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We first introduce the concept of Bregman asymptotically quasinonexpansive mappings and prove that the fixed point set of this
kind of mappings is closed and convex. Then we construct an iterative scheme to find a common element of the set of solutions of
an equilibrium problem and the set of common fixed points of a countable family of Bregman asymptotically quasinonexpansive
mappings in reflexive Banach spaces and prove strong convergence theorems. Our results extend the recent ones of some others.

1. Introduction

Let E be a real reflexive Banach space with norm || - || and E*
the dual space of E equipped with the inducted norm | - [|,.
Throughout this paper, f : E — (—00,+00] is a proper,
lower semicontinuous, and convex function and the Fenchel
conjugate of f is the function f* : E* — (-00, +00] defined
by

&) =sup{(&x) - f(x):x € E}. 1

We denote by dom f the domain of f, that is, the set {x €
E: f(x) < +00}.

Let C be a nonempty, closed, and convex subset of E and
T :C — C anonlinear mapping. The fixed points set of T is
denoted by

F(T)={xeC:x=Tx}. 2)

Recall that a mapping T C — C is said to be

nonexpansive if, for each x, y € C,

|7 =Ty <=5 3)

Nakajo-Takahashi [1] introduced the following hybrid
method which is the so-called CQ-method for a nonexpan-
sive mapping T in a Hilbert space H:

x € C,
Yo = %, + (1 - at,) T,
C-leeCilu-elliclt. @
Q,={z€C:(x,-z,x, - x,) 20},

xn+1 = Pcann.xo, Vi’l > 0,

where {«,} ¢ [0,1] and Py is the metric projection from H
onto a closed and convex subset K of H. They proved that the
sequence {x,} generated by (4) converges strongly to a fixed
point of T under suitable conditions.

Takahashi et al. [2] introduced a new hybrid iterative

scheme called the shrinking projection method for a nonex-
pansive mapping T in a Hilbert space H as follows:

x, € H,
C, =C,

Xy = Pg %,



In = 0 Xy + (1 - ‘xn) Txn’
Cor = {2 € Gyt |3 — 2] < %, — 2]}

Xpp1 =P % Vn2=1,

©)

where {&,} c [0, 1], and they proved that the sequence {x,}
generated by (5) converges strongly to a fixed point of T under
suitable conditions.

In 2010, Reich and Sabach [3] introduced the following
two hybrid iterative schemes for Bregman strongly nonex-
pansive mappings T; : E — E(i = 1,2,...,N) in a reflexive
Banach space E:

xy € E,
i

In = Ti (Xn+€;),

C,={z€E:D;(2y,) <Ds(zx,+¢,)},

N (6)
C,:=[Cp
i=1
Q, ={z € E: (z—x,,Vf (%) = Vf (x,)) < 0},
X1 = Pgann (x), VYn=>0,
Xy € E,
Ci=E i=12,...,N,

y; = Ti (xn+eit)’

Ch=12€C,:Ds(2,9,) < Ds(zx,+ €))L, (@)

n+l
N .
i
Cn+1 T ﬂcnﬂ’
i=1

X1 = Pgann (x), VYn=0,

where PIJ; is the Bregman projection with respect to f from
E onto a closed and convex subset K of E. They proved that
the sequence {x,} generated by both (6) and (7) converges
strongly to a common fixed point of {T;}Y,.

The construction of fixed points for Bregman-type map-
pings via iterative processes has been investigated in, for
example, [4-8].

In this paper, we design a new hybrid iterative scheme
for finding a common element of the set of solutions of an
equilibrium problem and the set of common fixed points of
a countable family of Bregman asymptotically quasinonex-
pansive mappings in reflexive Banach spaces and prove some
strong convergence theorems. Our results extend the recent
one of Reich and Sabach [3].
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2. Preliminaries

Let E be areal Banach space. Forany x € intdom fand y € E,
we define the right-hand derivative of f at x in the direction

y by

£ (xy):= lim fla+ty)- fx) (8)
t—0* t

The function f is said to be Gdteaux differentiable at x if
lim, , o+ ((f(x + ty) — f(x))/t) exists for any y. In this case,
f°(x, y) coincides with Vf(x), the value of the gradient Vf
of f at x. The function f is said to be Gateaux differentiable
if it is Géateaux differentiable for any x ¢ int dom f. The
function f is said to be Fréchet differentiable at x if this limit
is attained uniformly in ||yl = 1. Finally, f is said to be
uniformly Fréchet differentiable on a subset C of E if the limit
is attained uniformly for x € C and || y| = 1.

