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We consider boundary regularity for weak solutions of second-order quasilinear elliptic systems under natural growth condition
with super quadratic growth and obtain a general criterion for a weak solution to be regular in the neighborhood of a given boundary
point. Combined with existing results on interior partial regularity, this result yields an upper bound on the Hausdorft dimension

of the singular set at the boundary.

1. Introduction

This paper considers boundary regularity for weak solutions
of quasilinear elliptic systems

-D, (A‘ff (x, 1) Dﬁuj) =B;(x,u,Du), x€Q, (1)

where Q is a bounded domain in R" with boundary of class
C', n > 2 and u takes value in R, N > 1. Each A‘:jﬁ maps
Q x RN into R, and each B, maps Q x R x R™ into R. A
partial regularity theory of (1) must have a priori existence

weak solutions. Here we assume that weak solutions exist
and consider partial regularity of weak solutions directly. We

further impose certain structural conditions on A‘Zﬁ and B;
with m > 2 as follows.

(H1) There exists L > 0 such that

AF ) o) < L1+ )" i o

for all (x,&) e QxRY, v, 7€ R™.

(H2) A‘;‘J’/3 (x,&) is uniformly strongly elliptic; that is, for
some A > 0 we have

« (m-2)/2
AT (6,8 () 2 A(1+ [ v
- 3)
for all (x,&) € QxRY, vy e RN,

(H3) Assume that A‘:‘Jﬁ € C°(Q x RN, R™) and further that

A‘le is uniformly continuous on sets of the form Q x
{& : |&] < M}, for any fixed M, 0 < M < co.

(H4) (Natural growth condition). There exist constants a
and b, with a possibly depending on M > 0, such that

|B; (x, &, )| <a (M) " +b (4)

forall x € 0, & € RY with || < M and v € R™N.

Further hypothesis (H3) deduces, writing w(-) for w(M, -),
the existence of a monotone nondecreasing concave function
w : [0,00) — [0,00) with w(0) = 0, continuous at 0, such
that

A o - A )| <@ (lx ="+ u-"), )

forall x, y € Q, u,v € RN with |ul, |v| < M [1].



(H5) There exist s with s > n and a function g € H™(Q,
R™M), such that

ulan = glaa- (6)

Note that we trivially have g € H"*(Q, RY). Further, by
the Sobolev embedding theorem we have g € C™(Q, RN) for
any k € [0,1 — (n/s)]. If gl3q = 0, we will take g = 0 on Q.

If the domain we consider is an upper half unit ball B,
the boundary condition becomes as follows.

(H5)" There exist s with s > # and a function g €
HY(B*,RY), such that

U|D = gID. (7)

Here we write B,(x,) = {x € R" ¢ |x — xp| < p}, and
further B, = B,(0), B = B,. Similarly we denote upper half

balls as follows: for x, € R™! x {0}, we write B;(xo) for {x €
R" :x, > 0,]|x — x,| < p} and set B; = B;(O), B" = Bj. For

x, € R"" x {0} we further write D, (x,) for {x € R":x, =
0,|x — xo| < ptand set D, = D,,(0), D = D;.

Definition 1. By a weak solution of (1) one means a vector
valued function u € W™(Q, RY) n L*(Q, RY) such that

J AY (x,u) (Dpu/, Dog) dx = J B, (x,u, Du) - ¢ dx
Q Q
®)

holds for all test-functions ¢ € C$°(Q, RY) and, by approxi-
mation, for all ¢ € W,""(Q, RY) n L®(Q, RY).

Under such assumptions, even the boundary data is
smooth, one cannot expect full regularity of (1) at the
boundary [2]. Then, our goal is to establish partial boundary
regularity.

After the partial regularity results of the type in this paper
were proved by Giusti and Miranda in [3], there are some
previous partial regularity results for quasilinear systems.
For example, regularity up to boundary for nonlinear and
quasilinear systems [4-6] has been studied by Arkhipova.
Wiegner [7] established boundary regularity for systems
in diagonal form first, and the proof was generalized and
extended by Hildebrandt and Widman [8]. Jost and Meier [9]
deduced full regularity in a neighborhood of the boundary
for minima of functionals with the form IQ A(x, u)|Dul*dx.
Furthermore, Duzaar et al. obtained the boundary Hausdorft
dimension on the singular sets of solutions to even more
general systems in [10, 11] recently. Further discussion for
regularity theory can be seen in [12, 13] and their references.

