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This paper introduces the stability and convergence of two-step Runge-Kutta methods with compound quadrature formula for
solving nonlinear Volterra delay integro-differential equations. First, the definitions of (k, [)-algebraically stable and asymptotically
stable are introduced; then the asymptotical stability of a (k, I)-algebraically stable two-step Runge-Kutta method with 0 < k < 1 is
proved. For the convergence, the concepts of D-convergence, diagonally stable, and generalized stage order are firstly introduced;
then it is proved by some theorems that if a two-step Runge-Kutta method is algebraically stable and diagonally stable and its
generalized stage order is p, then the method with compound quadrature formula is D-convergent of order at least min{p, v},

where v depends on the compound quadrature formula.

1. Introduction

Volterra delay integro-differential equations (VDIDEs) arise
widely in the mathematical modeling of physical and bio-
logical phenomena. Significant advances in the theoretical
analysis and in the numerical analysis for these problems
have been made in the last few decades (see, e.g., [1, 2]).
For the case of linear stability and convergence for these
equations, numerical time-integration techniques of one-step
collocation and Runge-Kutta type were investigated in [3-8].
Linear multistep-based methods were studied in [9-12]. De
la Sen and Luo studied the uniform exponential stability of
a wide class of linear time-delay systems in [13]; De la Sen
considered the stability of impulsive time-varying systems in
[14].

For the case of nonlinear stability and convergence,
stability results were obtained in [15, 16], where the authors
investigated the nonlinear stability of continuous Runge-
Kutta methods, discrete Runge-Kutta methods, and back-
ward differentiation (BDF) methods, respectively. However,
most of these important results are based on the classical Lip-
schitz conditions, while the classical Lipschitz conditions are

so strong that there are few equations satisfying them. Most
of the Volterra delay integro-differential equations satisfy the
one-sided Lipschitz condition, while the studies focusing on
the stability and convergence of the numerical method for
nonlinear VDIDEs based on a one-sided Lipschitz condition
have not yet been seen in the literature. By means of a one-
sided Lipschitz condition, we will discuss the stability and
convergence of two-step Runge-Kutta (TSRK) methods for
nonlinear VDIDEs in the present paper.

The paper is organized as follows. In Section 2, a fairly
general class of VDIDE:s is defined. We present a stability
criterion for such problems, which generalizes the criteria
in the above references. A class of two-step Runge-Kutta
methods is also derived for solving VDIDEs. They are
obtained by compound quadrature rules. In Sections 3 and
4, nonlinear stability and convergence of TSRK method for
NDDEs are derived and proved. In Section5 we present
some numerical examples in order to illustrate the nonlinear
stability and convergence of a two-step Runge-Kutta method.
These numerical results show that the new methods are quite
effective.



2. A Class of VDIDES and the Two-Step
Runge-Kutta Methods

It is the purpose of this paper to investigate the nonlinear
stability and convergence properties of the following initial-
value problem VDIDEs:

y (@) =f(f,y(t),y(t—r),L g(t,v,y(V))dV>,
rep,

y)=¢ (), te[-1,0],

where f, g, and ¢ are smooth enough such that (1) has a
unique solution y(t) and 7 is a positive delay term. We assume
that there exist some inner product (-,-) and the induced
norm || - || in CV, such that ¢ : [-1,0] — CN and f:
[0, T]xCNxCNxCN — CN satisfy the following conditions:

Re (f (t,u, v, w) = f (t, iy, v, w), 1y — 1) < ity — 14y,

2)

If (twviw) = f (L vy,w))] < Bllvy = v
+0 fw - w,, Y
lg (t.v1) =g (tvw)| <yl -], (t.v) €D, (4)

fort € [0,T],D ={(t,v) : t € [0, T),v € [t — 7,t]}, and for all
Uy, Uy, V1, Vyy Wy, w, € CN(=a), B, 0, and y are nonnegative
constants.

Throughout this paper, we assume that (1) has unique
solution y(¢) and denote the problem class R(«, 3,0, y) that
consist problem of type (1) with (2)-(4). In order to make the
error analysis feasible, we always assume that (1) has a unique
solution y(t) which is sufficiently differentiable and satisfies

<M, i=12,...