Let E be a reflexive Banach space. The Legendre function
is defined from a general Banach space E into (00, +00] (see
[9]). According to [9], the function f is Legendre if and only
if it satisfies the following conditions

(L1) The interior of the domain of f (denoted by
int dom f) is nonempty; f* is Gateaux differentiable
on int dom f and dom Vf = int dom f.

(L2) The interior of the domain f* (denoted by int
dom f™) is nonempty; f* is Giteaux differentiable on
int dom f* and dom Vf™ = int dom f*.

Since E is reflexive, we always have (3f)™' = 9f* (see
[10]). This fact, when combined with conditions (L1) and (L.2),
implies the following equalities:

vf = (V)"
ranVf = dom Vf” = int dom f*, 9)
ranVf" = dom Vf = int dom f.

Also, conditions (L1) and (L2), in conjunction with [9],
imply that the functions f and f” are strictly convex on
the interior of their respective domains. Several interesting
examples of the Legendre functions are presented in [9, 11].
Especially, the functions (1/s)]-[° with s € (1,00) are
Legendre, where the Banach space E is smooth and strictly
convex and, in particular, a Hilbert space.

Let f: E — (—00,+00] be a convex and Gateaux differ-
entiable function. The function D¢ : dom f X int dom f —
[0, +00) defined as

Di(y,x)=f(y)- f(x) - (y-xYf(x))  (10)

is called the Bregman distance with respect to f [12].

By the definition, we know the following property (the
three point identity): for any x € dom f and y,z ¢
int dom f,

Dy (x,y) + Dy (y,2) - Dy (x,2)

=(Vf (2) - Vf (), x - y).

(11)
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Recall that the Bregman projection [13] of x € int dom f
onto the nonempty, closed, and convex subset C of dom f is

the necessarily unique vector projé(x) € C satisfying

Dy (projé (x) ,x) = inf{Df (y,x):ye€ C}. (12)

Let f : E — (-00,+00] be a convex and Gateaux
differentiable function. The function f is said to be totally
convex at x € int dom f if its modulus of total convexity at
x, that is, the function Vg @ int dom f x [0,+00) — [0, +00]
defined by

Vs (1) = inf{Df (y,x):y edom f,|ly - x| = t}, (13)

is positive whenever t > 0. The function f is said to be
totally convex when it is totally convex at every point x €
int dom f. In addition, the function f is said to be totally
convex on bounded sets if v ;(B, t) is positive for any nonempty
bounded subset B of E and t > 0, where the modulus of
total convexity of the function f on the set B is the function
Vg @ int dom f x [0,+00) — [0, +00] defined by

v; (B,t) =inf {v; (x,t) : x € Bndom f}.  (14)

Some examples of the totally convex functions can be
found in [14, 15].

Recall that the function f is said to be sequentially
consistent [15] if, for any two sequences {x,} and {y,} in E
such that the first is bounded,

Jim Dy (y,,x,) =0 = lim |y, -x,[=0.  (5)

n— 00

Let C be a nonempty, closed, and convex subset of E and
g : CxC — R a bifunction that satisfies the following
conditions:

(C1) g(x,x) =0forall x € C;

(C2) g is monotone, that is, g(x, y) + g(y,x) < 0 for all
x,y €GC;
(C3) lim suptlog(tz +(1-1)x,y) <glx,y) forallx, y,z €

(C4) forall x € C, g(x,-) is convex and lower semicontin-
uous.

The equilibrium problem with respect to g is as follows:
find x € C such that

g(x,y)=0, VyeC. (16)

The set of all solutions of (16) is denoted by EP(g). The
resolvent of a bifunction g : C x C — R [16] is the operator
Resg : E — 2€ denoted by

Res! (x) = {z € C: g(2,y) + (Vf () - Vf (x),y - 2)

>0,VyeC}.
17)

For any x € E, there exists z € C such that z = Resg (x); see

[3].
Let K be a convex subset of int dom f and T : K —
K a mapping. A point p in the closure of K is said to
be an asymptotic fixed point of T [17, 18] if K contains a
sequence {x,} which converges weakly to p such that the
strong lim, _, . (x, — Tx,) = 0. The set of asymptotic fixed
points of T will be denoted by F(T). The mapping T is called
Bregman quasi-nonexpansive if F(T) # 0 and
Df(v,x)SDf(v,x), Vve F(T), x € K. (18)