Inspired by [14], in this paper, we would establish bound-
ary regularity for quasilinear systems under natural growth
condition by the method of A-harmonic approximation.

The technique of A-harmonic approximation [15-17] is a
natural extension of the harmonic approximation technique,
which originated from Simons proof of Allard’s [18] e-
regularity theorem. In this context, using the A-harmonic
approximation technique, we obtain the following regularity
results.
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Theorem 2. Consider a bounded domain Q in RN, with
boundary of class C'. Let u be a bounded weak solution of (1)
satisfying the boundary condition (H5), and ||lull;c < M <
0o with 2a(M)M < A, where the structure conditions (HI)-
(H3) hold for A‘;‘]ﬁ and (H4) holds for B,. Consider a fixed
y € (0,0]. Then there exist positive R, and &, (depending only
onn,N, A, L,b, M, a(M), w(-), m, and y) with the property that

2(1-(n/s))

|u - ”;0,R|2 dx + ||g||12ql,sR +R < (9)

:I:BR(XO)OQ

for some R € (0,R,] for a given x, € 0Q implies u ¢
C®(Byjy(x,) N Q, RY).

Note in particular that the boundary condition (H5)
means that u;o,R makes sense: in fact, we have u;O)R = g;mR.

1 ! _ n—1
For v € L' (0Q), x, € 0, we set ViR = J:BQOER(xO)VdH .
In particular, for v € LI(DP(xo)),xO € D, we write v;o’P =
n—-1
]( Dp(xo)vdH .
Combining this result with the analogous interior [19]

and a standard covering argument allows us to obtain the
following bound on the size of the singular set.

Corollary 3. Under the assumptions of Theorem 2 the singular
set of the weak solution u has (n — 2)-dimensional Hausdor(f
measure zero in ().

If the domain of the main step in proving Theorem 2 is a
half ball, the result then is the following.

Theorem 4. Consider a bounded weak solution of (1) on the
upper half unit ball B" which satisfies the boundary condition
(H5)" and lullio < M < oo with 2a(M)M < A, where the
structure conditions (HI1)-(H3) hold for A‘Zﬁ and (H4) holds
for B,. Then there exist positive R, and &, (depending only
onn,N,A, L, b, M,a(M), M, w(:), m, and y) with the property
that

Ydx o+ gl RO s R < €2 (10)

!
|u - Uu
xo,R
:I:B;(xo) 0

for some R € (0,R,] for a given x, € D, implies that there
holds: u € ™" (By,(x), RY).

Note that analogous to the above, the boundary condition
(H5)' ensures that u;O’R exists, and we have indeed u;O’R =

!
ng,R'

2. The A-Harmonic Approximation Technique

In this section we present the A-harmonic approximation
lemma [14] and some standard results due to Companato
[20].
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Lemma 5 (A-harmonic approximation lemma). Consider
fixed positive A and L, and n,N € N withn > 2. Then for
any given € > 0 there exists § = §(n,N, A, L,¢) € (0,1] with
the following property: for any A € Bil (R™N) satisfying

A, v) 2 A forall ve R™,

(11)

AW < L[| forall v,v e R™

for any w € HI’Z(B;(xO),RN) (for some p > 0, x, € R")
satisfying

P J- |Dw|* dx < 1,
B} (%)

< 8p sup |Dg|, (12)

B; (xO)

P J A (Dw, Do) dx
B;(xo)

w|Dp(x0) =0
for all ¢ € C(l)(B;(xO), RMN), there exists an A-harmonic
function
= _ 1,2 N
veH= {weH (B (x),RY)
(13)

=0

> J DD dx < 1,
B;(xo) D, (%)

with
p" J lv—w*dx <e. (14)
B;(xo)

Next we recall a slight modification of a characterization
of Holder continuous functions originally due to Campanato
[21].

