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The authors introduce the lacunary series of finite iterated order and use them to investigate the growth of solutions of higher-order
linear differential equations with entire coefficients of finite iterated order and obtain some results which improve and extend some
previous results of Belaidi, 2006, Cao and Yi, 2007, Kinnunen, 1998, Laine and Wu, 2000, Tu and Chen, 2009, Tu and Deng, 2008,

Tu and Deng, 2010, Tu and Liu, 2009, and Tu and Long, 2009.

1. Definitions and Notations

In this paper, we assume that readers are familiar with the
fundamental results and standard notations of the Nevan-
linna theory of meromorphic functions (see [1-3]). In order
to describe the growth of order of entire functions or mero-
morphic functions more precisely, we first introduce some
notations about finite iterated order. Let us define inductively,
for r € (0,+00), exp,r = ¢ and exp,,;r = exp(exp;r), i €
N. For all sufficiently large r, we define log;r = logr and
log;,,r = log(log,;r), i € N. We also denote expyr = r = log,r
and exp_,r = log,r. Moreover, we denote the logarithmic
measure ofaset E C (0, +00) bym,E = | _dt/t, and the upper
logarithmic density of E ¢ (0, +00) is defined by

m (ENLr])

logr M

log dens E = lim

Throughout this paper, we use p to denote a positive integer.
In the following, we recall some definitions of entire functions
or meromorphic functions of finite iterated order (see [4-
10]).

Definition 1. 'The p-iterated order of a meromorphic function
f(z) is defined by

P A S

—oc  logr

Remark 2. If f(z) is an entire function, then the p-iterated
order of f(z) is defined by

log T (r, 1 M (r,
o (f) - T Bl (0 S) oM nS)

r—o  logr r—oo logr

If p = 1, the classical growth of order of f(z) is defined by

—logT (r, log, M (r,
o(f)= lim g\ J) (. f) = Tim 822 \"J) (r f) (4)
r—c  logr r—0o logr
If p = 2, the hyperorder of f(z) is defined by
log,T (r, log; M (r,
O_Z(f) = lim ng (r f) = lim Og3 (7’ f) ) (5)

r—oc  logr r—oo logr



Definition 3. If f(z) is an entire function with 0 < o,(f) =
0 < 00, then the p-iterated type of f(z) is defined by

—mlogpM (T’, f)

r— 00 ro

(6)

Definition 4. The p-iterated lower order of an entire function
f(z) is defined by

log, T(r.f) _

logp+1M (1’, f)
logr '

logr @

y (f) = lim

r— 00 r— 00

Definition 5. The finiteness degree of the iterated order of a
meromorphic function f(z) is defined by

i(f)
0 for f(z) rational,
min{peN:aP(f)<oo} )
= for f transcendental for which some
p € Nwith g, (f) < co exists,
00 orf(z)w1th0 (f) =co VpeN.

Definition 6. The p-iterated exponent of convergence of a-
point of a meromorphic function f(z) is defined by

log n(r,a) log N (r,a)
A, (fia) = lim i = lim i .9

r—c  logr r—=c  logr

If a = 0, the p-iterated exponent of convergence of
zero-sequence and distinct zero-sequence of a meromorphic
function f(z) are defined, respectively, by

A, () = Tm logpn(r,l/f) :_mlogpN(r,l/f)

r—o0 logr r—oo logr

logpn(r,l/f) logpN(r l/f)
A o) i

logr r—oo

/\ (f)= logr

(10)
The p-iterated lower exponent of convergence of zero-

sequence and distinct zero-sequence of a meromorphic
function f(z) are defined, respectively, by

log, (r,1/f) logpN (r,1/f)
= lim

A = li =

4, (/) o logr =TS logr
_ log n(r,1/ log N (r,1/
T (f) = lim g (r1/f)  logy ( f)_
P o logr =00 logr

(11)

2. Introductions and Main Results

In the past ten years, many authors have investigated the
complex oscillation properties of the higher-order linear
differential equations

fPra @

FOLa @ Vv AR f=F(z) (13)

with Aj(z) (j=0,...,k-1), F(z) being entire functions or
meromorphic functions of fast growing (e.g., see [4-12]), and
obtained the following results.

