the existence of
triple positive solutions for the following BVP:

(¢,(1)) ) +q) f
x (u(t),u' (1), (Tu) (£),(Sw) () =0, 0<t<1, (2)
u'(0)=0, u@)=g(u1).

More recently, in [10], Hu and Ma have pointed out that
the equivalent integral equation of BVP (2) is wrong in [9]

and studied the existence of triple positive solutions for the
following BVP:

(3, (W) ®©+a®) f
x (w(®),u' (1), (Tu) (1), (Su) () =0, 0<t<1, (3)

u' (0) = pu’ (1), u(l) = g(u' (1)).

Firstly, we confirm that the mistakes which have been
pointed out in [10] exist. At the same time, we think that the
value of M designed in Theorem 3.1 in [10] is not suitable,
since the proof needs the condition ¢,(M) < M, but in fact
this condition does not always hold.

Motivated by the work above, in this paper, we will study
the following more extensive second-order m-point BVP:

(¢,(1)) ) +q@) f

< (u(t),u' (t),(Tu) (1),(Su) (1)) =0, 0<t<l,

0, (1 )= Y Bgy (' (1)), u()=g(u' (M),
i=1
(4)
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where ¢P(s) = |s|? _zs(p > 1) is an increasing function,
(@,)7(9) = Py(s), 1/p+1/qg =1 0< B < Li=12...,

m-2,Y" B <1,and0 <7 <1, <
two linear operators defined by

-+ < #,,_; T and S are

t
Tu(t) = L k(t,s)u(s)ds,

Su(t) = J: h(t,s)u(s)ds, (5)

uecCo,1],

in which k € C[D,R*], h € C[Dy,R*], D = {(t,s) € R* :
0<s<t<l1L,D,=1{ts) ¢ R*:0<st<I1LR" =
[0, +00), R = (—00, +00), k, = max{k(t,s) : (t,s) € D}, and
hy, = max{h(t,s) : (t,s) € D,}.

Obviously, when m = 3, BVP (4) reduces to BVP (3), and
whenm = 3, 8, = 0, BVP (4) reduces to BVP (2), so BVP (2)
and BVP (3) are special cases of BVPs (4).

Throughout this paper, we always suppose the following
conditions hold:

(Cy) f € C(R" x Rx R" x R, (0,+00));
(C,) g(t) € C([0,1], R") may be singularatt = 0,1and 0 <
Iol q(t)dt < +00, so it is easy to see that there exists a

constant M > 0 such that 0 < IOI q(t)dt < (/)P(M);

(C;) g : R — R" is nonincreasing and continuous, and
0<g(v) <|vlforveR.

2. Preliminary Results

In this section, we firstly present some definitions, theorems,
and lemmas, which will be needed in the proof of the main
result.

Definition 1. Let E be a real Banach space. A nonempty closed
convex set P C E is called a cone if it satisfies the following
two conditions:

(i) x € P, A > 0 implies Ax € P;

(ii) x € P, —x € P implies x = 0.

Definition 2. Given a cone P in a real Banach space E,
a continuous map « is called a concave (resp., convex)
functional on P if and only if, forall x,y € Pand 0 <t < 1,
it holds:

altx + (1 —1t)y) = ta(x) + (1 - Ha(y),
(resp., a(tx + (1 —t)y) < ta(x) + (1 — t)a(y)).

We consider the Banach space E = C'[0,1] equipped
with norm [lull = maxoc,c, {l(t)los I ()]}, where Jully =
maxy., [u(t)|.

We denote, for any fixed constants a, b, r,

C*[0,1] = {u € C[0,1] : u(t) = 0,t € [0,1]},

P ={u e E | u(t)is concave and nonincreasing

n [0,1]},
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P.={ueP:|ul<r}
P(a,a,b) ={u € P:a < a(u), |ul| < b}.

It’s easy to see that P is a cone in E.