Lemma 6. Considern € N, n > 2, and x, € R*" x {0}.
Suppose that there are positive constants k and «, with & €
(0,1] such that, for some v € L*(Bigz(x,)), there holds the

following:
2«
inf 7”J' vyl dxt < Z(B), 15
LER{” son” x} "R "

forall y € D,p(x,) and p < 4R; and

inf {J v - |2dx}<;c2<£>2“ (16)
wer B,(7) : TR/

for all y € Bjp(xo) and B,(y) € Byg(x).
Then there exists a Holder continuous representative of the

L?*-class of v on E;(xo), and for this representative v there holds

e - 7@ < o P ) 1)

for all x,z € F;(xo), for a constant C,. depending only on n
and «.

We close this section by a standard estimate for the
solutions to homogeneous second-order elliptic systems with
constant coeflicients [20].

Lemma 7. Consider fixed positive A and L, andn, N € N with
n > 2. Then there exists C, depending only on n, N, A, and
L (without loss of generality we take C, > 1) such that, for
A € Bil(R™) satisfying (11), any A-harmonic function h on
B;(xo) with h| D,( 0 satisfies

Xo) =

p> sup |Dh|* < Cyp*™" J- - |Dh|* dx. (18)

B;/Z (%) By

3. The Caccioppoli Inequality

In this section we would prove a suitable Caccioppoli inequal-
ity. First of all we recall two useful inequalities. The first is
the Sobolev embedding theorem which yields the existence
of a constant C, depending only on s, n, and N such that for
xy € D, p <1 —|x,]| there holds

sup |g - g)’co,p' < CsPHn/s) ”g"Hl"(B;(xo),RN)' (19)
B;;(xo)

Obviously, the inequality remains true if we replace
IIgIIHl,S(B;(xU),RN) by l|gll g g+ gvy> Which we will henceforth
abbreviate simply as || gl| ;1.

Next we note that the Poincaré inequality in this setting
for x, € D, p < 1 —|x,]| yields

m
- dx<C ’”J Dg|" dx,
JB;%) 99,0l " dx < Cop™ | IPel"dx 0)

;(xo

for a constant C,, which depends only on n.

Finally, we fix an exponent o € (0, 1) as follows: if g = 0,
o can be chosen arbitrarily (but henceforth fixed); otherwise
we take o fixed in (0,1 — (n/s)).

Then we establish an appropriate inequality for Cacciop-
poli.

Theorem 8 (Caccioppolis inequality). Let u € W"™(Q,
RY) N L®(Q, RN) with |ull= < M < oo and 2a(M)M <
A be a weak solution of systems (1) under assumption conditions
(HI)-(H5). Then there exists py(L, M,a(M), s, |Igllgz.s) > 0
such that, for all By (x,) ¢ B', with x, € D', 0 < p <R < p,
there holds

2

u(x) - u;

J |Du)* dx < C, J '—2"’R
B, (%o) B} (x) P

)

dx + Cya,p"

+Cy(") ™ g
()

where C, depends only on A, L, and M and C; depends on these
quantities, and in addition to C,, C, depends on A, L, M, a, b,
and IIgIILm(B)RN).



Proof. Consider a cutoff function 7 € C°(B,,,(xy)), satisfy-
ing 0 < 77 < 1,7 = 0 0n B ,(xo) and |[Vyg| < 4/p. Then the
function (u — g)r]2 is in Wol’m(B;/z(xO, R™M)) and thus can be

taken as a test-function.

Using (H1), (H4), (H5), and Young’s inequality and noting
that 2a(M)M < A, we can get from (8) with ¢ positive but

arbitrary (to be fixed later)
Ly A‘ff (1) (Dﬁuj,D“ui) ;12 dx
P(Xo)
< LJ (1 + |u|2)(m_2)/2 |Dg| |Du| 712 dx
B;(xo)

+ 2LJ (1 + |u|2)(m_2)/2 |D11| |Du|n |u - g| dx
B (xo)

P

+aj |Du|m|u—g|112dx+bj lu—g|n* dx
B;(xo) B! (x)

P

(m=2)/2
< sj (1 + |u|2) " |Du|2112 dx
B;(xo)