+Ay(2) f =0, (12)
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Theorem A (see [8]). Let Ay(2),...,
tions, ifi(A;) < p (j=0,....k
apﬂ(f) < max{aP(Aj),j =0,
of (12).

Theorem B (see [8]). Let Ao(z)
tions and let i(A,) = p. Ifi(A ) < p or 0,(A;) < 0,(A) for
allj=1,...,k-1, then 1(f) p+1 andapﬂ(f) = UP(AO)
hold for all nontrivial solutions of (12).

A_,(2) be entire func-
— 1), theni(f) < p+ 1 and
k — 1} hold for all solutions

A (2) be entirefunc—

Theorem C (see [4, 12]). Let Ay(2),...,Ar_(2) be entire
functions and let i(A,) = p. Assume that max{o,(A;) : j =
1,...,k—-1} < p(AO) (> 0) and max{r (A ) p(Aj) =
O‘p(AO)} <T (AO) Then, every solution f(z) # 0of (12)
satisfies i( f) = p + 1 and 0p+1(f) =0,(Ay).

Theorem D (see [10]). Let Ay(2),..., A () be entire func-
tions of finite iterated order satisfying i(A,) = p, 0,(Ay) =
o, and lim,_,oo(zl;l1 m(r,Aj)/m(r,Ao)) < 1. Then, every

nontrivial solution f(z) of (12) satisfies ap+1(f) = UP(AO) =
o.

Theorem E (see [10]). Let Ay(2),...,A;_,(z) be entire func-
tions of finite iterated order satisfying max{o,(A ), j#0} <

Up(Ag) = 0,(Ag) and Tim, _ (Y'2} m(r, A ))/m(r, Ag)) <
1 (r ¢ E), where E is a set of r of finite linear measure,
then every nontrivial solution f(z) of (12) satisfies o i f) =
MP(A()) o (Ao)

Theorem F (see [5]). Let Aj(z) (j =0,...,k — 1) be entire

functions of finite iterated order such that there exists one

transcendental Ay; (0 < d < k - 1) satisfying 0,(A;) <

0,(A,;) < oo for all j#s, then (12) has at least one solution
(2) that satisfies i(f) = p+ L and 0,,,,(f) = 0,(A4)

Remark 7. Theorems B-E are investigating the growth of
solutions of (12) when the coeflicients are of finite iterated
order and A(z) grows faster than other coeflicients in (12).
What can we have if there exists one middle coefficient
A,(z) (1 <d < k—-1)suchthat A ;(z) grows faster than other
coefficients in (12) or (13)? Many authors have investigated
this question when A 4(z) is of finite order and obtained many
results (e.g., see [13-15]). Here, our question is that under
what conditions can we obtain similar results with Theorems
B-Cif A (z) (1 < d < k- 1) is of finite iterated order and
grows faster than other coeflicients in (12) or (13).

In 2009, Tu and Liu make use of the proposition of
lacunary power series to investigate the above question in the
case p = 1 and obtain the following result.

Theorem G (see [15]). Let Aj(z) (j = 0,....,k - 1), F(2)

be entire functions satisfying max{o(A)), j#d, o(F)} <
0(Ay) <00 (1 <d < k-1).Supposethat A (z) = Y2, cAnzA"
is an entire function of regular growth such that the sequence
of exponents {\, } satisfies Fabry gap condition

2 —o00 (n— 00), (14)
n
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then one has

(i) if F(z) = 0, then every transcendental solution f(z) of
(13) satisfies 0,(f) = 0(A,);

(i) if F(z) # 0, then every transcendental solution f(z) of
(13) satisfies A,(f) = A,(f) = 0,(f) = 0(Ay).

In this paper, we continue our research in this area and
obtain the following results.