T is said to be Bregman (quasi)-strongly nonexpansive [6] with
respcet to a nonempty F(T) if

D;(p,Tx) < Ds (p,x), (19)

for all p € F(T) and x € K, and if whenever {x,} ¢ K is
bounded, p € F(T), and

Jim (Dy(p.x,) - Dy (p.Tx,)) =0, (20)
it follows that
Jim Dy (Tx,, x,) = 0. (21)
The mapping T is called Bregman firmly nonexpansive if
(Vf (Tx) = Vf (Ty), Tx = Ty)
<(Vf () = Vf (), Tx = Ty)

(22)

forall x, y € K.

Next, we introduce a new mapping that is called Breg-
man asymptotically quasinonexpansive mapping which is a
natural extension of Bregman quasinonexpansive mapping
introduced by Reich and Sabach [3]. The mapping T : K —
K is said to be Bregman asymptotically quasi-nonexpansive if
there exists a sequence {k,} C [1, co) satistying lim, , k, =
1 such that, for everyn > 1,

Dy (v, T"x) <k,Dj(v,x), VveF(T), xeK. (23)

Obviously, every Bregman quasinonexpansive mapping is a
Bregman asymptotically quasi-nonexpansive one with k,, =
1.

Let E be a Banach space and C a nonempty subset of
E. The mapping T : C — C is said to be uniformly
asymptotically regular on C if

+1
i -T"x

nango (sup "T ) =0. (24)
xeC
The mapping T is said to be closed if, for any sequence {x,,} in
Csuchthatlim, , x, = x,andlim, _,  Tx, = ¥, Tx, = ¥,-
The following is an important result which will be used in
the next section.

Lemma 1. Let E be a reflexive Banach space and f : E —
(—00,+00) a Gdteaux differentiable and Legendre function



which is totally convex on bounded sets. Let K be a nonempty,
closed and convex subset of int dom f and T : K — Ka
closed Bergman asymptotically quasi-nonexpansive mapping
with the sequence {k,} C [l,+00) such that k, — 1 as
n — o00. Then F(T) is closed and convex.

Proof. The closedness of F(T) comes directly from the
closedness of T. Now, for arbitrary p,, p, € F(T),t € (0,1),
put p; = tp; +(1—1) p,. We prove that Tp; = p;. Indeed, from
the definition of D, we see that

Dy (psT"ps) = f(ps) = £ (T"ps)
—(Vf (T"ps). ps = T"p3)
= f(ps) = f(T"ps)
~(Vf(T"ps) tpy + (1= 1) p, = T"p3)
= f(ps) = f(T"ps)
—t(Vf (T"ps), p1 = T"p3)
== (Vf (T"ps), p, = T"ps)
= f(ps) +tDs (p1,T"ps)
+(1=1) Dy (po T"p3) — tf (p1)
-(1-1) f(p)
< f(ps) + tk, Dy (p1> p3)
+(1 =) k,Dy (P2 ps)
—tf (p1) - (1=1) f (p,)
= f(ps) + k[t (f (p1) - £ (Ps)
~(Vf (ps)> P = p3))
+(1-1)
< (f(p2) = f(ps)
—(Vf (ps), P = P3))]
—tf (p)) - (1=1) f (p,)
= (1-k,) f(ps)
+k, (tf (p) + (1 =1) f (p2))
—tf (p) = (1=1) f (p,)

= (k, = 1) (tf (p) + (1= 1) f (p2) - £ (ps))-
(25)

This implies that lim,,_, ., D +(ps, T" p;) = 0. It follows from
Lemma 3 below that

lim [y ~T"p,] = 0

n— 00

(26)
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thatis, TT"p;—p; — Oasn — 0. Inview the closedness of
T, we can obtain the desired conclusion. This completes the
proof. 0

Finally, we state some lemmas that will used in the proof
of main results in next section.

Lemma 2 (see [7]). If f : E — R is uniformly Fréchet
differentiable and bounded on bounded subsets of E, then Vf is
uniformly continuous on bounded subsets of E from the strong
topology of E to the strong topology of E*.

Lemma 3 (see [14]). The function f is totally convex on
bounded sets if and only if it is sequentially consistent.