!
X0>P

+a sup |u—u

j |Du|™y* dx
B; (xo) B;(xo)

+a sup |g - g;mp
B} (xo)

J |Du|™y* dx
B;(xo)

41? (m-2)/2 2
2 ] ) onlg gl ax

€9 2 2 1 1R
+5b J; pr]dx+—2J+ 'u—uxO)P| dx
p(xo) Bp(xo)

(m=2)/2
< sj (1 + |u|2) " |Du|2172 dx
B;(xo)

ta (M + “g||L°°(B+,RN)) J |D”|m’72 dx
; E)

64L% + 1 221 2
+—J (1+|u|2)(m )/ —zu—u; ' dx
e Jpi p "

&
+ Z b2 ’12 (xnpn+2

12 64L*C, 4C
+(—+ L —

2e 2¢e &
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. J (1 + |u|2)(m72)/2|Dg|2172 dx
B;(xo)

< SJ (1 + |u|2)(m_2)/2|Dg|2172 dx
B;;(xo)

n

(M4 gl o ) C (Ihysngss ey ) P

2

!
64L% + 1 )2 U—U
+ — J (1 + |u|2)(m ] dx
€ B} (x,) p

" Z bznz (anmz

(12 64L*C, 4C
+(1+M2)(m ! < + L

2_s 2¢e £

. J |Dg|*n? dx.
B;(Xo)

(22)
Using (H2), (19), and (20), we thus have
A-¢) J |Du|2112 dx
;(XO)
<(A-¢ J (1 + |z4|2)(ry172)/2|DLt|2712 dx
B} (%o
2
< 64L" + 1 J (1+|u|2)(m 2)/2%14_”; zdx
& B;(xg) P 0
+ € (@ M |1 vy Dl o b) e 23)

+(L,Cpy M) L(xo) IDg[dx

P

de

1 '
—Z.M—Mxo

2
< 64L" + 1(1 N 2)(m72)/2J'
BZ("O) P

&

1

+ € (@ M, ] ooy Ilwoncsy e ) €

+(L.Cp M) (0,0") ™ | g7

Thus, we fix € small enough to yield the desired inequality.
O

4. The Proof of the Main Theorem

In this section we proceed to the proof of the partial regularity
result.
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Lemma 9. Consider u € W(Q, RN) n L®(Q, RY) to be a
weak solution of (1), x, € D and y € Dg(x,),D,(y) cc
Dy(xg), for R < 1= |xol, and ¢ € C{(By,(y), RY) with

sup |Dg| < 1. We have
BS(»)

p 2-n N ] i
<5> _[B+/2(y) Aijﬁ (y’ ”;,p) (Dﬁ”]’ Dy ) dx

)

(24)
< C4\/T(\/T+ w(I))p sup |Dg|.
B;/z("o
Here and hereafter, we define
I(z,r) = ][B+( )|u B ”;,rlz dx + gD 12, (25)
- (2

forz € D, r € (0,1—|z]).

Proof. Using (8) we have

JB;/z(y) A‘;‘f (y, ”’y,P) (Dﬁ”j’ Da‘Pi) dx

< [aj |Du|™ dx + 2_"_1anbp"] -p sup |Dg|
B;/z(J’) B;/Z(y)

: L;/z(y) A5 (i) - 45 e

- |Du| dx sup |Dg0|.
B;/z(y)
(26)

Applying in turn Young’s inequality, (H3), the Cac-
cioppoli inequality (Theorem 8), and Jensen’s inequality, we
calculate from (26)

[ A (n,) (D). Doy dx
B;/z()’) ] VP

< [a J |Du|™ dx + 2_”_1ocnbp"] p
B;/z(}’)

: [ |
B;/z(}’)
5 1/2
. |:J |Du| dx:|
Bn()

1/
A’:‘Jﬁ (y, u;’P) - A‘Zﬂ (x, u)|1/2 dx]

n—1
T {<a} |Dul"x + 2‘”5) Pz}
2 B (y)
o~ dx)
2 —
. {C1{ |u - U;,P' dx + C3||g||§{1,sp2(1 n/s))
Bj(y)