Theorem 8. Let Aj(z) (Gj = 0,....,k — 1), F(z) be
entire functions of finite iterated order and satisfying 0 <
max{ap(Aj),j:#d} < GP(Ad) < oo and maX{TP(Aj)
O‘P(Aj) = UP(Ad)} < TP(Ad) (0 < d < k- 1). Suppose
that Ay(z) = Y20 c,\nz)‘" is an entire function such that the
sequence of exponents {A,,} satisfies

A > (logn)®™  (1>0, neN), (15)
n

for some 1 > 0, then one has

(@) if 0,(F) < 0,(Ay) or 0, (F) = ap(Ad.) and 7,(F) <
7,(Ag) then every transcendental solution f(z) of (13)
satisfies apﬂ(f) = p(Ad);furthermore ifF(z) # 0,
then every transcendental solution f(z) of (13) satisfies
Ap+1(f) = Apﬂ(f) = ap+1(f) = ap(Ad);

(ii) ifaP(F) > UP(Ad)'and Up+1(F) < aP(Ad), then all
solutions of (13) satisfy 0,(f) > 0,(F) and 0,,,,(f) <

(iii) ifopH(F) > 0,(A,), then ail solutions of (13) satisfy
0p+1(f) = 0p+1(F)’ and /\p+1(f) = Aerl(f) =
0P+1(F) holds for all solutions of (13) with at most one
exceptional solution f satisfying A, (fo) < 04,1 (F).

Remark 9. If f(z) = ¥, 2, &1 2™ is an entire function of finite
order and the sequence of exponents {A,,} satisfies (14), then
(18) in Lemma 15 holds for f(z), but for entire functions of
infinite order, (14) certainly does not imply (18) in Lemma 15
(see [8]); therefore, we need more stringent gap condition (15)
which is sufficient and unnecessary for Theorem 8.

Theorem 10. Let A]-(z) (G = 0,....,k = 1), F(z) be
entire functions of finite iterated order satisfying max{o,(A ),
j#do,(F)} < p,(Ay) = 0,(Ay) = 0 <0 (0 <d <
k —1). Suppose that A 4(z) = Y02 C)L,,ZA” is an entire function
such that the sequence of exponents {A,} satisfies gap condition
(15), then every transcendental solution f(z) of (13) satisfies
ptpﬂ(f) = crpﬂ(f) = 0. Furthermore if F(z) # O, then

every transcendental solution f(z) of (13) satisfies Zpﬂ(f) =
Ap+1(f) = Xerl(f) = )‘p+1(f) =0.

Theorem 11. Let A=) (j = 0,...,k — 1), F(z) be entire
functions satisfying max{op(Aj), j#d} < ap(Ad) <00 (0<
d <k —1). Suppose that T(r, A ;) ~log M(r,A,) asr — o0
outside a set of r of finite logarithmic measure, then one has

(i) if O’P(F) < ap(Ad), then every transcendental solution
f(2) of (13) satisfies 0p+1(f) = GP(Ad);furthermore,

if F(z) # O, then every transcendental solution f(z) of
(13) satisfies A, 1 (f) = Ay (f) = 0,0 (f) = 0,(Ay);
(ii) if 0,(F) > 0,(A,) and 0,,,(F) < 0,(A,), then all
solutions of (13) satisfy 0,(f) > 0,(F) and 0,,,,(f) <
(iii) ifopH(F) > 0,(Ag), then all solutions of (13) satisfy
Up+1(f) = Gp+1(F)’ and 7‘erl(f) = Ap+1(f) =
0P+1(F) holds for all solutions of (13) with at most one
exceptional solution f satisfying A, (fy) < 04,1 (F);

(iv) ifﬂp(Ad) = p(Ad) =oandF(z) # Oandap(F) <o,
then every transcendental solution f(z) of (13) satisfies

Ly (1) = 2y () = Xyt () = A () = .

Remark 12. Theorem 10 implies that all the solutions of (13)
are of regular growth if A ; is of regular growth under some
conditions; Theorem 11 is an improvement of the Theorem in
[14, page 2694] and Theorems 1-2 in [16, page 624]. In fact,
by Lemma 15, the gap condition (15) in Theorem 8 implies
that T(r,A;) ~ logM(r,A;) asr — o0 outside a set of
r of finite logarithmic measure; therefore, Theorem 11 is a
generalization of Theorem 8 in a sense, but the condition on
A, in Theorem 8 is more stringent than that in Theorem 11.
In addition, Theorems 8-11 may have polynomial solutions of
degree < difd > 1.