Theorem 3 (Leggett-William). Let A : P, — P, be
a completely continuous map and let o be a nonnegative
continuous concave functional on P with a(u) < |lul for any

u € P.. Suppose there exist constants a, b, and d with0 < a <
b < d < c such that

(i) {u € P(a,b,d) : a(u) > b} # ¢ and «(Au) > b for all
u € P(a,b,d);
(i) |Aull < a forallu € P
(iil) (Au) > b for allu € P(e, b, c) with |Au| > d.
Then A has at least three fixed points u,, u,, and u; satisfying

1] < a, b<a(u),

(6)

us]| > a, a(uz) <b.

Lemma 4. Suppose y € C'[0,1] with (¢,(y) € L'[0,1]
satisfies

(¢,(¥) <0, 0<t<y,

m-2 (7)
b, (V' @)= > B, (v (), yW=g(y ).

i=1

Then, y(t) > 0 is concave and nonincreasing on [0, 1], that is,
y€P.

Proof. Since (¢p(y')),(t) < 0, we know that ¢p(y') is
nonincreasing, that is, y'(t) is nonincreasing, which means
y(t) is concave. At the same time, we have y'(t) < y'(O),

50 7/(0) = §,(X111" Bidp (' (1)) < $4(EL17 i,y (0)) =
$,(X2 B)y'(0), namely y'(0) < 0. Then, y'(¢) < 0; that is
to say, y(t) is nonincreasing. So y(t) > y(1) = g(y'(1)) = 0.

Above all, y € P. This completes the proof. O
Lemma5. Let y € C[0, 1] and (gbp(u'))’ e L'[0, 1], then, BVP

(¢p (“'))’ H=-y@), 0<t<]1,

Zﬁlvﬁp( (n))

has a unique solution

1 m-2 - p
u(t) = Jt ¢q<ﬁ;ﬁi£} y(r)dr+J (r)dr>
2

+g<—¢q <ﬁ .: Bi J:ﬂ y(r)dr+ Jo y(r)dr)) ,

l 9)

(8)

¢, (4 (0) = u(1)=g(u' (1)),

where B = Y7:2 B,
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Define the operator A: P — E by

(4 ®) = |

t

1 m—2 ;i .
¢, <IT 4 ﬁ,-J q(r) f (wu', Tu, Su) dr

x f (u, u', Tu, Su) dr

+ Ll q(r) f (wu', Tu, Su) dr)) :
(10)

Obviously, A is well defined and u € E is a solution of BVP (4)
if and only if u is a fixed point of A.

Lemma 6. A: P — P is completely continuous.

Proof. It is similar to the proof of Lemma 2.2 in [9]. O

Lemma?7. Foranyu € P, one has | Aul|, < 2||(Au)'||0, | Aull <
2[1(Aw)'lo.

Proof. From (10), we obtain

1 1 m—2 i ,
(AW, = JO ¢, <q Z[S, L q(r)f(u,u ,Tu,Su) dr
i=1

J (r)f wu', Tu, Su)dr)ds

RRICHLINT

x f (u, u', Tu, Su) dr

+ Jl qr) f (u, u', Tu, Su) dr))

0
—2

1 1 m #; .
= Jo ¢q<q :1/31' J.O q(r) f (wu', Tu, Su) dr

i

+ rq(r)f(u, u', Tu, Su) dr) ds
0

m—2 ;
+ (;Sq <ﬁ 2 Bi Jj q(r) f (u, u',Tu, Su) dr

i

+ Jl q(r)f(u,u’,Tu, Su) dr)
0
:2¢q< Z J q(r)f(u,u TuSu)d

1-B;
J q(r)f u,u TuSu)d)

=2|(Aw)' (1)

= 2Jcaw’],;
()

Since ||Aul| = max{[|Aull, II(Au)'IIO}, so we have ||Au| <
2|l(Aw)’ ly> which completes the proof. O

3. Main Results

For any § € (0,min{s,,1/2}), we define a nonnegative
continuous concave function « : P — R' by a(u) =
ming_,;_5)u(t). Obviously, the following two conclusions
hold:

a(u)=u(l-06)<|ullp,  a(Au)=Au(1-9),
(12)
Vu € P.
The main result of this paper is following.
Theorem 8. Let my = miny_,_,q(t) and B = Y7 > < 1.