, te[-1,T]. (5)

d'y(t)
dtt

For function g(t,0, y(6)), we make the following assump-
tions, unless otherwise stated; all its partial derivatives used
later exist and satisfy the following:

€[0,T], O €

llM” <N, =Tl )

Many numerical methods have been proposed for the numer-
ical solution of (1).
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In this paper, we are concerned with two-step Runge-
Kutta (TSRK) methods of the form

Y® =y, +h Z a, f (t,+chy"),
j=1

i= 1,2,...,5, (7a)

S
n—1 n—1
YO =y kY af (b +gh YY),
1 (7b)

i=1,2,...,s

Yper = (1=0)y, + 0y, +h Y bf (t, +chY™)
i=1
(7¢c)

+ hii}i f (o + R YY),

i=1
where Y5 b+ Y5 b = 140, =Y a,h=1/misa

stepsize, m is an arbitrarily given positive integer,and 0 < 0 <
1. The above methods are studied in [17]. Now we consider the
adaptation of the two-step Runge-Kutta method to (1):

S
v =y, +hY agf (1, +h Y77,
j=1
i=1,2,...,5

(8a)

1
Y(n )_ynl

+hiaijf< e YY),

Yn+1 = (1 - 6) Yn

+ eyn—l + h Z blf (tn + Cih’ Yi(n)’an)’ ?Sn)> (8C)
i=1

S

+hZEf( L +gh YV Yl(n 1),17?1_1)).
i=1

In particular, y, = ¢(0), y, is the numerical approximation

at t,, = nh to the analytic solution y(t,), the argument 1_/;") =

Y(”_m) denotes an approximation to y(t, + ¢;h — T) and the

argument Y denotes an approximation to f g(t, +

e h ‘r
ch & y(§ ))df which are obtained by a convergent compound
quadrature (CQ) formula:

ORI o (n-q)
Y, —thqg(tn+cjh,tn_q+cjh,Yj ),
4=0 )
j=1L2,...,5

using values Y;"_q) =¢(t,qtch) withn<gq,t, ,+ch<0.
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The class of Runge-Kutta methods with CQ formula has
been applied to delay-integro-differential equations by many
authors (c.f. [18, 19]). For the CQ formula (9), we usually
adopt the repeated trapezoidal rule, the repeated Simpson’s
rule, or the repeated Newton-cotes rule, and so forth, denote
n = max{py, P,..., p,,}. It should be pointed out that
the adopted quadrature formula (9) is only a class of quad-

rature formula for ?l@, there also exist some other types of
quadrature formula, such as Pouzet quadrature (PQ) formula
and the quadrature formula based on Laguerre-Radau inter-
polations [20, 21]. It is the aim of our future research to
investigate the adaptation of PQ formula and the quadrature
formula based on Laguerre-Radau interpolations to VDIDEs.

3. The Nonlinear Stability Analysis

In this section, we will investigate the stability of the two-
step Runge-Kutta methods for VDIDEs. In order to consider
the stability property, we also need to consider the perturbed
problem of (1):

t
Z(t) = f(t,z(t),z(t—r),L g(t,f,z(f))drE),

refor], 0

Z(t)=l//(f), te[_Ta0]>

where y : [-1,0] — C" is a given continuous function. The
unique exact solution of the problem (10) is denoted as z(t).

Applying the two-step Runge-Kutta method (7a)-(7¢) to
(10) leads to

S
Z" =z, +h Z a; f (t,, +ch, ZE.”), Z;n),ZEn)> ,

=1
i=12,...,s,
(11a)
Zgn_l)zzn—l
n-1) 5n-1) n-1)
+hZa,Jf<n1+chZ Z 7,
j=1
i=1,2,...,s,
(11b)
Z = (1-0)z,+0z,_,

enYbf (1, +an 22", Z2")
i=1

1

hiEif( by 6 200,200,207,
i=1

(11¢)

where z,, and Zf") denote approximations to z(t,) and z(t, +
Gh), respectively; the argument Z(n) denotes an approxima-
tion to f " ’ 9t +ch, &, 2(£))d& which are obtained by a

convergent compound quadrature (CQ) formula:

=(n) - ~ (n-q)
Z, :thqg(tn+cih,t,,_q+cih,Zi ),
=0 (12)

i=1,2,...,s,

andZ"" = Z"™ denotes an approximation to z(t, +¢;h—7),
and z, = y(t,) forn =0,
(n—q)
Zin 1 = l// (ti’l*q + Clh) >

for fhgt gh <o0. (13)

3.1. Some Concepts. For the stability analysis, we need the
compound quadrature formula (9) that satisfies the following
condition:

m
2 2 ~ 12 _ =2
Hm+17 ) || <P (14)
q=0
where p is a positive constant.
Let
Wy = Yn = Zp»
n) _ ) ) —(n) ~<n) 7
W =Y -2, w; -Z;
(n) _ (n) v S
Q; —h[f(tn+cjh,Yj YLY, ) (15)

~ f(tar 2022,

j=1L2,...,s.