Lemma 4 (see [15]). Suppose that f is Gateaux differentiable
and totally convex on intdomf. Let x € int dom f and C a
nonempty, closed, and convex subset of intdomf. If x € C,
then the following conditions are equivalent.

(i) The vector X is the Bregman projection of x onto C with
respect to f.

(ii) The vector X is the unique solution of the variational
inequality.

(Vf (x)-Vf(z),z—y) >0, VyeC. (27)

(iii) The vector X is the unique solution of the inequality

D¢ (y,z) + Dy (z,x) < Dy (y,x), VyeC. (28)

Lemma 5 (see [6]). Let f : E — R be a Gdteaux
differentiable and totally convex function. If x, € E and the
sequence {D f(xn, Xo)}oe, is bounded, then the sequence {x,}72 |
is also bounded.

Lemma 6 (see [3]). Let f : E — (—00,+00) be a coercive
(i.e., limy, oo (f(x)/lx]) = +00) and Gateaux differentiable
function. Let C be a closed and convex subset of E. If the
bifunction g : C x C — R satisfies conditions (C1)-(C4),
then

1) Resg is single-valued;
(2) Resg is a Bregman firmly nonexpansive mapping;
(3) the set of fixed points ofResg is the solution set of the
equilibrium problem, that is, F(Resg) = EP(g);
(4) EP(g) is a closed and convex subset of C;
(5) forallx € Eandu € F(Resg), one has
Dy (u, Resi; (x)) +Dy (Resg (x) ,x)

(29)
<Dy (u,x).

3. Main Results

Now, we give our main theorems.
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Theorem 7. Let E be a reflexive Banach space and f : E —
R a coercive Legendre function which is bounded, uniformly
Fréchet differentiable, and totally convex on bounded subsets
of E. Let K be a nonempty, closed, and convex subset of
int dom f and {T;};°, : K — K a countable family of
closed Bregman asymptotically quasi-nonexpansive mappings
with the sequences {k;,} C [1,00) such that lim, _, k;,
foreveryi > 1. Let k, = suplk;, : i = 1} and suppose
that lim, , k, = 1. Let g : K x K — R be a bifunction
satisfying conditions (C1)-(C4). Assume that each T;(i > 1) is
uniformly asymptotically regular and Q = [[;2; F(T;)]NEP(g)
is nonempty and bounded. Let {c; .} be a real sequence in (0, 1)
with Y., &, = 1 for everyn > 1 and liminf, _, «a;, > 0 for
everyi > 1. Let {x,} be a sequence generated by the following
manner:

x, = x € K chosen arbitrarily,

u;,, € Ksuch that

g (ui,n’ )/) + <Vf (ui,n) - Vf (Tinxn) Y~ ui,n) =0,
VyeK,i=1,..,n,

n
C,= {z €K:Ye;,Ds(zu,)

i=1

< Dy (z,x,) + (k, - 1)Mn}’

n

D,=(Cs

i=1

Xpe1 = projénx, n=12,...,

(30)
where M,, = sup{Df(v, x,): v € Q} foreachn > 1. Then, {x,}
defined by (30) converges strongly to proj{)x asn — 0o.

Proof. First, we prove that the sequence {x,,} is well defined.
Note that

n
Z(Xi,an (Z’ ui,n) < Df (Z’ xn) + (kn - 1) Mn (31)
i=1

is

n

Z“i,n (f (2) - f (ui,n) - <Vf (ui,n) »Z = ui,n>)

i=1

< f(Z) - f(xn) - <Vf (xn) 2~ xn> + (kn - I)Mn’
(32)

that is,

£ () = Y ) + (VF ()2 - )
- (33)

=

< Xin <Vf (ui,n) »Z = ui,n) + (kn - l) Mn'

I
—

This shows that C,, is closed and convex for every n > 1. From
the definition of D,,, it is easy to see that D, is closed and
convex for everyn > 1. For everyi > 1 and n > 1, Lemma 6

shows that u;,, = Rengi"xn and D (v, Resg ¥) < Dy(v, y) for
any v € Q and y € E. Hence,

Dy (v,u,) = Dy (v, Rengi”xn)
< Dy (v, T}'x,)

< ki, Dy (v, x,)

(34)
< k,Ds (v, x,)
=Ds (v, x,) + (k, — 1) Df (v, x,,)
< Dy (v, x,) + (k, — 1) M,,.
Since Z?:l «;, = 1 for every n > 1, we have
n
Z‘xi,an (V’ ui,n)
i=1
(35)

<

s

Il
—_

Kin (Df (V’ xn) + (kn - 1) Mn)

=Dy (v, x,) + (k, — 1) M,

This shows that v € C, for everyn > 1. Thus Q ¢ C, for
every n > 1. Further, we have Q ¢ D, for every n > 1. Thus
the sequence {x,} is well defined.