3. Preliminary Lemmas

Lemma 13 (see [17]). Let f(z) be a transcendental meromor-
phic function, and let > 1 be a given constant, for any given
constant and for any given € > 0,

(i) there exist a constant B > 0 and a set E; C (0,+00)
having finite logarithmic measure such that for all z
satisfying |z| = r ¢ E,, one has

’f(j) (2)
f(i) (2)

gB[M( a

logr)*log T (ar, f) (0<i<j).

(16)

(ii) There exists a set H, C [0, 27r) that has linear measure
zero a constant B > 0 that depends only on «, for any
0 € [0,2m) \ H,, there exists a constant Ry = R,(0) > 1
such that for all z satisfyingargz = O and |z| = r > R,
one has

f(j) (2)
f(z)

< B[T (ar, f)log T (ar, f)]"™

17)
(0<i<j).
Remark 14. Throughout this paper, we use E; < (0,00) to

denote a set having finite logarithmic measure or finite linear
measure, not always the same at each occurrence.



Lemma 15 (see [18]). Let f(z) = Y2, c,\nzA" be an entire
function and the sequence of exponents {A,} satisfies the gap
condition (15). Then for any given & > 0,

logL(r, f) > (1—¢)logM (r, f) (18)

holds outside a set of finite logarithmic measure, where

M(r. f) = supl f(2)} Lir, f) = inf | f(2).

|z|=r

Lemma 16 (see [4]). Let f(z) be an entire function of finite
iterated order satz.'sfyingO <o,(f) = 0 <00 and T,(f) =7 >
0, then for any given 3 < T, there exists a set E, C (0,+00)
having infinite logarithmic measure such that for all v € E,,
one has

M(r, f) > exp, {fr’}. (19)

Lemma 17. Let f(z) = Y2, c,\nz)‘” be an entire function of
finite iterated order satisfying 0 < 0,,(f) = 0 < coandt,(f) =
T > 0 such that the sequence of exponents {A,} satisfies the gap
condition (15). Then, for any given B > 7, there exists a set
E; ¢ (0,+00) having infinite logarithmic measure such that
forall |z| = r € Es, one has

|f @)] > exp,, {Br°}.

Proof. By Lemma 15, for any given & > 0, we have

(20)

F@|2L(rf)> M )™, (r¢E). @D

For any given 8 < 7, we can choose 3, and sufficiently small
e >0suchthat f < B, < tand f < (1 —¢)f; < 75 by
Lemma 16, there exists a set E, € (0,+00) having infinite
logarithmic measure such that for all |z| = r € E, \ E;, we
have

If (@) > M(r, )"
> (exp, (Br)) "7

where E; = E,\E, is aset having infinite logarithmic measure.
O

(22)
> exp, {Br'},

Lemma 18 (see [13]). Let f(z) be a transcendental entire
function. Then, there is a set E; C (0,+00) having finite
logarithmic measure such that for all z satisfying |z| = r ¢ E,
and | f(z)| = M(r, f), one has

f(z)
f9 (@)
Lemma 19 (see [7, 9, 10]). Let Ay(2),..., A_1(2), F(z) #

0 be meromorphic functions, and let f(z) be a meromorphic
solution of (13) satisfying one of the following conditions:

(i) max{i(F) = q,i(A;)(j = 0,....,k—= 1)} < i(f) = p+
1 (p,qeN);

(i) b = max{o,,,(F),0,,(A)(j =
Up+1(f):

then Xpﬂ(f) = Ao (f) =0,,(f)

<2r/, (jeN). (23)

0,....k — 1)} <
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Lemma 20 (see [8]). Let Ay(z),...,A_,(z), F(z) be entire
functions of finite iterated order, if i(A;) < p, i(F) <
p(j=0,....,k-1). Then opﬂ(f) < max{ap(Aj),ap(F),j =
0,...,k — 1} holds for all solutions of (13).

Lemma 21 (see [2]). Let g : (0,+00) — R,h:(0,+00) — R
be monotone increasing functions such that

(i) g(r) < h(r) outside of an exceptional set of finite linear
measure. Then, for any o > 1, there exists r, > 0 such
that g(r) < h(ar) forall r > r,.