It follows from (8a)-(8c) and (11a)-(11c) that

S
W =w,+ Y a,Q i=12...5  (6a)
j=1
N
W s w, Y QY i=12.08  (16b)
j=1
S
ey = (1= 0)w, + 0w, + ) 6Q"
i=1
(16¢)

+ ZS:E,.Q?’_”.

i=1

Now we will write the s-stage TSRK methods (7a)-(7c) as a
general linear method.



T T
Let Vi(”) = (W'i(”) ,Wi(”_l) )T be the internal stages and

T

Yy = (wzﬂ,wZ)T the external vectors and Pi(") = (QE") ,

T
QE"_D )™, Then we have a 2(s + 1)-stage partitioned general
linear method:

S S
(n) _ 11 p(n) 12 -

V" —ZCUPI."+ZCU#", i=1,2,...,s, (17a)
= =i
" 20, N 22

n .

b = ) Cu B+ Y Clth, i= 1205, (17b)

= =i

WhereCilj1 =ai,j=1,2,0 ,s,Cilj1 =0,i=1,2,---,sj=
s 542,000 ,25,Cl = 0,i = s+1,542,+,25, = 1,2+ 5,
Cij =apij=s+Ls+2--,25C = Li,j=1,2-,s
Cii=0i=12-,5j=s+1s+2,,25C}=0,i=s+
Ls+2,-00,25, = 1,2, ,5,C0 = Li, j = s+1,542,-- 25,
21 ;s 21 T .

Cj =bpinj=12-,5C; =bpi=12-,s5j=s+
Ls+2,-:-,25,Cll =0,i=s+1,54+2,--,25,j= 1,2, 5,

kG - CL,GC,, - 21CL,DC,,
M (k1) =
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Chl =0i,j=s+ls4+2,--,25Cl = 1-6,i,j = 1,2,-- s,
Cl=0i=12",5j=s+Ls+2,--,25C = Li =
s+ Ls+2,,25j=1,2,5C = 0,i,j=s+1s+
2,525, and A = (a5),e = (1L, L,...1),b = (b, b, ..., b)),
b=(b,b,,....b,).

We can identify the coefficient matrices

Cu = () = (‘3 g) C, = (C?) = (g 2)

ea=@=(08)  c=en=('1°0)

Definition 1 (see [22]). Let k,I be real constants, a TSRK
method is said to be (k,[) algebraically stable if there exists
a diagonal matrix D = diag(d,,d,,...,d,,) and a diagonal
nonnegative matrix G such that M = (m,-]-) is nonnegative,
where

T T T
CpD = GGGy, - 21C12DC11 19)

DC,, - C} GC,, - 2IC],DC,, C] D+ DC,, - C1 GC,, -2IC],DC,,

In particular, a (1,0)-algebraically stable method is called
algebraically stable.

Definition 2. The TSRK method (7a)-(7c¢) is called asymptot-
ically stable for (1) with (2)-(4) if lim |w, | = 0.

n—>oo|

3.2. Numerical Stability of the Methods. Numerical stability
is an important feature of an effective numerical method. An
unstable numerical method may be consistent of high order,
yet arbitrarily small perturbations will eventually cause large
deviations from the true solution. In this section, we will
focus on the asymptotic stability of the TSRK method.

Theorem 3. Assume that the TSRK method (7a)-(7c) is (k, I)-
algebraically stable with 0 < k < 1, suppose that the quadrature
formula (9) satisfies the condition (14) and the conditions (2)-
(4) hold, then, method (17a) and (17b) satisfies the following:

17 =2l < € max o) =y O], n=L2.... ()
when the following condition holds:
h(oc+,8+a+o’y2132) <l (21

where C depends only on the method, the parameters
«, B, o, v, 4, and .

Proof. 1t follows from a fairly straightforward (but tedious)
computation and (k,[) algebraically stability that (compare
also [22, 23])

2s
letwirI” = Kl =2 Y d Re (v}, 7~ 1V

j=1
(22)
25+2 2542
== > My (rr;)
i=1 j=1
where
= Wy r, =Wy,
_ " s
r=Q% j=34,..,5+2 (23)

”j=Q§r,li)2, j=s+3,s+4,...,2s+2.