From proj{)nx = X,,,1> by Lemma 4(iii) we have
Dy (%,41,%) = Dy (proj{)nx,x)
< Dy (v,x) - Dy (v, projénx) (36)

< Df(v,x)

for any v € €. Hence the sequence D¢(x,,x) is bounded.
Therefore by Lemma 5 the sequence {x,,} is bounded.

On the other hand, in view of x,,,, = pr0j£ xand x,,, =
proijmx € D,,; € D,, from Lemma 4(iii) we lnlave
Dy (xn+2,proj£nx) + Dy (projgnx,x) < Dy (X420 %),
(37)
that is,
Dy (%420 Xs1) + D (%41, X) < D (%54, X) - (38)

Therefore the sequence {D f(xn,x)} is increasing, and since

itis also bounded, lim,, _, o, D ¢(x,,, x) exists. By the construc-

tion of D,, we have that D,, ¢ D, and x,, = proijmilx €
D,, , ¢ D,_, for any positive integer m > n. It follows that

Dy (%, x,) = Dy (xm, projéﬂ_lx)
< Dy (x,,x) - Dy (projgn_lx, x) (39)

= Dy (%, X) = Dy (%, %) -



Letting m,n — o0 in (39), we see that Df(xm, x,) — 0.1t
follows from Lemma 3 that x,, — x, — 0asm,n — oo.
Hence, {x,} is a Cauchy sequence. Since E is a Banach space
and K is closed and convex, we can assume that

lim x, = x" € K. (40)

n— 00

By taking m = n + 1 in (39), we see that
Jim Dy (%15 x,) = 0. (41)
Lemma 3 implies that

lim |x,,, - x,| = 0. (42)

n— 00

Since x,,,; = proj£ x € D, c C,, we have

2“1 an (xn+1’ lﬂ) < Df (xn+1’ ) (k - 1)Mn' (43)

i=1

Then (41) implies that
n
nh_{%oz;‘xi,an (xn+1’ ui,n) =0. (44)

Note that o, D (x> U,
lim inf o > 0, we have

n— o0 LN

< Z?:l ‘xi,an(an’ ui,n) and

Jim D (x40, 1) = 0 (45)
for every i > 1. It follows from Lemma 3 that
im [lx,, - w,] =0 (46)
for every i > 1. Note that
i = 2ol < et = i |+ [ = all - (47)
Combining (42) with (46), we see that
=%, =0 (48)

Jim

for every i = 1. This means that the sequence {u;,}
is bounded. Since f is uniformly Fréchet differentiable, it
follows from Lemma 2 that

Jim [V () = VF(x,)], = 0. (49)

Since f is uniformly Fréchet differentiable, it is also uniformly
continuous (see [19, Theorem 1.8, p.13]) and therefore

Jim || f () = f (x,)] = 0. (50)

Abstract and Applied Analysis
From the definition of the Bregman distance, we obtain that
for every
Dy (v,x,) = Dy (v, u;,,)
=[f )= f(x) = (Vf (%) v = x)]
—[f ) = f (i) = (VS () v = 1)
= f (i) = f (360) + (VS (w30) v = i)
—(Vf (x,),v = x,)
= f (i) = f ()
+ (VS (i) > X = i)
+ (VS (v30) = VS (x0) v = %)

for any v € Q. Since every sequence {u;,} is bounded,
{Vf(u;,)} is also bounded for every i > 1. Now from (48)-
(50), we have

nangon (V> xn) - Df (V’ ui,n) =0 (52)

(51)

for any v € Q and for every i > 1.
In view of u; , = Resg T!'x,, by Lemma 6 (5) we have

Dy (ui,n,Tiﬂxn) =Dy (Rengi"xn,Ti"xn)
< D, (1T"x,) D, (v, Res/T"x,)
< k,Dj ( fn
s KUy v, X,) - Dy (v, Res;T; xn)

< Dy (v, x,) + (k, = 1) M, — Dy (v,u;,) .
(53)