(ii) g(r) < h(r) outside of an exceptional set of finite
logarithmic measure. Then, for any o > 1, there exists
ro > 0 such that g(r) < h(r®) for allr > r,.

Lemma 22 (see [19]). Let f(z) be an entire function of finite
iterated order satisfying u,(f) = p < oo. Then, for any
given € > 0, there exists a set E; C (0,+00) having infinite
logarithmic measure such that for all v € E,, one has

M(r, f) < exp,, {rre}.

Lemma 23 (see [2, 20]). Let f(z) be a transcendental entire
function, let 0 < , < 1/4 and z, a point such that |z,| = r and
that | f (z,)| > M(r, f)v;(r)" """ holds. Then, there exists a
set E; ¢ (0,+00) of finite logarithmic measure such that

) (”f (r
f(=)

holds for all j € N and all r ¢ E,, where v((r) is the central

index of f(2).

Lemma 24 (see [7,9]). Let f(z) be an entire function of finite

iterated order satisfying o,(f) = o, p,(f) = p, p,q € N.
Then, one has

(24)

j
) (1+0(1)) (25)

r

log,v¢ (r) -
logr

lim
r— 00

(26)
log, vy (r) ~
logr

r— 00

Lemma 25. Let Aj(z) (j = 0,...,k — 1), F(z) be entire
functions of finite iterated order satisfying max{o,(A;),
j%d,aP(F)} < yp(Ad) < 00. Then, every solution f(z) of
(13) satisfies pi,,1 (f) < pp(Ag).

Proof. By (13), we have

f(k) f(k—l)
- | <|A _
FIEey
, (27)
F
oot A1f7 +]Ao| + fZ; .

By Lemma 23, there exists a set E; having finite logarithmic
measure such that for all |z] = # ¢ E, and | f(z)| = M(r, f),
we have

f(j) (2) ~ Vs (r)

j
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By Lemma 22, for any given € > 0, there exists a set E, having
infinite logarithmic measure such that for all |z| = r € E, and
| f(z)] = M(r, f) > 1, we have

|Ad (Z)| < expp {rMP(Ad)-H:} >

'Aj (Z)| < exp, {r”P(Ad)”} , (29)

F(z)
f(@

Hence from (27)-(29), for any given ¢ > 0 and for all z
satisfying |z| =+ € E, \ E, and | f(2)| = M(r, f), we have

k
(%Q)U+Mm

< |F(2)| < exp, {r”P(Ad)+s}.

. (30)
-1
ve(r
< (k+1) (£> (1+0(1) exp, {0}

r
By (30) and Lemma 24, we have ptpﬂ(f) < yp(Ad).
Therefore, we complete the proof of Lemma 25. O

Lemma 26. Let Ay, A,,..., A, F # 0 be meromorphic
functions of finite iterated order; if f is a meromorphic solution
of the (13) and satisfies b = max{oPH(F),apH(Aj),j =

0osk =1} < g (f), then Ay () = Ay () = s (-

Proof. By (13), we have

(k) (k=1)
%:%<%+Ak_1ff +-~-+A0). (31

By (31), we get
N(r,%) < kﬁ(r,%) +N<r,%> +I;Z;N(r,Aj). (32)

By the lemma of logarithmic derivative and (31), we have

1 1
”(“7)Sm@ﬁ)+;MOAJ -
+O{log(rT (. f))} (r ¢ Ey).
By (32) and (33), we have
T(r f)= T<r,l> +0(1)
f
<k¥(r.7) o1 (r5)
k-1
+ ZT (T’,A]-) +O{log (rT (r, f))} (34)
j=0
- k_(r,%> +T(r,F) +2T(T,Aj)
+O0{log (1T (r, f))}, (r¢E).