By means of (k, [) algebraical stability of the method, we have
the following:

2s
lir | < Kl +2 Y d;Re (VO P~ vy (2)
j=1
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It follows from (2)—(4) that
e (7.00)
= 2hRe (W, f (1, + by, 7], 7))
-f (tn +¢ih, Z?l)’z;n)’ Z;n)»

= 2hRe (W, (1, + ¢ (.7, 7"

j ’Yj

(oo T0E)

<M ~(n)>
j j

+2hRe <W'j(”),f (tn +¢ih, Z;”),Y Y,

1 (tr 2,2, Z]7))

< 2na]w "+ 208w - [

200 WP - [

W;

< 2nafw)” " (" + [

)

= (2ha: + hB + ho) [W|

)

o (] + |7

—(n)||? — ()|
+hﬂ”Wj ” +ha“Wj

= 2hac+ h + ho) [WO -+ g W

+ ho

h i Z)qg (tn + th, tn_q + th) Y]{ﬂ*q))
q=0

~h i P9 (tn +ciht, o+ cih, Z;"_q))
q=0

< (2hat + hB + ho) W + mp|w |

+ho (m+1) WP,

% i “g (tn + th, gt th’ Y;n—q))
=0

-g (tn +eht, g+ cih, ZE."_q))“2
< (2ha + 1 + ho) [WO

+hB[W ™| + ho (m + 1) Ky

C =2 [y |2
x X By Wi
q=0

2

5
Substituting (25) into (24), using (14) we get the following:
[z
2s
< e + > 4 { (2hec + BB + ho = 21) [w” ||2
=1
g oy’ 5 o |
=0
' (26)
By induction, we get the following:
[
< s’
n 2s
+ 3 Y d{(2ha+ 20+ ho - 21+ hoy'p) W}
i=—1 j=1
-2 2s — i 2
+ 3 2 d{(msrhoy'5) WL
i=—m j=1
n 2s .
<halF+2 Y Y dy{nos provor?s 1) W[}
i=1 j=1
-2 2s
B 3 YR T
i=—m-1 j=1
2s .
<Dl + i Y.y (B+oy'7")_ max w7
= ==
< o + i |
2s
+mh Y d;(B+0y’p") max WO
= —m—1<i<—
2s
< (2 +7(B+0y’p") Y dj) max o ) =y 0
t 2
] (27)
Hence, ||t < Cmax,_,olle(t) — w(t)l, where C =
\/2 +1(B + 0y?p) Z?il d;.
The proof of Theorem 3 is completed. O

Theorem 4. Assume that a TSRK method (7a)—-(7c¢) is (k,1)-
algebraically stable with 0 < k < 1, then the TSRK method
(7a)-(7c) with (9), (12) and (14) is asymptotically stable for the
problem (1) with (2)-(4), when the following condition holds:

h(oc+[3+ %a+%0y21~72> <l (28)



Proof. Let
u=Q2a+p+o)h-2I,
_ B ) h (29)
o max {k, (Brorp)h } |
()"

Then when h(a + § + (1/2)0 + (1/2)0)/2132) < I, we haveu <
~(B+0y*pHhand 0 < k < 1,
The application of Theorem 3 yields the following:

”A“n+1"2 = E"/’innz

2s
+Yd, { (2ha + h + ho - 21) [w™|
j=1

B WO+ oy B Y, [ ||2}
=0
< K

2s
R
j=1

Hhoy'P Y, [ “2} '
q=0

(30)
By induction, we get the following:
et |
+2H[/Ll“2 + Z En_m_l
i=——1
2s
x Y d; (uk" +hp + hoy’p) - WO
=
-2 2s (31)
—n—m—i - N2
v Y AR (mprhoy’E) Wi
i=—m-1 j=1
l’/,[ 1“ nm+2.mh
2s
-zldj (5+or7): max 7T
i=
" (o + ) + K
(o) e
i
(32)

< {ZEMZ +

2s
En—m+2 T Z d] (‘B T O_yzf)Z) }
j=1

- max flo () -y O

te[-T
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The inequality together with the knowledge 0 < k < 1 leads
to the following:

Jm e[| = (33)
Because 4, = (w,”,w, ;")", we can get from (33) that

Jim_fw,| = o0. (34)
The proof of the theorem is completed. O

4. The Convergence of TSRK
Method for NDDEs

4.1. Some Concepts. In order to study the convergence of the
method, we define the following:

T T T\T
Y(n) _ <Y1(n) . Yn) Y(n nT .’Ys(n 1) ) c CZSN,

_ — T — T —e)T — T\
Y“”:(Y(l”) LYy yy ) e C*N,

_ —m7T ~ T —(n-1)T —enT\ T
Y“”:(Y(l”) VU AN SRS o ) e C=N,
c(n+1) ( n+l)T (n)T)T c N

E (1, v, 7", 7"

:<f<tn+c1h Y Y }7(”)) b
v 52

T
(s +ah Y07 70)

f

e\ T\ T
Fltur + e YO0 ¥0 7 ”)) e N,
(35)

Thus, process (8a)-(8¢c) can be written in the more compact
form:

Y™ = hC,,F (tn,Y(”),i_’("), 17(")) +C", (36a)

(D = hCy B (1, Y, 7,77 4 0l (36b)

Definition 5. Method (7a)-(7c) with an approximation pro-
cedure (9) is said to be D convergent of order p if the global
error satisfies a bound of the form

|H ) - ¢
<pu 6) (| () ¢+ m

nax [ (1) - v +hp>
n>1, he(0,h],
(37)
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where H(t) and Y (¢) are defined by
H@)=(yt+h),y®)eC?,
Y()= (y(t+ch),....y(t+ch),y(t-h+ch),...,

y(t—h+ch)) e C*N,
(38)

where p, (t) and h, depend on M;, «, f3, y, 0,and 7.

Definition 6. TSRK Method (7a)-(7c) is said to be diagonally
stable if there exist a 2s x 2s diagonal matrix Q > 0 such that
the matrix QC,; + C],Q is positive definite.

Remark 7. 'The concepts of algebraic stability and diagonal
stability of TSRK method are the generalizations of cor-
responding concepts of Runge-Kutta methods. Although it
is difficult to examine these conditions, many results have
been found, especially, there exist algebraically stable and
diagonally stable multistep formulas of arbitrarily high order
(cf. [24]).

Definition 8. TSRK Method (7a)-(7c¢) is said to have gener-
alized stage order p if p is the largest integer which possesses
the following properties.

For any given problem (1) and 4 € [0, EO], there exists an
abstract function H"(t),

H"(t) = (H} (t),H, (1)) e C*N (39)
such that

|H ) = H" ()] < p,i?,
40)
|a" @) < ph?, 6" ) < ™,
where the maximum stepsize i, > 0 and the constant p,
depend only on the method and the bounds M;, A"(t) and
8"(t), they are defined by the following equations:

Y (t) = hC,,Y' (t) + C, H" (t) + A" (1), (41a)
H"(t +h) = hC,Y' (t) + CH" (t) + 8" (1) (41b)
The function Y’ (t) is defined by the following:
Y(6)= (¥ (t+h),....y" (t+ch),y' (t—h+qh),...,
y' (t=h+ch))eC*.
(41c)

Particularly, when H(t) = H'¢t), generalized stage order is
called stage order.

4.2. D-Convergence and Proofs. In this section, we focus on
the error analysis of TSRK method for (1). For the sake of
simplicity, we always assume that all constants h;, y;, d;, and

L; are dependent on the method, the bounds M;, N;, the
parameters &, f3, y, 0,and T.

First, we give a preliminary result which will later be used
several times. To simplify, we denote Y, Y, Y, Z, Z, Z € C*N
for Y, ¥, 7, 7, 7" Z(n), and ¢, @ € C for {™D,
@™V, where @™V = (2", 2"). Define A and & by the
following:

A=Y-Z-hCy, (F(tY,Y,Y)-F(t,2,2,Z)), (42a)
§=0-@-hCy (F(t.Y.Y,Y)-F(t,Z,Z,Z)). (42b)

Theorem 9. Suppose method (7a)-(7c) is diagonally stable,
then there exist constants hy, p,, and p, such that

Y-zl <p,(|&| +r|Y-Z| +n|7-Z]), he(0,n],
(43a)

—a| <ps (|A]+ 0] +h|Y-Z| +hr|Y-Z|),
Ie=al<p: (I3 o] + 1y -2 + n[Y-2]). - -
he(0,h].