12
+C2P2}’

n—1 n—1
s“"’; C51+a”g Cow (1) VI

+ “npn—lw<pm +Mm—2:|: )
By (y)

< Cro,p" " (T +w (1) V),
(27)

where C; = alullyn + b, Cg = max{\/C—, \/C—, \/C—3}, and
C, = (1/2)(C5+ Cq), forz € D, r € (0,1 — |z|). We introduce
the notation

r2(1—(n/5)) + 1,2

I(z,7) = :[B+(Z)|u - u;)r Ydz + ||g||§{1,s (28)

M

and further write I for I(y, p). For arbitrary ¢ € C;°(Q, RY)
we thus have, by rescalling,

[, A 0,) (D Dy a

e (29)
< C7ocnp"_1\/7(\/f+ w(I)).
Multiplying (29) through by (p/2)*™" yields
2-n . .
(B)" ], | 4 () (D D) i
L\
Pl (30)
< C4\/7(\/T+ w(I))p sup |D(p| ,
B;/z("0
for C, defined by C, = 2" a,,C,. O

Lemma 10. Consider u satisfying the conditions of Theorem 2
and o fixed; then we can find 8 and s, together, with positive
constants Cg such that the smallness conditions: 0 < w(sy) <
6/2 and I(x,, R) < Cgl min {82/4,50} together, imply the
growth condition

1(y.6p) <671(y.p). (31)



Proof. We now set w = u — g, using in turn (HI), Young’s
inequality, and Holder’s inequality. We have from (30)

P 2-n ) '
(57, 41 055, (D)

<

P\ o
(57, 41 055, 0D,

+

p 2-n o . i
(E) J-B;,z(y) Aijﬁ (y’ ”;cp) (DﬁgJ>D¢x(P )dx

< C9\/7[\/f+w(1)] p sup |Dg|,
B;/z(xo)

(32)

for Cy = max {C,, (cxn/Z)l_("/s)}.
We now set v = w/y, for y = CyVI. From (32) we then
have

P 2-n u ‘ i
(E) ’[BZ/Z(J’) Aijﬁ (y’ u;,p) (DﬁVJa Dy ) dx

< (\/7+w(1))p sup |Dgl,

B;/z (%)

(33)

and from (32) we observe from the definition of C, (recalling
also the definition of y)

2-n
(’—)) J |Dv|* dx < 1. (34)
2 B

Further we note
1 1 B
Vlp,(y) = ;w|Dp(}’) = y (u-9) b, () = 0- (35)

For ¢ > 0 we take 6 = 8(n,N, A, L,¢) to be the cor-
responding § from the A-harmonic approximation lemma.
Suppose that we could ensure that the smallness condition

VIi+w()<d (36)

holds. Then in view of (33), (34), and (35) we would be able
to apply Lemma 5 to conclude the existence of a function

he HI’Z(B;/Z( ), RY) which is A‘ff(y, u!, ,)-harmonic, with
h D,a(y) = 0 such that

2-n
<£) J |Dh)?dx < 1, (37)
2 B!,(»)
<£)7 J lv—h*dx < e (38)
2 B

For 0 € (0, 1/4] arbitrary (to be fixed later), we have from
the Campanato theorem, noting (37) and recalling also that

h(y) =0,

sup |h|* < 6°p® sup |Dh|* < 4C,0°.

5, (3) 5.(») (39)
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Using (38) and (39) we observe

@) " | s

ng y

< 2(6p)™" “B o hdx + j + |h|2dx]

B@p(y) (40)

<2(0p) " [ (£) e+ 5a,(0p)" sup 1P
2 2 B, (7)
<2707 + 4a,C 07,

and, hence, on multiplying this through by )%, we obtain the
estimate

@) " |

lwl’dx < C) (21_”9_"8 + 4och092) I (41)
By, ()

For the time being, we restrict to the case that g does
not vanish identically. Recalling that w = u — g, using in
turn Poincaré’s, Sobolev’s, and then Hélder’s inequalities, and

. ! !
noting also that u, g, = g, 4, thus from (41) we get

_ 2
(6p)™" J u-u , "dx
55, (») | yﬁp'