Since max{ap+1(F),aP+1(Aj), j=01,...,k—-1} < yp+1(f),
for sufficiently large r, we have

T (r,F) =o{T (r, f)},
T(r,Aj) =o{T(r,f)}, j=0,...

log (rT (r, f)) = o{T (r, f)}.
By (34)-(35), we have

)k_ 1) (35)

(=0T (r f) < kﬁ(r,%), (r¢E).  (36)

By Lemma 21 (i) and by (36), we have Zpﬂ(f) = /_\p+1(f) =
pa (). =

Lemma 27. Let f(z) be a transcendental entire function, for
each sufficiently large |z| = r, and let z, = re® be a point
satisfying | f(z,)| = M(r, f). Then, there exists a constant 5, (>
0) such that for all z satisfying |z| = r ¢ E, and argz = 0 €
[0, — J,,0, +6,], one has

f(j) (2) _ (yf (r)

j
)(1+o(1)) (jeN). (37)

f @ z
Proof. If z, = ré” is a point satisfying | f(z,)| = M(r, f),
since | f(z)| is continuous in |z| = r, then there exists a

constant §, (> 0) such that for all z satisfying |z| = r (large
enough) and argz =0 € [0, - §,,0, + §,], we have

If@[=1f )l <&

that is, | f (z)| > %lf(zr)l
| (38)
=M (r. f)
> M (r, )7, 40,

By Lemma 23, we have

() j
ff](g) - (vfz(r)> (1+0(1), (jeN) (39

holds for all z satistying |z| = v ¢ E, and argz = 0 € [0, -
0,,0, +3,]. O

Lemma 28. Let f(z) be a transcendental entire function, for
each sufficiently large |z| = r, and let z, = re® be a point
satisfying | f(z,)| = M(r, f). Then, there exists a constant 5, (>
0) such that for all z satisfying |z| = r ¢ E, and argz = 0 €
[0, — 3,,0, + &,], one has

f@
f7 @)

Proof. Ifz, = re’® is a point satisfying | f (z,)| = M(r, f), then
by Lemma 27 there exists a constant 8, (> 0) such that for all

< 2r!

(jeN). (40)




z satistying |z| = r¢ E, andargz =0 € [0, - §,,0, + §,],

we have
() j
Ca (Do

Since f(z) is transcendental, we have vf(r) — 00 (r — ).
Hence by (41), for all z satisfying |z| = r ¢ E, andargz =0 ¢
[0, -6,,0, +6,], we have

()
7@ S lr—j;
f@ | 2
(42)
that is, f‘(z) <2rl (jeN).
/9@
Therefore, we complete the proof of Lemma 28. O

Lemma 29. Let f(z) be an entire function of order 0 <
0,(f) = 0 < co. Then for any given € > 0, there exists a
set E5 € (0, +00) with positive upper logarithmic density such
that for all |z| = r € Es, one has

M(r, f) > exp, {r"°}. (43)

Proof. Since 0 < 0,,(f) = 0 < 0o, then for any given ¢ > 0,
there exists an increasing sequence {r,} tending to co such
that for n > n,, we have

M(r,, f) > exp, {rg_(g/z)}. (44)

Since € > 0, we can choose « to satisfy 1 < a < (0—(g/2))/(0—
¢). Then for all € [r,, 7] (n > n,), we have

M )= M 1) > exp, 77

o)

(45)

> exp,, > exp,, {r"}.

[o0]
Setting E; = | [r,,, 7} ], we have

n=n,

m; (E5 n [1,r])

log dens E; = lim logr

r— 00

S H”’ll (Esn [1,1’,‘:])

T nooo

(46)
log r&
oa—1

() a1,
log & a '

T n—o00
Thus, Lemma 29 is proved. O

Lemma 30. Let f(z) be a transcendental entire function
satisfying 0 < 0,(f) = 0 < coand T(r, f) ~ log M(r, f)
asr — 0o outside a set r of finite logarithmic measure. Then
for any given € > 0, there exists a set E; C (0,+00) with
positive upper logarithmic density and a set H, C [0, 2m) with
linear measure zero such that for all z satisfying r € Eq and
argz = 0 € [0,2m) \ H,, one has

|f (rei6)| > exp,, {r”}. (47)

Abstract and Applied Analysis

Proof. Since m(r, f) ~ logM(r, f) asr — oo (r ¢ E,),
then by the definition of m(r, f), there exists a set H, C
[0, 27r) having linear measure zero such that for all z satisfying
argz = 0 € [0,2m) \ H,, we have

|f (re”)| > M(r, /) (r ¢ ). (48)

