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The first integral method introduced by Feng is adopted for solving some important nonlinear systems of partial differential
equations, including classical Drinfeld-Sokolov-Wilson system (DSWE), (2 +1)-dimensional Davey-Stewartson system, and
generalized Hirota-Satsuma coupled KdV system. This method provides polynomial first integrals for autonomous planar systems.
Through the established first integrals, exact traveling wave solutions are formally derived in a concise manner. This method can
also be applied to nonintegrable equations as well as integrable ones.

1. Introduction

Over the four decades or so, nonlinear partial differential
equations (NPDEs) have been the subject of extensive studies
in various branches of nonlinear sciences.

A special class of analytical solutions, the so-called travel-
ing waves, for NPDE:s is of fundamental importance because
lots of mathematical-physical models are often described by
such wave phenomena.

Therefore, the investigation of traveling wave solutions
is becoming more and more attractive in nonlinear sciences
nowadays. However, not all equations posed of these models
are solvable. As a result, many new techniques have been
successfully developed by diverse groups of mathematicians
and physicists, such as the Exp-function method [1-3],
the sine-cosine method [4-6], the extended tanh-function
method [7, 8], the modified extended tanh-function method
[9-11], the F-expansion method [12], and the first integral
method (or the algebraic curve method) [13]. Of these, the
first integral method, which is based on the ring theory of
commutative algebra, was first established by Feng [14-23].

This method was further developed by some other
mathematicians [11, 24-33]. The method is reliable, effec-
tive, precise, and does not require complicated and tedious

computations. The main idea of the first integral method
is to find first integrals of nonlinear differential equations
in polynomial form. Taking the polynomials with unknown
polynomial coefficients into account, the method provides
exactand explicit solutions. The interest in the present work is
to implement the first integral method to stress its power in
handling nonlinear partial differential equations, so that we
can apply it for solving various types of these equations.

In Section 2, we describe this method for finding exact
travelling wave solutions of nonlinear evolution equations. In
Section 3, we illustrate this method in detail with the clas-
sical Drinfeld-Sokolov-Wilson system (DSWE), the (2+1)-
dimensional Davey-Stewartson system, and the generalized
Hirota-Satsuma coupled KdV system. In Section 4, we give
some conclusions.

2. The First Integral Method

Hosseini et al. in [30] have summarized the first integral
method in the following steps.

Step 1. Consider the following nonlinear system of partial
differential equations with independent variables x and f and
dependent variables u and v,



Fl (u’ v, ut’ Vt’ ux’ Vx’ utt’ Vtt’ uxx’ Vxx’ . ) = 0’ (1)

Fy (1 v,y Vi U, Vi Upgs Vi U Vg -+ -) = 0.
Applying the transformations u(x,t) = u(&) and v(x,t) =
v(§), where & = x — ct + ¢, where ¢ is an arbitrary constant,

converts (1) into a system of ordinary differential equations
(ODEs)

G, (u, v, u',v',...) =0,
2
G, (u, v, u',v',...) =0,

where the prime denotes the derivatives with respect to the
same variable &.

Step 2. Using some mathematical operations, the system (2)
is converted into a second-order ODE

D (u, u',u”) =0. (3)

Step 3. By introducing new variables X = u(£)and Y = u/(§),
(3) changes into a system of ODE:s as the following system:

X' =y, (4a)
Y =H(X,Y). (4b)

Step 4. Now, the Division Theorem which is based on ring
theory of commutative algebra is adopted to obtain one
first integral to (4a) and (4b), which reduces (3) to a first-
order integrable ordinary differential equation. Finally, an
exact solution to (1) is then established, through solving the
resulting first-order integrable differential equation.

Let us now recall the Division Theorem for two variables
in the complex domain C(w, z).

Theorem 1 (Division Theorem). Suppose that P(w,z),
Q(w, z) are polynomials in C(w, z) and P(w, z) is irreducible
in (w, z). If Q(w, z) vanishes at all zero points of (w, z), then
there exists a polynomial G(w, z) in C(w, z) such that

Q(w,z) =P(w,z)G(w,z). (5)

The Division Theorem follows immediately from the Hilbert-
Nullstellensatz Theorem [34], but it can also be proved by using
the complex analysis [35].