Note that M,, is bounded and k, — 1asn — oo. It follows
from (52) that

hm n D (4, T{'x,) = 0 (54)
for every i > 1. Lemma 3 shows that

Jim oy, = Tix, || = 0. (55)

Note that [|T;'x,, — x|l < IT}"x, —u; .| + lu;,, — x,,||. From (48)

and (55) we get
nlLHéO "Tin'xn - xn” =0 (56)
for every i > 1. Note that
1T, = 7| < [T, =l + e = 7). (57)

It follows from (40) and (56) that
Jim [ T7x, - x*| =0 (58)
for every i > 1. On the other hand, we have

n+1
|7,

< "Tf“xn - Ti”xn“ +||T'x, —x*||. (59
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Since every T; is uniformly asymptotically regular and (58),
we obtain that, for every i > 1,

lim ”Ti"”xn -x"|=0, (60)

n— 00

that is, T;,T'x, — x" asn — oo. From the closedness of T},
we see that x* € F(T;) for everyi > 1. Thus x™ € ()2, F(T}).

Next we prove that x* € EP(g) for everyi > 1. Since f is
uniformly Fréchet differentiable, Vf is uniformly continuous.
Thus, by (55) we have

Jim (Vf (;,,) = Vf (T}'x,)) = 0. (61)
Since u;,, = Resg T!'x,,, we have

g9 (ui,n’ y) + <Vf (ui,n) - Vf (Tinxn) Y - ui,n>

(62)
>0, VyeKk.
We have from (C2) that
(Vf (i) = Vf (T7'x,) s y = win)
> =g (i ¥) (63)
>g9(yu;,), Yyek
Lettingn — 00, we have from (61) and (C4) that
g(y,x*)<0, VyeKk. (64)

Fortwith0 <t <1land y € K, let y, = ty + (1 —t)x". Since
y € Kand x™ € K, we have y, € K and hence g(y,,x") < 0.
So, from (C1) we have

0=9en)
<tg(ypy)+(1-1)g(yx") (65)
<tg(y»).
Dividing by ¢, we have

g(y»y)20, VyeKk. (66)
Letting ¢ | 0, from (C3) we have
g(x*,y)=0, VyeKk. (67)

Therefore, x* € EP(g). Thus x* € n;°, EP(g).
Finally, we show that x™ = proj,x. Since Q ¢ D, for every
n > 1, by Lemma 4(ii) we arrive at

(%, = v Vf (x) = Vf (x,)) 2 0,

Taking the limit asn — 00 in (68), we obtain that

(x" = Vf (x) - Vf(x")) >0,

Vv e Q. (68)

YWweQ o (69)

and hence x* = proj,x by Lemma 4(ii). This completes the
proof. O

Corollary 8. Let E be a reflexive Banach space and f : E —
R a coercive Legendre function which is bounded, uniformly
Fréchet differentiable and totally convex on bounded subsets of
E. Let K be a nonempty, closed, and convex subset of int dom f
and T : K — K a closed Bregman asymptotically quasi-
nonexpansive mapping with the sequence {k,} c [1,00) such
that lim, _, k, = 1. Let g : K x K — R be a bifunction
satisfying conditions (C1)-(C4). Assume that T is uniformly
asymptotically regular and Q = F(T) n EP(g) is nonempty
and bounded. Let {x,} be a sequence generated by the following
manner:

x € K chosen arbitrarily,

u, € K such that

g(un’ y) + <Vf (un) - Vf (Tnxn) Y = un)
>0, Vyek,

C,=1{z¢ K:Dg(zu,) < Df(z,x,) + (k, - 1) M,},

(70)

where M,, = sup{Df(v, x,) : v € Q} foreachn > 1. Then, {x,}
defined by (70) converges strongly to proj{)x asn — 00.

Since every Bregman quasi-nonexpansive mapping is
Bregman quasi-asymptotically nonexpansive, we have the
following results.