Proof. Since the method (7a)-(7¢) is diagonally stable, there
exists a positive definite diagonal matrix Q such that the
matrix E = QC,; + C],Q is positive definite. Therefore, the
matrix C,; is obviously nonsingular and there existsal > 0
depends only on the method such that the matrix

E = C[EC,, - 2IQ (44)
is also positive definite.
Define
W=Y-2  W=Y-Z  W=Y-Z, (453)
K, =h(F(tY.Y,Y)-F(t,2Y,7)), (45b)
K,=h(F(t,2.Y,.Y)-F(t.2,2,Y)),  (450)
Ky=h(F(t,2,2,Y)-F(t.2,2,2)); (45d)
then
A=W-C,, (K, +K, +K3), (46a)
§=0-@-C, (K, +K, +K;). (46b)

Using (2)-(4), (44), (46a), and (46b), we have for ha < [,

0 < (W,2IQW) + 2Re(K,,—-QW)

- (W,EW) + 2Re (W,Q(C{W - K ))

IN

~ MW +2Re (W, Q(C1/A + K, + K;)) (47)

IN

~ MW+ 2 |Qcs 1w - ]

+2hB1QI - W] - [W] + 2ha QI - W1l - [W],
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where A, is the minimum eigenvalue of E;. Therefore,

W zi < gy (J8] 4 [T 2]+ 1|F-Z]), heom],
(48)
where
p= = maxflQCii] BlQlL o}, (9a)
1
1 o <0,
= {min<1,£> a > 0. (49b)
a
From (43a), (49a), and (49b), it follows that
[-a = |56+CuCy 7 (W-A)|
< ||3|| +pirCacil] (W] + W)
(1+p) [CuCii] - 3] (50)

< pa ([&] + 8] + 1Y - Z] + 17 - Z]).
he(0,h],

where p; = max{1, (1 + p,)|C;,C;} I}, which completes the
proof of Theorem 9. O

Consider the compact form of (11a)-(11c):

2% =nCyF (1,2, 2", 2" ) v @™, (1)
0" = hCy F (1, 27,2, 7" ) + Cp@™,  (51b)
where

20 = (20,20, 200, L 20 ) e N
— — — —(n-1 —(n-1
z"=(z",.. 207",z ) e

52
—(n) ~(n) =) =(n-1) =(n-1) 25N 52
z"=(z",...2"2"",.., Z,") e,

‘D(nJrl) _ (Z(nJrl),Z(n)) € CZN.

Theorem 10. Suppose the method (7a)-(7c) is algebraically
stable for the matrices G and D, then for (36a), (36b), (5la),
and (51b), one has the following:

||C(n+1) B (D(nu)nz
G

<[¢ - @ é

yrm _ ym) "2 (53)

2
+|

)

(-2

?(") _ Z(”)

+|
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where p, = ||ID| - max{Q2« + f + 0), 3,0}, | - || is a norm on
C*N defined by the following:

1/2

Ul = (U, GU)'"* = ( 2. 9ij (o u1>>

ij=1 (54)
U = (up,thyy ..., up,) € C*N, oy e CN.

Proof. Define u @ =™ _ @™ we get from (45a)-(45d) that

F(1,27,2",2")),

=C K" +Cppu®,

K® =k (F (1, Y, 7" Y("’)

u™ = ¢, K™ + Cpyu™
(55)

With algebraic stability, the matrix

G C;Z GCZZ CTZD C;FZ GCZI

M = 56
[Dcu Cl,GC,, DC,, +CID- CZGCZI] (56)

is nonnegative definite. As in [25], we have
(uD,Gu™ Y — (4, Gu™) - 2Re (W, DK®)
=~ {(u®, K™Y, M (u, K™Y <0, &7
Using (2)~(4), we further obtain the following:
(4D, Gy
< (u",Gu™) + 2Re (W™, DK™)
< (u",Gu™) + 2Re (W™, DK{")
+2Re (W™, DK{"” + DK{")
< (u”,Gu"™) + 2ha (W™, DW™)

+ 2B [DPw | [DPW "

"DUZW

+ 2he | DYPW ) - ||D1/2W (58)

< <u("), Gu(”)> + 2ha <W("), DW(”)>

—(n)

+1p (101 (WO + 101 - [

)
() 2)

+ (2hoc+ b + ho) D] - [W™ |

+ho <||D|| w!