Theorem 2 (Hilbert-Nullstellensatz Theorem). Let k be a
field and L an algebraic closure of k.

(1) Every ideal y of k[ X, ..
at least one zero in L"

(2) Let x = (x15...,%,), ¥ = (V1> -.> ¥,) be two elements
of L"; for the set of polynomials of k[ X, ..., X,] zero
at x to be identical with the set of polynomials of
k[X,,...,X,] zero at y, it is necessary and sufficient
that there exists a k-automorphism s of L such that
yi=s(x)forl1<i<m.

., X,] not containing 1 admits
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(3) For an ideal « of k[X,,...,X,] to be maximal, it is
necessary and sufficient that there exists an x in L" such
that « is the set of polynomials of k[ X, ..., X,,] zero at
X.

(4) For a polynomial Q of k[X,,...,X,] to be zero on
the set of zeros in L" of an ideal y of [Xy,...,X,,], it
is necessary and sufficient that there exists an integer
m > 0 such that Q™ € y.

3. Applications

In this section, we investigate three NPDEs by using the first
integral method.

3.1. Classical Drinfeld-Sokolov-Wilson System. Consider the
classical Drinfeld-Sokolov-Wilson system [36]

u, + pvv, =0, ©)

v, +qv

e T TUV, +su, v =0,

where p, g, r, s are some nonzero parameters.

Recently, DSWE and the coupled DSWE, a special case of
the classical DSWE, have been studied by several authors [36]
and the references therein.

Using a complex variation # defined as # = k(x — ct) + y,
we can convert (6) into ODEs, which read

—cu' + pvv’ =0, (7)
- + qkzv'” +ruy +su'v=0, (8)

where the prime denotes the derivative with respect to #.
Integrating (7), we obtain
2
v
u=P" 4 ol ©)
2c

where ¢, is an arbitrary integration constant.
Substituting u into (8) yields

2.m

2cqk*v" + p (r+25) V'V + 2¢ (re, —¢)v' = 0. (10)
Integrating (10), we get
" v’
2eqk*v'" + p (r + 2s) Tt 2(re—c)v=c, (1)

where ¢, is an arbitrary integration constant.
By introducing new variables X = v(£) and Y = +/(£), (11)
changes into a system of ODEs

X' =y,
(r+2$)> 3 (rc —c) I
Y = _plrt2ss) X - ! X - .
< 6cqk? qk? 2cqk?

According to the first integral method, we suppose that X (&)
and Y (&) are nontrivial solutions of (12a) and (12b), and

(12a)

(12b)
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P(X,Y) = Y, ai(X)Yi is an irreducible polynomial in the
complex domain C[X, Y] such that

PIX®,Y®)]=YaXEY ©=0, @)
i=0

where g;(X), (i = 0,1,2,..
a,,(X) 0.

Equation (13) is called the first integral to (12a) and (12b).
Due to the Division Theorem, there exists a polynomial
h(X) + g(X)Y in the complex domain C[X, Y] such that

.,m) are polynomials of X and

dp _opdX  opdy
dé  0X dE oY d&
" (14)
=[h(X)+g(X)Y] Y a (X)Y".

i=0

Here, we have considered one case only, assuming that
m =1 in (13). ‘
Suppose that m = 1, by equating the coefficients of Y"
(i = 2,1,0) on both sides of (14), we have
a (X)=g(X)a (X), (15a)

ay (X) = h(X)a, (X) + g(X)a, (X),

_M> 3_<Tcl‘c> ) )
@ (X)<( 6cgk? X gk? X 2cqk? (15¢)

= h(X)a,(X).

(15b)

Since a;(X) (i = 0,1) are polynomials, then from (15a) we
have deduced that a,(X) is constant and g(X) = 0. For
simplicity, take a,(X) = 1.

Balancing the degrees of h(X) and ag,(X), we have
concluded that deg(h(X)) = 1 only. Suppose that h(X) =
AX + B, and A #0, then we find a,(X)

A
ay (X) = EX2 +BX + D, (16)

where D is an arbitrary integration constant.