By Lemma 29, for any given ¢ > 0, there exists a set Eg C
(0, +00) with positive upper logarithmic density, we have

M(r, f) > exp, {ra_(s/z)}. (49)

By (48) and (49), for any given ¢ > 0 and for all z satistying
|z| =r € Eg\ E, and argz = 0 € [0,2m) \ H,, we have

'f (rei9)| > M(r, f)l_s > (expp {r"*(s/z)})l_s > exp,, {r"c}.
(50)

Therefore, we complete the proof of Lemma 30. O

4. Proofs of Theorems 8-11

Proof of Theorem 8. (i) Assume that f(z) is a transcendental
solution of (13). By (13), we have

f(k) (d+1)
|Ad| < ’f(d) Tt lAd+1| f(d)
f S o
B F
5@ (IAd-1| 7 ot |Ag| + 7‘)

By Lemma 13 (i), there exists a set E; C [1, 00) having finite
logarithmic measure and a constant B > 0 such that
’ f

()
o ((;) <BTCn ), (0<i<j<k) (2

holds for all |z| = r ¢ E, and for sufficiently large r. Since
max{ch(Aj),jrﬁ d, GP(F)} < op(Ad) and max{TP(Aj), TP(F) :
O‘P(Aj) = ap(Ad) = O'P(F)} < TP(Ad), we choose «;, 5; to
satisfy max{‘rp(Aj),j#d, T,(F)} < o < B < 7,(A4); by
Lemma 17, there exists a set E; < (0,+00) having infinite
logarithmic measure such that for all z satisfying |z| = r € E;

and for sufficiently large r, we have

A4 )] > exp, {Bir 740},

|Aj (z)' < exp, {ocerP(A")}, j#d.

(53)

By Lemma 18, there exists a set E; C (0, +00) having finite
logarithmic measure such that for all z satistying |f(z)| =
M(r, f) > 1and |z| = ¢ E,, we have

‘ f (@) d

(d) - ’

f9 (@) 59
% < |F (2)] <exp, {oclraP(Ad)}.
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Hence from (51)-(54), for all z satistying |z| = v € E;\ E, and
| f(2)] = M(r, f), we have

expy {677 |

<2B(k+1) r exp {alr

(55)

AT 1)

By (55), we have

10gp+1T (1’, f)

0y (f) = lim ogr >0,(4,). (56)

On the other hand, by Lemma 20, we have o, (f) < 0,(A,).
Therefore, every transcendental solution f(z) of (13) satisfies
apﬂ(f) = op(Ad). Furthermore if F(z) # 0, then by
Lemma 19, we have that every transcendental solution f(z)
of (13) satisfies A, (f) = A1 (f) = 0,1 (f) = 0,(A,).

(ii) We assume that f is a solution of (13). By the
elementary theory of differential equations, all the solutions
of (13) are entire functions and have the form

f=f+Cii+Cofy+- -+ Cifi (57)

where C,,...,C, are complex constants, {f,..., fi} is a
solution base of (12), and f™ is a solution of (13) and has the
form

fP =D fi+D,f, +

D, are certain entire functions satisfying

D =F-G(fir-. i) WS s i) (j=1...,K),
(59)

++ Dy fi (58)

where D, ...,

where  G;(fy,..., fi) are differential polynomials in
f1>---» fr and their derivative with constant coefficients, and
W(fy,..., fi) is the Wronskian of fi,..., fi. By Theorem
A, we have 0,,,(f;}) < 0,(Ay) (j = L2,...,k); then by
(57)-(59), we get

0p+1 (f) Smax{o-pﬂ (fj)’0p+1 (F)aj: 1>---,k}
SO'p(Ad).

(60)

Since o, (F) >0
(13).

(iil) Suppose that f isa solution of (13), it is easy to see that
Opi1 (f) = Opi1 (F) by (13). On the other hand, since Opi1 (F) >
O‘P(Ad) and by (57)-(59), we have

(Ad) it is easy to see that ap(f) >0 p(F) by

Op+1 (f) Smax{ap+1 (fj)>0p+1 (F),j= 1,...,k}

<0 (F).