Suppose (C,), (C,), and (C;) hold. Suppose further that there
exist numbers § € (0, min{y,, 1/2}), a, b, ¢, and d such that
0<a<b<mydd/M <d <c, and

H) fu,v,w,]) < (1 - ﬁ)(/)P(a/ZM), for (u,v,w,l) €
[0,a] x [—a, 0] x [0, kya] x [0, hyal;

Hy) fu,v,w,]) < (1 - ﬁ)gbp(c/ZM), for (u,v,w,l) €
[0, c] x [—¢, 0] % [0, kyc] x [0, hycl;

(H;) fw,v,w,l) > ¢,(b/0L), for (u,v,w,l) € [b,d] x
[-d, 0] x [0, kyd] x [0, hyd], where L = qbq(jolf(sq(t)dt);

(HLy) mingy ey £ vow, D, (M/@mo)) [ qo)de >

max, , , ney f (s v, w, 1) jol q(t)dt, where ] = [0,c] x
[—c, 0] x [0, kyc] x [0, hyc].

Then, BVP (4) has at least three positive solutions u,, u,, and
uy such that

1] < a, b< 5521335)”2 ),

(13)
|us| > a, 5 min s () < b.



Proof. We divide the proof into three steps.

Step 1. We prove AP, ¢ P,, AP, C P,; that is, (ii) of
Theorem 3. By Lemma 6, we have AP Cc P,so Vu € PC,
weget0 < u(t) < ¢, —c<u ") < 0,0 < (Tw)(t) < kyc,
0 < (Su)(t) < hyc. For t € [0,1] and by (H,)

I(Au)ll
1 1 m—2 i
- L ¢q(mi_1/3i JO q(r)
x f (u, u' | Tu, Su) dr
* J q () f (wu', Tu, Su) dr> ds
0
1 m=2 i
+g<—¢q <m o L q(r)
=1

x f (u, u, Tu, Su) dr
1
+ Jo q(r) f (u, u', Tu, Su) dr))

1 1 m—2 i ,
S_[ ¢q(mi=1/3i _L q(r)f(u,u,Tu,Su)dr

N

q(r)f(uu Tu,Su)dr)ds
< Zﬁzj q(r)f(uu Tu, Su)d

1:1
+J

m-2 ;
=2¢q (ﬁ _lljlj Q(f)f(u,u',Tu, Su) dr

—_

(=}

qr) f (u, u', Tu, Su) dr>

+ Jol qr) f (u, u', Tu, Su) dr)

<2¢, <Lﬁj q() f (wu', Tu, Su)dr)

<26, (8, (557)) 94 (| a0 )

<c.
"(Au) “ = gbq( mz J iq(r)f(u, u',Tu, Su) dr

+ r qr) f (u, u', Tu, Su) dr)
0
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-2

3

S(/) <_ﬁ

+ Ll q(r) f (u, u', Tu, Su) dr)

B; J:i q(n) f (u, u', Tu, Su) dr

1

<¢, (ﬁ J: q(r) f (u, u', Tu, Su) dr)

o0 (90 (557)) 0 ([ a0

<c

(14)

Hence, |Aul < c and AP, c P.. Similarly, we obtain AP, ¢
B
Step 2. We show
{ueP(a,b,d): a(u)>b} +#¢, (15)

«(Au)>b, VYueP(ab,d), (16)

that is, (i) of Theorem 3.