< <u(”), Gu(")>

1D (h/sllw<”*m>||2 N hguw“‘)“Z) ,

which gives (53). The proof is completed. O
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In the following, we assume that the method (7a)-(7c) has
generalized stage order p; that is, there exists a function H" (t)

such that (40) holds. For any > 0, we define 17(”)
the following:

and 7Y by

~ =(n)
" = hC,,F <tn,Y(n),Y(tn —0).Y > +CLH" (1),
(59a)

N :(71)
)A/(n+1) = hC,,F (tn, Y(n),Y (t,-1),Y ) + szHh (t.),

(59b)
where
~(n t,+ch
7 (j_ g(LEH! ©dE ...,

t,+ch
J, .. obem @, ..

[ semtoa.. .

t,+ch
L+ tsH@&)

: (60)
(L_+ (LEH @dE ...,
Liihtwaa& ,

t,~h+ch
AL

t,—h+ch
| g@aW@MQ.

t,—h-t+ch
Theorem 11. Suppose the method (7a)-(7¢) is diagonally stable
and its generalized stage order is p, then there exist constants
ps and h, such that

n —k 2
y ”Y( "y, - r)u
k=1

= St v - off
k=1 n .
= Ps <Z "c(k) - Hh(tk)"2 + Clh(PH) + Czhz(wl)
k=1

+Cs i “Y(k)—Y(tk)||2>, € (0,h,],

k=-m+1

where ps, C,, C,, and C; depend on p,, s, d, h,, and
IC Il

Proof. A combination of (36a) and (41a) leads to the follow-
ing:

Y® -y (8)

= [F (17, 70,7

(62)
F(t6Y (8),Y (8), ¥ (1)) ]
+Cp (¢ -H" (1)) - A" ).
It follows from Theorem 9 that
[y -y @)

<o (e =y =) +n [P =T @] o

FlCn (€% - H' (5)) - 4" )] ).

A combination of (4) and (9) gives the following:
.,(k) ~
7 -7 )

< (h i P9 (e +ahti g+ Y ?)
q=0

m
— e
h Z Pq9 (tk +ch, ti_g + ch, Ys( ‘7)) ,
q=0
5 (k—q-1)
thqg(tk—l +Clh7tk_q_1 +C1h,Y1 4 ),...,
q=0

hY B9 (tes + oty gy + Y§"“F“)>
7=0 (64)

(tm G(LE Yy @ dE ...,

T+ h

t,+ch

gtE&y©dt, ...,
t, r+ch
t,+ch

gt.&y(E-hdg,.
t,—t+ch
t,+ch

g(t8y - m&)
t, r+ch

< 2sd, W,
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where d, and v depend only on the compound quadrature
(CQ) formula (9), which on substitution into (63) gives the
following:

> [ -veof
<3 < o 3 v - o
ealcal Y | - e
ot o o+ ).
(65)

) L (I
k=1

= Y Y% vt - mh)|

=1

=

3
3

= 3 vl

-m

I
—

” 2
<3 vl
k=1

v

m

0
+ 2
=1—

k

Therefore, there exist p; and /1, such that (61) holds. The proof
of Theorem 11 is completed. O

Theorem 12. Suppose method (7a)-(7¢) is algebraically stable
and diagonally stable and its generalized stage order is p. Then
the method with quadrature formula (9) is D-convergent of
order at least min{p, v}.

Proof. A combination of (36b), (59b), and (53) leads to the
following:

|'<v(n+1) B 5/(7&1)“2

C(") _ )7(")

d

<

2
ot P

66
2+”Y(n—m)_Y(tn_m)"2 (66)

!

y® _ ?(n)

~m) =M

+H|Y " -Y

Abstract and Applied Analysis

Using Theorem 9, we have the following:

| y® _ ?(”)
<p, [ [Cuall - [ - 1" (2,)] (67)
(n-m) ~m =0
+h| Y -y (¢, )|+ RV Y
which on substitution into (66) gives the following:
“C(m) _ 3D “(2)
G
2 2
- (1 N 3hP4P;||C12|| >‘||<'(n) _H') é
’ (68)

(143022 ) WY ™ v, )|
+ py (14317 p3) hasd h>,

where A, is the minimum characteristic value of G. On the
other hand,

¢ - ']

R

25 -l @

< -5

(1) P - ]

In view of (41a)-(41c) and (59a) and (59b), the application of
Theorem 9 leads to the following:

Hj,m) _H" (tn)" < ps ("Ah ()l + ||8h (t,,)||),
(70)
he (0, Eo]
which gives
37 16 < LA 6]+ 0 )’
(71)

he (0.,
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where A, denotes the maximum eigenvalue of the matrix G.
A combination of (40) and (66)-(71) leads to the following:

e

<m [l - H 6ol

LT VU Y| )

+y3h21/+1 ]

ca(te D gt e @,

where

hy = min {hy, h, hy} < 1,

N 3hP4P§ “Cu“z
1 — >
A, (73)

Y2 = P4h(1 + 3P§)h2’

Y = 25321)4 (1 + 3h2p§).