Substituting a,(X), a,(X) and h(X) for (15¢) and setting
all the coefficients of powers X to be zero, then we obtain a
system of nonlinear algebraic equations and by solving it, we
have obtained

- 3c— (\/ngq\/—p (r+ 25)) //cq

6 =0, G )
3r
(17a)
A= ——Mm— B=0,
V3k./cq
. 3c+(qu\/—p(r+25))/\/§\/@
=0 G = >
' (17b)
__\/—p(r+25) B—o

V3k+/cq

Setting (17a) and (17b) in (13) leads to
V-p(r+2s) , ) -
Y () + <—2\/§k@ X"(n)+D|=0,

\p(r+2s) )_
Y(n)+( —2\/§k@ X“(n)+D | =0.

(18)

Combining (18) with (12a), a first-order ordinary differential
equation is derived, then by solving this derived equation and
considering X = v(§) and v(x,t) = v(£), we have obtained

v, (x,8) = i(=3)"*c(q) " ViVD

T [((‘§)1/4V5(p)1’4<r +29)!
< [(k G = ct) + 7) - 3/EqkE, | )
(cla)R) |

X ((p)3/4(r + 25)1/4>_1,

v, (6,1) = (=3)Y4c(q)* VkVD

X tan [((—1)3/4\/5(17)1/4(1’ +29)1/*
[0 e ct) +y) - 3kt )
< (9"cla)*VR) |

-1
X ((p)1/4(r + 25)1/4) ,
(20)
respectively, where & is an arbitrary integration constant.

Also, by considering the solution u given by the relations
(9), we have obtained

x [i(—3)1/4c(q)1/4\/EVB
X tan [((—%)1/4\/5(17)1/4@ + 25)1/4
X [k (x - ct) +7) -3@1@,])

(cla) )|



112
x((p)1/4(r + 25)1/4) ]

3¢ - (\/§qu\/—1> (r+ 25)) /~/eq
+

3r

>

(21)

|9 ela) " VRVD
X tan [((—1)3/4 VD(p)"(r + 29
X [(k(x—ct)+y) —3\/@50])
(" cl) " VE) |

12
x((p)1/4(r + 25)1/4) ]

3c+ (qux/—p (r+ 25)) /\/5\/51
+ >

r

(22)

respectively, where & is an arbitrary integration constant.
Thus, two solutions (u,v;) and (u,,v,) have been
obtained for the system (6).
Comparing these results with the results obtained in [36],
it can be seen that the solutions here are new.

3.2. (2 + 1)-Dimensional Davey-Stewartson System. The (2 +
1)-dimensional Davey-Stewartson system [37] reads

Uy + Uy — Uy, — 2lul*u - 2uv = 0,
2 (23)
Vix +Vyy + 2(|u| ) =0.

XX

This equation is completely integrable and used to describe
the long-time evolution of a two-dimensional wave packet.

Using the wave variables
u=eu),

V:V(E)’
E=kx+cy+dt+y,

(24)
O=px+qy+rt+e,

where p, g, 7, k, ¢,and d are real constants, converts (23) into
the ODE

(qZ —p - r) u+ (k2 - c2) W' =2’ —2uv=0, (25

(k2 + c2) v+ (uz)” =0. (26)

Integrating (26) in the system and neglecting constants of
integration, we have found

2
y=-t 27)

k242
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Substituting (27) into (25) of the system and integrating we
find

22 2 2\ 3 w® o (28)
(q p r)u+(k c)u 2u +—k2+c2_0'

By introducing new variables X = u(£) and Y = u'(£), (28)
changes into a system of ODEs

X' =,

_ 2_ 2 2_ 2_
Y = <2624"T426)X3+ (qCTpkzr)X- (29b)

(29a)

According to the first integral method, we suppose that X(&)
and Y () are nontrivial solutions of (29a) and (29b), and
P(X,Y) = Y, a(X)Y" is an irreducible polynomial in the
complex domain C[X, Y] such that

P[X©®,Y®)]=) aXE)Y =0 (30)
i=0
where a;(X), (i = 0,1,2,...
a,,(X) +0.
Equation (30) is called the first integral to (29a) and

(29b). Due to the Division Theorem, there exists a polynomial
h(X) + g(X)Y in the complex domain C[X, Y] such that

,m) are polynomials of X and

dp _ 9P dX 9P dY
dé 09X dE  OY d&
. @31
=[hX)+g(X)Y]Y a(X)Y".

i=0

Here, we have considered two different cases, assuming
that m = 1 and m = 2 in (30).