Letu = (b +d)/2, thenu € P(a,b,d), a(u) = (b +
d)/2 > b. Hence, (15) holds. For any u € P(a, b, d), we have
b<ult) <d -d<u®t) <0,0< (Tut) < kod, 0 <
(Su)(t) < hyd, t € [0,1 — 8], so by (H;), we have

o (Au) = te{rril,ilr—ltﬁ] (Au) (t) = (Au) (1 - 9)

:J’l ( m; J q(r)f(u,u TuSu)d

1-p
J q(r)f u,u', Tu, Su)dr)ds

2

1 m
(— <_,BZ J q(r)f(u u,Tu, Su)d
+ ,[01 q(r)f(u, u’,Tu,Su) dr))

-2

= 8¢q <ﬁ lﬁi J:i q(r) f (u, u', Tu, Su) dr

i=

1-6
+ L q(r) f (u,u',Tu, Su) dr)

2

+g (—(/)q <$MZ Bi J:i q(r) f (u, u', Tu, Su) dr

i=1

+ Jl q(r)f(u, u',Tu,Su) dr))
0
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1-6
> 8¢, (Jo qr) f (u, u', Tu, Su) dr)

200, (0 (i) (J, 900

=b.
17)

Hence (16) holds.

Step 3. We show that a(Au) > b for all u € P(a, b, ¢) with
|Au|l > d, that is, (iii) of Theorem 3.

If u € P(a,b,c) with ||[Au| > d, we obtain 0 < u(t) <
¢, —c<u'(t) <0,0< (Tu)t) < koe, 0 < (Su)(t) < hye, for
anyt € [0, 1], and so by (H,), we have

¢, <£> LHS q(r) f (u, u', Tu, Su) dr

2my 18)

> Jl qr) f (u, u', Tu, Su) dr.
0

Furthermore, we have

(/)p( M >J16q(r)f(u, u’,Tu,Su) dr

2my,

¢p<2m0>T%ﬁ

m—2

x Y B; Lﬁi q () f (uu,Tu, Su) dr (19)

i=1

> Jl q(r)f(u, u', Tu, Su) dr
0

J q(r)f(u u,Tu, Su)d

Therefore, by Lemma 7, we have

o (Au) = (Au) (1 -96)

x f (u, u | Tu, Su) dr

+ rq(r) f(wu',Tu, Su) dr) ds
0

+<( mzjm

x f (u, u', Tu, Su) dr

+ Jl qr) f (u, u', Tu, Su) dr))
0

-2

3

B; Lﬂi qr) f (u, u', Tu, Su) dr

1

R

J1_5 qr) f (u, u', Tu, Su) dr)

0

o0 (25

+

—2

3

B; ri q(r)

I\
—

x f (u, u', Tu, Su) dr

+ JOI q(r) f (u, u', Tu, Su) dr)

() )
=2§T° ( mlzﬂzj q(r)

i=

X f(u, u',Tu,Su) dr
1
+J q(r)f(u, u', Tu, Su) dr)
0
28m ,
== @ o)

2
= Sl

(20)

Hence, by Theorem 3, the results of Theorem 8 hold. This
completes the proof of Theorem 8. O

4. Example

Consider the following BVP:

(') ®+q@
x f (), u' (), (Tu) (), (Su) () =

0<t<l,



! ! ! 2 ! 2
u (0)lu (0) = u(—)u(—)
| )|’ (0) - -
i () (3)
+=lu(=)Nul=),
4 2 2
u()=g(u' ),
(21
where
12 O_tsg,
a9t=19 187 9359 16
-—gt+ ——, — <t<1.
54 2700 25
10”10+2+smv \/_ Vi
1000 1000 1000’
Flvwl) = 4 0<u<l, v<0, w,l>0, (22)
S 2+sinv \/— Vi
10 Nu +
1000 1000 1000’
| 1<u, v<0, w,l>0.
) V2 v 21,
V) =
g VA, [v] < 1.

Proof. Since M = 2 and m, = 1/300, 8 = 1/2,8 =
9/25,a = 1/2,b = 1,d = 1296, ¢ = 1600, k(t,s) = 1 and
h(t,s) = 1, then we can obtain 0 < a < b < (my0d)/M < d <
¢, and

1-9/25 16/25 B

= - ~1/24 — 4|2

L \]L q(t)dt \/L =124t \/5,
a\_y (12)_ 1L
¢P(m>_¢f’<2\/§>_ 32

b (55 ) =4 < 1;;) - 320000,

(23)

2525 3125

b 1
%<E>_%(@maﬁ%)"37§'65'

Next, we show that (H,)-(H,) are satisfied.
Ifo<u<1/2, -1/2<v<0, 0<w, [ <1/2,then

110 3 2
f v, w,l) < 105

+
1000 1000
1

<P (557) =21

64

(24)

So (H,) is satisfied.
If0 <u <1600, -1600 <v <0, 0 <w, [ <1600, then
3 40 x 2

f (v, w,1) < 10 V1600 + — +
1000 1000

(25)
<(1-B)¢, (ﬁ) = 32000.