-n 2 ! 2
< 2(6p) [Jng(y) |u—g| dx + L+ o) |g - gy’ep| dx]

op

<2C; (270" + 4a,C6% ) I

2-n[ 1 n 1-@/9) 2
+ 26,000 500" Nl

< Cy (07 +67) 1 +C0°" ",
(42)

for Cy, = max{8och0C§,22/5Cpoc,11_(2/5)}, and provided ¢ =

0™*2, we have

(6p)" J

! 2 2(1—(n/s))
5 o) 'u - “y,epl dx < 3C,,0 I. (43)

"
op

Note that fix & = 6"*?, which is also fixed 8. Since p < 1,
we see from the definition of I

gl (80)" " < @240, (44)
and further
(6p) < 6°I. (45)
Combining these estimates with (43), we can get
1(y,6p) <3(Cyy+1)0% "I, (46)

Choose 8 € (0,1/4] sufficiently small that there holds:
3(Cpp + 1P < g2,
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We can see from (46)
1(y,6p) <6™1. (47)

We now choose s, > 0 such that 0 < w(s,) < (6/2) and
define Cg4 by

Cy = max {2",2C; +1,2C7 + 1}. (48)
Suppose that we have
62
I(xg,R) < Cgl min {Z,so} , (49)

for some R € (0, R,], where R, = min{~/2s,, 1 — |x,l}.

For any y € Dg/,(x,) we use the Sobolev inequality to
calculate

OCan| I} Il |2

on+l uXO,R - u}’,R/Z

-1,

R/2

2
B+

R/2

T— |2 dx = | — |2 dx
xR T Uy.R/2 = | xR T yrn
R/2

2 2
g- g;lcO,R' dx +2 J N |g - g;,R/2| dx
BR/Z
< 20, Gl gl R0,
(50)

Then we can calculate

1
I( ,—R)
”5

_ ;o2
<2" 1:[ 'u—uxOR| dx
B ()

(51)
+ (22 +1) gl R+ 2R
< Gl (xp,R).

Then we have

V1038 e (1(239))

< /Gyl (%0, R) + Y (C51 (x01 R)) (52)

1
< 56+w(so) <4,
which means that the condition (49) is sufficient to guarantee
the smallness condition (37) for p = R/2, forall y € Dg/,(x,).

We can thus conclude that (46) holds in this situation. From
(46) we thus have

P %) e (-2))
AT Ll ()=

(53)

meaning that we can apply (46) on B;, p/2(¥) as well, yielding

6°R 4 R
Iy, — _6"1<,—>, 54
(o)sot). o
and inductively
k
I(y,eTR>S92kUI<y,§>. (55)

The next step is to go from a discrete to a continuous
version of the decay estimate. Given p € (0, R/2], we can find

k € N, such that *"'R/2 < p < O*R/2. Firstly we use the
Sobolev inequality, to see

J |u' u' 'zdx
P Fy0fR/2
B(y) yp T y0*R/

(56)
1 n 5 ) 1 2(1-(n/s))
<20( o) Clalin(50)
which allows us to deduce
Y
u-—u dx
LW = 2|
2
<2 J |u - My)ekR/2/| dx (57)
B (y)
1 n 5 ) 1 2(1—(n/s))
ENER e
& zekR S"g”H zekR
and, hence,
OR
I(y.p) <Cyl <J”T)’ (58)

forC,, = 807"C§ + 1. Combining this with (55) and (51), we
have

I(y.p)

- R oy 2 20
< CL 6% I(y,5> < CyCp07 (f) I(x,R) (50

2 20
ccin(Eicon(s)”

and more particularly

20
inf J |u - y|2 dx < Cp,I (x4, R) (B) , (60)
B! (y) R

peRN

for C;, = C4C,;,(2/60)*. Recall that this estimate is valid
forall y € D and p with D,(y) C Dgj,(x,); assume only
the condition (49) on I(x,, R). This yields after replacing R
with 6R the boundary estimate (15) which requires to apply
Lemma 6. O

Combining the boundary and interior estimates [19] we
can derive the desired result. As the argument for combining
the boundary and interior regularity results is relatively
standard, we omit it. Hence we can apply Lemma 6 and
conclude the desired Holder continuity.
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