Case 1. Suppose that m = 1, by equating the coefficients of
Y' (i = 2,1,0) on both sides of (31), we have

a (X) = g(X)a, (X), (322)
a(X)=h(X)a, (X)+g(X)ay(X),  (32b)
_9k? 922 22
() (552
=h(X)ay (X).
(32¢)

Since g;(X) (i = 0,1) are polynomials, then from (32a) it
can be deduced that a,(X) is constant and g(X) = 0. For
simplicity, take a,(X) = 1.

Balancing the degrees of h(X) and gy(X), it can be
concluded that deg(h(X)) = 1 only. Suppose that h(X) =
AX + B,and A #0, then we find a,(X)

A
ay (X) = EX2 +BX + D. (33)

Substituting a,(X), a,(X), and h(X) for (32c) and setting
all the coefficients of powers X to be zero, then we obtain
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a system of nonlinear algebraic equations and by solving it,
we obtain

\/—(—1+c2+k2)/(c2—k2)m(p2—q2+r)
D=7 >
2(-1+c+k?)

i 2= (-1+@+R) [ (2 - k)

B =0, A
N

(34)
Using the conditions (34) in (30), we obtain
\/— (-1+2+k?) /(2 -K?)
N

Y(®)=¢ X*@®+D, 3
respectively.

Combining (35) with (29a), we obtain the exact solutions
to (28), and considering the solution v given by the relation
(27), thus the exact traveling wave solutions to the (2 + 1)-
dimensional Davey-Stewartson system (23) were obtained
and can be written as

2-2/(c* +Kk?)

xtanh[\/pz—q2+r

x(kx+cy+dt+y

U, (% p,t) = +

F2ive-kVe+k

X V-1+c2+k? \/c2+k2£0>
X (\/EVc—k\/c +k)_l]

xexpli(px+qy+rt+e)],
(36)

1
V12 (x’y’t) = <—62 + k2

Wp*—q*+r

X|lt—m7/8@™

- \2 -2/ (2 +k?)

xtanh[ PP-g*+r

x(kx+cy+dt+y
F2iVe-kVe+k
ETER,)

5
X (\/EVC —kVc+ k)il]
2
xexpli(px+qy+rt+e)] |,
(37)

respectively, where, &, is an arbitrary integration constant.

Case 2. Suppose that m = 2, by equating the coefficients of
Y’ (i = 3,2, 1,0) on both sides of (31), we have

@y (X) = g(X)a, (X), (38a)
a, (X)=h(X)a,(X) + g(X)a, (X), (38b)
2 2
ay (X) + 2a, (X) [(z‘f"%)ﬁ
(38¢)

2 2
qT-p-r
(Tae )]

=h(X)a, (X) +g(X)ay(X),

2-2k* 2%\ 3 F-p-r
al(x)[( ct—k* )X+< o )* (38d)

= h(X)a, (X).

Since, g;(X) (i = 0,1,2) are polynomials, then from (38a)
it can be deduced that a,(X) is a constant and g(X) = 0.
For simplicity, we take a,(X) = 1. Balancing the degrees of
h(X) and ay(X) it can be concluded that deg(h(X)) = 1 only.

In this case, it was assumed that h(X) = AX + B, and
A #0, then we find a,(X) and g,(X) as follows:

(39a)

2 r R
- X"+ BDX + F,
(39b)

where A, B, D, and F are arbitrary constants.