Considering Theorem 11, we further obtain the following:

c(n) _

<(1+h)"

yilc@ - H el + 1+ s

Saen e e,

wla e my (e )2 piner]

Y (14 By

i=1

Using discrete Bellman inequality, we have the following:

-

< {(1 +h)"y!

><Z(1+h)'1'1 i “Y
j=1—

i=1 j=l-m

) HM )L+ L+ By,

2
-,

1

25+ R

15} E

0.5 E

0 1 1 1 1 1 1 1 1
-1 =05 0 0.5 1 1.5 2 2.5 3 35

FIGURE 1: The numerical solution of (79a) and (79b) for (77) with
h=0.1.

TaBLE 1: Convergence order of two-step Runge-Kutta methods for
system (77).

m 8 16 32 64

Convergence order  4.0022 3.9982 3.9964 3.9960

+ [(1 + )y 4 4<1 + 1) 1P§P? 2P+2]
x (1 +h)i_1y1i_l]>
im1

xexp[(1+h)yzi(1+h)' W 1],

i=1

(75)

where h € (0, hy], and hy = min{hy, hy, hy, by} < 1.

Considering ||H(t) — Hh(tn)|| < poh?, we obtain the
following:

[¢” -H @) < ¢ -H" )]

+|H" (t) - H (2, (76)

< HC(") -H" (t,,)" + poh?.

Considering (75) and (76), we can easily conclude that
method (7a)-(7c) with quadrature formula (9) is D-
convergent of order at least > min{p, »}. The proof is com-
pleted. O
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1.5+ R

0.5 F R

0
-1 =05 0 0.5 1 1.5 2 2.5 3 35

FiGURE 2: The numerical solution of (79a) and (79b) for (78) with
h=0.1.

5. Numerical Experiments

Consider the following nonlinear Volterra delay integro-dif-
ferential equations:

Abstract and Applied Analysis
/ . T
y (t) = —(6+smt)y(t)+y<t— Z)
t
—J sin (v) y (v)dv + 5exp (cost), t=>0,
t-m/4

y (t) = exp (cost), —% <t<0

(77)
and its perturbed problem
! . i
2 ()= - (6+sint)z(t) +z<t— Z)
t
—J sin (v) z (v)dv + 5exp (cost), t =0,
t—m/4
z(t) =2, —% <t<O0.

(78)

One may check that this system has the solution y(t) =
exp(cost) anda = -4, = 1/2,0 = 1/2,y = 1. With
Theorem 9, we conclude that system (77) satisfies stability
and convergence properties.

Apply the two-step Runge-Kutta method induced by the
GL method in [12]

ap ap; ) az
0.47790690818421 0.87165188291653 —0.08663699023763 0.50361252124048
b b, b b,

0.95532987568936 0.79063681672548 2415 -7 8 —2+/15 (792)

o ]
1.59379439197950 0.44316674917114

6 (7]
1 1

to (77) and (78), 175.") is computed by the compound Simpson
rule with an even integer m > 4 formula:

2
St k| CIPA (r=2q1)
Y; =3|in (8, + cp)Y;” + 425111 (ta2grs +6h) Y,
=
(m=2)/2
+2 Z sin (tn—Zq + th) Y;n—zq)
g=1
+sin (tn_m + cjh) Y;"_m) .
(79b)

Using the condition (28), we know this method is stable; the
convergence order is shown in Table 1.

For Figures 1 and 2, it is obvious that the corresponding
method for VDIDEs is stable and convergent, and the conver-
gent order is min{4, 4}.

6. Conclusions

This paper is devoted to the stability and convergence
analysis of the two-step Runge-Kutta (TSRK) methods with
compound quadrature formula for the numerical solution
for a nonlinear Volterra delay integro-differential equations.
Nonlinear stability and D-convergence are introduced and
proved.
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We believe that the results presented in this paper can
be extended to other general DIDEs and NDIDEs. However,
it is difficult to extend the results presented in this paper to
more general delay differential equations; the discussion will
be discussed later.
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