(61)

Therefore, all solutions of (13) satisfy o, a(f) = o, 1 (F).
By the same proof in Theorem 4.2 in [8, page 401], we
can obtain that all solutions of (13) satisfying /\p a(f) =
Ape1(f) = 0,1 (F) with at most one exceptional solution f,
sat1sfy1ng Api1(fo) < 0 (). O

Proof of Theorem 10. Suppose that f(z) is a transcendental
solution of (13), by the same proof in Theorem 8, we have
o, a(f) = o*p(Ad) = 0. Thus, it remains to show that
o1 (f) = pp(A,) = 0. We choose oy, B, to satisty

max{o,(A;),j#d,0,(F)} <ay <, <o. (62)

Since the sequence of exponents {1, } of A satisfies (15) and
ty(A4) = o, then by Lemma 15, there exists a set E; having
finite logarithmic measure such that for all sufficiently large
r ¢ E,, we have

|Ad (z)| 2 exp, {rﬁz},
|Aj (z)| < exp, {r®},

Hence from (51), (52), (54), and (63), for all z satisfying |z| =
r ¢ E;and | f(2)| = M(r, f), we have

(63)
j#d.

exp, {rﬁz} <2B(k+1) rdexpp {r 2} [T (2r, f)]Zk. (64)

Since 3, is arbitrarily close to o, by (64) and Lemma 21 (ii),
we have

I T (7,
s () = lim BT S) (65)

r— 00

logr

On the other hand, by Lemma26, we have u,,(f) <
yP(A 4) = 0; therefore, every transcendental solution of (13)
satisfies ¢, (f) = 0. O

Proof of Theorem 11. (i) By Lemma 20, we know that every
solution of (13) satisfies 0,,,(f) < 0,(A ;). In the following,
we show that every transcendental solution f(z) of (13) satis-
fies 0p+1(f) > 0,(A,). Suppose that f(z) is a transcendental
solution of (13). For each sufficiently large circle |z] = 7,
we take a point z, = re'” satisfying | f(z,)| = M(r, f). By
Lemma 28, there exist a constant §, > 0 and a set E; such
that for all z satisfying |z| = r ¢ E, and argz = 0 ¢
[0, — 3,,0, + &,], we have

S
fD ()|~

By Lemma 13 (ii), there exist a set H; C [0, 27r) having linear
measure zero and a constant B > 0 such that for sufficiently

(66)

large r and for all z satisfyingargz =0 € [0, - 6,,0, + 6,]\
H,, we have
()
7@\ piren f)* (0<i<j<k).  (67)
@1

Setting max{aP(Aj), GP(F),jz/zd} =b < o0,(A,, foral z
satisfying |z| = r ¢ E, and argz = 0 € [5 0,,0, +6,]
and for any given ¢ (0 < 2¢ < O'p(Ad) —-b), we have

|Aj(z)| < exp{rb+£} (j#d),

F(z)
f@

(68)
< |F(z)| < exp{ b“}.




Since T(r,A;) ~ logM(r,A ;) asr — oo (r ¢ E,), by
Lemma 30, for any given € > 0, there exists a set E; C (0, 00)
with log densE; > 0 and a set H, ¢ [0,2m) with linear
measure zero such that for all z satisfying |z| = r € E¢ and
argz =0 ¢€ [0, -6,,0, +6,] \ H,, we have

aP(Ad)—s} )

|A, (2)] > exp,, {r (69)

Substituting (66)-(69) into (51), for all z satisfying |z| = r €
E,\E,andargz =0 € [0, - 6,,0, + 3,] \ (H, U H,), we have

exp, {raP(Ad)fg}
(70)

< (k+1)B[T (2r, )]** brel

2t exp, {r
From (70), we have op+1(f) > 0,(Ay). Therefore, every
transcendental solution f(z) of (I13) satisfies apﬂ( f) =
O‘P(A 4)- Furthermore, if F(z) # 0, then every transcendental

solution f(z) of (13) satisfies Xpﬂ(f) = )Lp+l(f) = op+1(f) =

O'p(A -

(ii)-(iv) By the same proof in Theorems 8 and 10, we can
obtain the conclusions (ii)—-(iv). O
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