Substituting a,(X), a,(X), a,(X), and h(X) for (38d) and
setting all the coefficients of powers X to be zero, a system of
nonlinear algebraic equations was obtained and by solving it,
we got

(c2 +k2)(p2 —qz +r)2
- 4(-+ct+ k2 -kY)




- pPr-q+r
(C-RVerky-(-1+@ +R)/(c- k) (@ +R)

-1+ +K) /(- k) (2 +K2)
A= >
Ve+k

(40a)

(c2 + k2) (p2 -q*+ r)2

= — 5 B=0)
4(-2 +ct+ k2 -k*)

P-q+r
(C-RVerky-(-1+& +R2) [ (c—k) (+K)

4= (-1+ +k) /(- k) (2 +K2)
A=- .
Ve +k

(40b)
Using the conditions (40a) and (40b) in (30), we obtain
Y (§)
I N k2
- (c—k) (2 +k?)

x (i 4\/(c+k)2(—1+c2 +k2) (2 +k2) (p2—g2+7) X2 (§)

+(c—k)(-1+ +K)
x (2X2 @) + (P + k) (p* - g +r+2X2(E))) )]

><(2(c + k)2 ((—1 +ct+ k2)2)>_1,
(41a)

Y (§)

“1+c%+ K

:_[\/_(c—k)(c2+k2)

x (i 4\/(c+k)2(—1+c2+k2)3 (2+K?) (pP—g>+7) X2 (§)
—(c-k)(-1++K)

x (22X &) + (F+ ) (p* - ¢ +r+2X (D)) >]

x(2(c +k)*? ((—1 + kz)z))il.
(41b)
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Combining (41a) and (41b) with (29a) we have obtained the
exact solutions to (28), and considering the solution v given
by the relation (27), thus the exact traveling wave solutions to
the (2+1)-dimensional Davey-Stewartson system (23) can be
written as

Uz g (x, Y t)

24/1 -1/ (2 +k?)

x(iZTL\/E

xtanh[( PP-qt+r

><<¢i\/—1 + 2+ k2 + K2

x (kx +cy +dt +y)
+2Ve-kVe+k

X (—1 +c +k2) (c2 +k2) £0>>
«((VERER) VT e e
)

xexpli(px+qy+rt+e)],
(42)

V34 (x, Y t)

__<;>
2+ k2

24/1-1/ (2 +k?)

><<12$
xtanh[(ﬂpz—q2+r

X (11’\/—1 +c+ k2 + k2

S

x (kx +cy +dt +y)
+2Ve-kVe+k

X (—1 +ct+ kz) (c2 + kZ)EO) )
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X ((\/EVC —kVe+ k)\/—l +c+ k2

)

xexp[i(px+qy+rt+e)] |,

(43)
us (% y»t)

) 24/1 -1/ (2 + k?)

x(TLZi\/z

x tanh <\/p2—q2+r

X < Tiv-1+c2+k2Ve + k2

x (kx +cy+dt +7y)
F2Ve-kVe+k

X (—1 +c +k2) (c2 +k2)fo>)

x<(\/§\/c—k\/c+k) V-1 +c%+k2

)

xexpli(px+qy+rt+e)],
(44)

V56 (x, Y t)

1
:_<c2+k2>
PP-g+r
X
24/1-1/(c2 +k?)
X<$2i\/§

xtanh[(\/pz—q2+r

><<¢i\/—1 + 2+ IRV + K2

x (kx +cy +dt +y)

F2Vc—-kVc+k
X (—1 +c +k2) (c2 + k2)£0>>

«((VEVETRET VT R

=)

xexpli(px+qy+rt+e)] |,

(45)
respectively, where & is an arbitrary integration constant.

Equations (36)-(37) and (42)-(45) are new types of exact
traveling wave solutions to the (2+1)-dimensional Davey-
Stewartson system (23). It could not be obtained by the
methods presented in [37].