Corollary 9. Let E be a reflexive Banach space and let f :
E — R be a coercive Legendre function which is bounded,
uniformly Fréchet differentiable, and totally convex on bounded
subsets of E. Let K be a nonempty, closed, and convex subset of
int dom f. Let{T;};°, : K — K be a countable family of closed
Bregman quasi-nonexpansive mappings and g : K x K — R
a bifunction satisfying conditions (C1)-(C4). Assume that Q) =
[N, F(T;)] (EP(g) # 0. Let {«;,,} be a real sequence in (0,1)
with Y. &, = 1 and liminf, _, e, > 0 foreveryi > 1. Let
{x,} be a sequence generated by the following manner:

x € K chosen arbitrarily,
u;,, € K such that

g (ui,n’ )/) + <Vf (ui,n) - Vf (Tinxn) Y = ui,n)
>0, VyeK,i=1,...n

C, = {z €eK: Zoci)an (z,u;,) < Dy (z,xn)} ,

i=1



D,=(Cs

Xpp1 = pro;{)nx, n=12,....

(71)

Then, {x,} defined by (71) converges strongly to proj/;)x asn —
0.

Corollary 10. Let E be a reflexive Banach space and let f :
E — R be a coercive Legendre function which is bounded,
uniformly Fréchet differentiable, and totally convex on bounded
subsets of E. Let K be a nonempty, closed, and convex subset
ofint dom f. Let T : K — K be a closed Bregman quasi-
nonexpansive mapping and g : K x K — R a bifunction
satisfying conditions (C1)-(C4). Assume that Q = F(T) N
EP(g) #0. Let {x,} be a sequence generated by the following
manner:

x € K chosen arbitrarily,

u, € K such that

g (un’ )/) + <Vf (un) - Vf (Tnxn) Y = un> 20,
Yy eK,

C,= {z € K: Ds(z,u,) < Dy (z,xn)},

Xpe1 = projgnx, n=12,....

(72)

Then, {x,} defined by (72) converges strongly to projgx asn —
%)

Remark 11. Set o, ; = 1/i(i + 1) + 1/n(n + 1) for each n > 1
andi=1,2,...,nandk;, = 1+1/inforeachn > landi > 1.
Then Y, «;, = landliminf, , jo;, =1/i(i + 1) > 0. Also,
k, = supik;, : i = 1} = 1 for every n > 1. Hence, {e; .} and
{k; .} satisfy the conditions of Theorem 7.

Remark 12. It needs to notice that Corollaries 9 and 10 still
hold if we replace the closedness of the mappings with F(T') =
F(T).

In the equilibrium problem, the bifunction g is usually
required to satisfy conditions (C1)-(C4). But, if the condition
(C3) is replaced with the following condition:

(C3") for every fixed y € C, g(-, ) is continuous, then we
have the following result:

Lemma 13. Let f : E — (—00,+00) be a coercive (i.e.,
lim oo (f()/ llxl) = +00) and Gateaux differentiable
function. Let C be a closed and convex subset of E. If the
bifunction g : C x C — R satisfies conditions (C1), (C2),
(lC3'Z and (C4), then the mapping Resg defined by (2.2) is
closed.

Abstract and Applied Analysis

Proof. Let {x,} c E converge to x' and {Resgxn} to X. To end

the conclusion, we need to prove that Resg x' = %. Indeed, for
each x,, Lemma 6 shows that there exists a unique z, € C
such that z,, = Resg x,,, that is,
g(zn’y)+ <Vf(zn)_vf(xn)’y_zn> >0, Vy eC.
(73)

Since f is uniformly Fréchet differentiable, Vf is uni-
formly continuous. So, taking the limit as n — oo in (73),
by using (C3') we get

g(® )+ (Vf @ -Vf(x'),y-%) 20, VyeC, (74)
which implies that Resg x' = X. This completes the proof. [

If the bifunction g satisfies conditions (Cl), (C2), (c3"y,
and (C4) instead of (C1)-(C4), then we have a simple method
to prove that x* € EP(g) in the proof of Theorem 7. Indeed,
from the proof of Theorem 7, we see that

u.;

in—T'x, — 0, thatis, Rengi"xn -T'x, — 0,

(75)

T'x,—x,— 0 asn— oo, Vi> 1.
Note that x, — x" asn — o00. This shows that T}'x,, —
x*asn — oo for everyi > 1. It follows from the closedness

of Resg that x* € F(Resg). Lemma 6 shows that x* € EP(g).

Remark 14. Obviously, the proof process of x* € EP(g)
is simple if we replace condition (C3) with (C3') which is
such that Resg is closed. In fact, although condition (c3"
is stronger than (C3), it is not easier to verify condition
(C3) than to verify the condition (C3'). Hence, from this
viewpoint, the condition (C3') is acceptable.
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