So (H,) is satisfied.
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If1<u<1296, —-1296 <v <0, 0 < w, I <1296, then

1 b\ 3125

f wv,w,l) > 10 V1 + —— 500 ¢p<&> T (26)
So (H,) is satisfied.

For any (u, v,w,[) € [0,1600] x

[0, 1600], we have

[-1600, 0] x [0,1600] x

min f (u,v,w,l) > L

1000°
3 40 x 2
max f (u, v, w,1) < 10 V1600 + —— + ,
1000 1000
_ (27)
M ) Jl g 8
— ) =2-150%, tydt = =,
(m,) , a0 =3
1141
J 0de = 24
625

Hence, it’s easy to know that (H,) is satisfied.
So by Theorem 8, we conclude that the BVP (21) has three
positive solutions u,, u,, and u; satistying

1 , 1
[l <3 1< min @), fus] >3
(28)
5<¥r<1(11r15)u3 B <1 -
Acknowledgments

This paper is supported by the Natural Science Foundation of
China (10901045) and (11201112), the Natural Science Foun-
dation of Hebei Province (A2009000664) and (A2011208012)
and the Foundation of Hebei University of Science and
Technology (XL200757).

References

[1] J. Wang, “The existence of positive solutions for the one-
dimensional p-Laplacian,” Proceedings of the American Math-
ematical Society, vol. 125, no. 8, pp. 2275-2283,1997.

[2] L. Kong and J. Wang, “Multiple positive solutions for the one-
dimensional p-Laplacian,” Nonlinear Analysis, vol. 42, no. 8, pp.
1327-1333, 2000.

[3] X. He and W. Ge, “Twin positive solutions for the one-
dimensional p-Laplacian boundary value problems,” Nonlinear
Analysis, vol. 56, no. 7, pp. 975-984, 2004.

[4] D. Zhao, H. Wang, and W. Ge, “Existence of triple positive
solutions to a class of p-Laplacian boundary value problems,”
Journal of Mathematical Analysis and Applications, vol. 328, no.
2, pp. 972-983, 2007,

[5] A. Lakmeche and A. Hammoudi, “Multiple positive solutions
of the one-dimensional p-Laplacian,” Journal of Mathematical
Analysis and Applications, vol. 317, no. 1, pp. 43-49, 2006.

[6] D.-X. Ma, “Existence and iteration of positive solution for
a three-point boundary value problem with a p-Laplacian
operator,” Journal of Applied Mathematics & Computing, vol. 25,
no. 1-2, pp. 329-337, 2007.



Abstract and Applied Analysis

(7]

(8]

(10]

H. Feng and W. Ge, “Existence of three positive solutions for
m-point boundary-value problems with one-dimensional p-
Laplacian,” Nonlinear Analysis, vol. 68, no. 7, pp. 2017-2026,
2008.

Y. Guo, C. Yu, and J. Wang, “Existence of three positive solutions
for m-point boundary value problems on infinite intervals,”
Nonlinear Analysis, vol. 71, no. 3-4, pp. 717-722, 2009.

D. Kong, L. Liu, and Y. Wu, “Triple positive solutions of
a boundary value problem for nonlinear singular second-
order differential equations of mixed type with p-Laplacian,”
Computers & Mathematics with Applications, vol. 58, no. 7, pp.
1425-1432, 2009.

J.-X. Hu and D.-X. Ma, “Triple positive solutions of a boundary
value problem for second order three-point differential equa-
tions with p-Laplacian operator;” Journal of Applied Mathemat-
ics and Computing, vol. 36, no. 1-2, pp. 251-261, 2011.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