3.3. Generalized Hirota-Satsuma Coupled KdV System. Con-
sider the generalized Hirota-Satsuma coupled KdV system
(38]

1
Up = e + 3uu, + 3(w - vz)x, (46)
1
Ve = = Vi — 3uv,, (47)
1
Wy = =S Wy ~ 3uw,. (48)

When w = 0, (46)-(48) reduce to be the well-known Hirota-
Satsuma coupled KdV system. We seek traveling wave solu-
tions for (46)-(48) in the form

u(x,t)=u(), vixt)=v(),
(49)
w(x,t)=w(f), €=k(X—Ct)+C,
where ¢ is an arbitrary constant.
Substituting (49) into (46)-(47) yields an ODE
—cku' = lek3u"' + 3kuu' + 3k(w - vz)’, (50)
—ckv' = —%k%'” - 3ku, (51)
—ckw' = —%k3w"' - 3kuw'. (52)
Let
u=o’+ Bv+y,
(53)

w=Ayv+ By,



where a, y, B, Ay, and B, are constants [38]. Inserting (53)
into (50) and (51) integrating once we know that (50) and (51)
give rise to the same equation

V' = 22av’ =38 +2(c-3y)v+c, (54)

where ¢ is an integration constant. Integrating (54) once
again we have

v = —av' = 2Bv* +2(c - 3y) vV + 20 v + (55)

where ¢, is an integration constant. By means of (53)-(55) we
get

Ku'" =2ak’v? + K 2o + B) V"
=2a [—(xv4 —2Bv’ +2(c-3y)v: + 2 v + cz]

+(2av + B) [—2ocv3 —3BvV +2(c-3y)v+ cl] :

(56)
Integrating (50) once we have
lk2u"+Euz+cu+3(w—v2)+% =0 (57)
4 2 ’

where ¢; is an integration constant. Inserting (53) and (56)
into (57) gives

3
3ac—3ay+:lﬁ2—320,
1
E[cxcl+ﬁc+yﬁ]+A0:0, (58)
1 3,
Z[20@+ﬁcl]+§y +cy+3By+¢ =0.
Let

¢ = ﬁ [,83 + 2caf3 - 604[5)/] ,

B

a.

(59)
v(§) =aP (&) -

Therefore from (58), we have

2
Kp" 63) _a<32/3

o +2c— 6y) P &) +2aa’ P’ (§) = 0.

(60)

By introducing new variables X = P(§) and Y = P'(£), (60)
changes into a system of ODEs

X' =v, (61a)
3 2
Y’:—<2(xk—?>X3+%(%+2c—6y)X. (61b)

According to the first integral method, we suppose that X (&)
and Y(&) are nontrivial solutions of (6la) and (61b), and
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P(X,Y) = Y, ai(X)Yi is an irreducible polynomial in the
complex domain C[X, Y] such that

PIX©®,Y®]=)aXEY ®=0, (62)
i=0

where g;(X), (i = 0,1,2,...
a,,(X) +0.

Equation (62) is called the first integral to (6la) and
(61b). Due to the Division Theorem, there exists a polynomial
h(X) + g(X)Y in the complex domain C[X, Y] such that

,m) are polynomials of X and

dp _ 0P dX 0P dY
dé  0X dt oY dE

=[hX)+g(X)Y]Y a (0Y"

i=0

(63)

Here, we have considered two different cases, assuming
that m = 1 and m = 2 in (62).

Case 1. Suppose that m = 1, by equating the coeflicients of
Y' (i = 2,1,0) on both sides of (63), we have

a; (X) = g(X)a, (X), (64a)

ag (X) = h(X)a, (X) +g(X)ay (X), (64b)

204’ ; a (3B
al(X)[—< 2 )X +P(E+2c—6y)X:| (640

Since a;(X) (i = 0, 1) are polynomials, then from (64a) it was
deduced that a,(X) is constant and g(X) = 0. For simplicity,
take a,(X) = 1.

Balancing the degrees of h(X) and a,(X), it was concluded
that deg(h(X)) = 1 only. Suppose that h(X) = AX + B, and
A # 0, then we find

A
ay (X) = EX2 +BX + D, (65)

where D is an arbitrary integration constant.

Substituting a,(X), a,(X), and h(X) for (64c) and setting
all the coeflicients of powers X to be zero, then we have
obtained a system of nonlinear algebraic equations and by
solving it, we obtain

Ao 2aNE
: (66)
F4i/aDka*? - 387 + 12ay
B 4ot '
Using the conditions (66) in (62), we obtain
Y ()= (imy%)xz & - D, (67)

respectively. Combining (67) with (61a), the exact solutions
to (60) were obtained, and considering the solutions given by
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the relation (53), then the exact traveling wave solutions to
the generalized Hirota-Satsuma coupled KdN system (46)-
(48) are obtained and can be written as

(1) = oc<a[(l—i) VDVk
o (( (1 ) Bl
[ ety o 2k
< (V)
ey 1)
+ﬁ<a[(l—i) VDVk

xtanh(( (% + é)as/z\/ﬁam
X [=(k(x —ct) +¢)

+2k] ) (V) )

x (@Rt - £y,

2x
(68)

vl(x,t):a[a—i)\/f)@
xtanh(( (% + é)as/z\/ﬁam
x [ (k(x —ct) +¢) + 2k&,] >

< (VB (@) ] - £,
(69)

wl(x,t):A()(a[(l—i) VDVk
xtanh(( <% + %)am\/ﬁam

x [~ (k (x—ct)+¢)+2k&,] >

(70)

wr(x0) = a(a (1= VDVR

xtan(( (5+5)a"VDa

X [ (k (x = ct) +g) + 2kE, ] )
< (V)"
)
+5(a] (-1 VDR
x tanh(( (5+5)a" VDot
x [~ (k (x—ct)+6)+2kE, ] )

< (V)

@] £ )

20
(71)

vy (x,1) = a[(l—i) VDVk
cin(((5+£)a Do
x [ (k (x—ct)+¢) +2k50]> (72)
< (V)"
@] £
w, (x,t) = Ao<a[(l - i) VDVk
cin(((5+) a2 vD

x [~ (k (x—ct) +¢) + 2k&,] )
< (V) )

X (a3/2¢xl/4)71] - %) + By,

(73)

respectively, where & is an arbitrary constant.
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Case 2. Suppose that m = 2, by equating the coefficients of

Y' (i = 3,2,1,0) on both sides of (63), we have
& (X) = g(X)a, (X), (742)

a, (X)=h(X)a,(X)+g(X)a, (X),

3 2
a(')(X)+2a2(X)[—(20m )X3+i(£+2c—6y>X]

(74b)

k? Kk \ 2«

=h(X)a, (X)+g(X)ay(X),
(74¢)

20a°\ ;3 a (3B
al(X)[—( 2 )X +E(E+Zc—6y>Xj| 74d)

= h(X)a, (X).

Since g;(X) (i = 0,1,2) are polynomials, then from (74a) it
can be deduced that a,(X) is a constant and g(X) = 0. For
simplicity, we take a,(X) = 1. Balancing the degrees of h(X)
and a,(X) it can be concluded that deg(h(X)) = 1, only.

In this case, it was assumed that h(X) = AX + B, and
A #0, then we find g,(X) and a,(X) as follows:

a, (X) = (?) X*+BX +D, (75a)
A2 oca3 4 1 3
AD+ B  —a (3p 5
— | — 2c—-6y | X
( . k(z) y>
+ BDX + F,
(75b)

where A, B, D, and F are arbitrary constants.

Substituting a,(X), a,(X), a,(X), and h(X) for (74d) and
setting all the coefficients of powers X to be zero, a system of
nonlinear algebraic equations was obtained and by solving it,
we got

3(-B% + 4a
F=0, C=M, B=0, D=0,
4o
A__4ia3/2\/&)
k
(76a)
3(—f +4a
F=0, c= (ﬁ Y)’ B=0, D=0,
4o
Ao 4za3/2\/3.
k
(76b)

Using the conditions (76a) in (62), we obtain

ia’kX* () Va T \/—113 (2+a®)k?X* (&)«
2k?

(77)

>
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respectively. Combining (77) with (61a), the exact solutions
to (60) were obtained, and considering the solutions given by
the relation (53), then the exact traveling wave solutions to
the generalized Hirota-Satsuma coupled KdN system (46)-
(48) are obtained and can be written as

Uy (%,1) = & <a [ — (k)
(i (o )
wvalk(x - ct) + ¢] + 2k§0)_1]
)
+B(al -k
(1 (@ V2T

V& [k (x = ct) + ] + 2k50)_1]

(78)
vy (x6,0) = a [ —(2K)

X (1‘(13/2 (am ) +a3)

V& lk(x = cb) +¢] + zkso)'l]

_B
20
(79)
w, (x,1) = A, <a [ — k)
X (ia3/2 (am —V-2+ a3)
X Valk(x - ct) +¢] + zkzo)_l]
—%) + By,
(80)

uy (x,1) = « (a [ - (2k)
X (ia3/2 (a3/2 + m)

 Nak(x — ct) + ] + 2k§0)_1]
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+p(al-@n
(" (7 NT7 )
V& [k (x = ct) + ] + zkfo)fl]
_£>2 oy,
(81)
v, (6,0) = a [ — k)
(" (o ¢ V)
xValk(x - ct) +¢] + zkfo)'l]
_k
* (52)
w, (x,1) = A, <a [ — (k)
(1 (o 4 T )
X Valk(x - ct) + ¢ + 2k£0)_1]
_£> +B,
(83)

Similarly, as for the case of (76b) from (62) we obtain

+ia’kX* (§) V& + \-a* (-2 + @*) X4 () a
Y@=+ ,

2k?
(84)

respectively. Combining (84) with (61a), the exact solutions
to (60) were obtained, and considering the solutions given by
the relation (53), then the exact traveling wave solutions to
the generalized Hirota-Satsuma coupled KdN system (46)-
(48) are obtainred and can be written as

us (%,1) = <a [ —(2K)
e (cia (& 427
Valk(x - ct) + ¢] + zkso)'l]
B,
+p(a]-ah
(i (" o VT )

11
wva [k (x — ct) +c] + 2k§0)_1]
(85)
vs (x,t) = a| — (2k)

X (—1'113/2 (03/2 +V-2+ a3)

X \/&[k(x—ct)+c]+2k£0) ]—%

(86)
ws (x,£) = A, (a — (k)
% (—ia3/2 (a3/2 " \/—2—+a3)
-1
x Valk(x —ct) +¢] + ZkEO) ]
—%) + By,
(87)

ug (x,t) = oc(a [ - (2k)
X (ia3/2 (—a3/2 + V-2 + a3)

x Valk(x —ct) +¢] + 2k§0)_1]

B\2
=)
+B(a] -k
X (ia3/2 (—a3/2 + V-2 + a3)

x oo [k (x —ct) +¢] + ZkEO)il]

)

2«
(88)

Ve (x,0) = [ —(2K)
X (ia3/2 (—a3/2 + m)

x e [k (x - ct) +¢] + zk&o)_l] - %

(89)
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wg (x,1) = A <a

- (2k)
X (ia3/2 (—a3/2 + V=2 + a3>

Valk(x = cb) +¢] + zkio)fl]

(90)

respectively, where & is an arbitrary integration constant.

Comparing the results (68)-(73), (78)-(83), and (85)-
(90) with the results in [38, 39], it can be seen that the
solutions here are new.

Remark 3. We note that our results were based on the as-
sumptions m = 1 and m = 2. The discussion becomes more
complicated for m = 3 and m = 4 because the hyper-elliptic
integrals, the irregular singular point theory, and the elliptic
integrals of the second kind are involved. Also, we do not need
to consider the case m > 5 because an algebraic equation with
its degree greater than or equal to 5 is generally not solvable.

4, Conclusion

In this paper, the first integral method was applied success-
fully to obtain solutions of some important nonlinear sys-
tems, namely, the classical Drinfeld-Sokolov-Wilson system
(DSWE), the (2 + 1)-dimensional Davey-Stewartson system,
and the generalized Hirota-Satsuma coupled KdV system.
Also, we conclude that the proposed method is powerful,
effective, and can be extended to solve more other nonlinear
evolution equations as well as linear ones, and this will be
done in a future work.
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