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We deal with the existence of mild solutions of a class of nonlocal impulsive second-order functional differential equations with
finite delay in a real Banach space X. An existence result on the mild solution is obtained by using the theory of the measures of

noncompactness. An example is presented.

1. Introduction

The Cauchy problem for various delay equations in Banach
spaces has been receiving more and more attention during
the past decades (see, e.g., [1-5]).

The literature concerning second- and higher-order ordi-
nary functional differential equations is very extensive. We
only mention the works [1, 6-15], which are directly related
to this work.

On the other hand, the impulsive conditions have advan-
tages over traditional initial value problems because they can
be used to model phenomena that cannot be modeled by
traditional initial value problems, such as the dynamics of
populations subject to abrupt changes (harvesting, diseases,
etc.) (see [16-27] and references therein). For this reason,
the theory of impulsive differential equations has become
an important area of investigation in recent years. Partial
differential equations of first and second order with impulses
have been studied by Rogovchenko [26], Liu [25], Cardinali
and Rubbioni [19], Liang et al. [24], Henriquez and Vasquez
(1], Herndndez et al., [21-23], Arthi and Balachandran [17],
and so forth.

Moreover, we consider the nonlocal condition x(0) =
g(x)+x,, where g is a mapping from some space of functions
so that it constitutes a nonlocal condition (see [24, 28-30]
and the references therein), where it is demonstrated that
nonlocal conditions have better effects in applications than
traditional initial value problems.

In this paper, we pay our attention to the investigation
of the existence of mild solutions to the following impulsive
second-order functional differential equations with finite
delay in a real Banach space X:

2

d
TR (t)=Ax(t) + f (t,x, x (1)), "

te(0,T], t#t,, k=12,...,p,
x(t) =g(x) () +¢ (1),
X (0)=EeX, 3)

Ax (t) = I (x () »

where A is the infinitesimal generator of a strongly con-
tinuous cosine family of bounded linear operators {C(t)};cg
on X. f, g are given functions to be specified later. ¢ €
C([-r,0], X), where C([a,b],X) denotes the space of all
continuous functions from [a, b] to X.

The impulsive moments {t;} are given such that 0 = ¢, <
tp <<ty <ty =T, L+ X - X(k=12...,p)
are appropriate functions, Ax(t;) represents the jump of a
function x at t;, which is defined by Ax(t) = x(t;) — x(t;),
where x(t;) and x(t; ) are, respectively, the right and the left
limits of x at t;..

For any continuous function x defined on the interval
[-7,T] and any t € [0,T], we denote by x, the element of
C([-r,0], X) defined by x,(0) = x(t + 0) for 0 € [-r,0].

te[-r0], (2)

k=12...,p (4)



In this paper, motivated by above works, we study (1)-(4)
in X and obtain the existence theorem based on theory on
measures of noncompactness without the assumptions that
the nonlinearity f satisfies a Lipschitz type condition and the
cosine family of bounded linear operators {C(t)},.g generated
by A is compact.

2. Preliminaries

Throughout this paper, we set J = [0, T], a compact interval

in R. We denote by X a Banach space with norm || - ||, by L(X)

the Banach space of all linear and bounded operators on X.

We abbreviate [l ; g+ with [[u1, for any u € L'(J,RY).
Let

PC(J,X):={x:] — X; x(t) is continuous at t #1f;,
left continuous at t = t;, and

the right limit x (¢;) exists for k=1,2,..., p}.
€)

It is easy to check that PC(J, X) is a Banach space with the
norm

lxllpc = sup [lx (O »
te]

for any x € PC (], X). (6)

We let ]0 = (t())t]]) ]1 = (tl)tz])“-’]p = (tp$tp+1]'
For B < PC(], X), we denote by §B|7i the set

Bl; = {x e C([titin], X)5 x(t;) =v(t]),x () = v (),

tej,ve B
)

i=0,1,2,...,p.

A family {C(f)},cg in L(X) is called a cosine function on
Xif

(i) C(0) = I is the identity operator in X;
(ii) C(t +s) + C(t — s) = 2C(t)C(s) for all s, t € R;
(iii) The map t — C(t)x is strongly continuous for each

x € X.

The associated sine function is the family {S(t)};. of opera-
tors defined by

t

S(t)xzj C(s) xds,

0

forx e X, t € R, (8)
One can define the infinitesimal generator A of C(-) by

D(A) = {x € X; 1im2t2(C () x - x) € X}
t—0

©)
Ax = tliir})zt*z (C(t)x-x), x¢€D(A).

In this paper, we assume there exist positive constants M
and N such that
IC®I < M,

ISOI <N for every t € J.  (10)
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The following properties are well known [6, 7, 11, 12]:
(i) C(t)x e D(A), C(t) Ax = AC(t) x
for x e D(A),t € R;
(i) S(t)x € D(A), S(t) Ax = AS(t) x

for x e D(A),t € R;

t
(iii) J S(s)xds € D(A),
0
t
AJ S()xds=C(t)x—x forxe X,teR;
0

ivyCt)x—x= JtS(s)Axds for x e D(A), t € R.
0
(11)

For more details on strongly continuous cosine and sine
families, we refer the reader to [6, 7, 11, 12].

Next, we recall that the Hausdorff measure of noncom-
pactness y(-) on each bounded subset Q) of Banach space Y is
defined by

x (Q) = inf {e¢ > 0; Q has a finite e-net in X}. (12)

This measure of noncompactness satisfies some basic
properties as follows.

Lemma 1 (see [31]). Let Y be a real Banach space, and let
B,C €Y be bounded. Then
(1) x(B) = 0 if and only if B is precompact;
(2) x(B) = X(E) = x(conuB), where B and convB mean
the closure and convex hull of B, respectively;
(3) x(B) < x(C)if B C;
(4) x(BUC) < max{x(B), x(C)};

(5) x(B+C) < x(B) + x(C), where B+ C = {x + y; x €
B, yeCk

(6) x(aB) = |a|x(B), for any & € R;

(7) let Z be a Banach space and Q : D(Q) €Y — Z Lip-
schitz continuous with constant v. Then y(QB) < v -
X(B) for all B < D(Q) being bounded.

Proposition 2 (see [32], Page 125). Let Q) be a bounded set
for a real Banach space X. Then, for every € > 0 there exists a
sequence {x,},> in Q such that

x(Q) <2y ({xn}zl) +e (13)

In the sequel, we make use of the following formulation
of Theorem 4.2.2 of [33] obtained by using Theorem 2 of [34].

Proposition 3. Let {f,} >, be a sequence in LY(J, X) such that
there exist v, q € L' ([0, T]) with the properties:

(i) sup,nl f (O < v(t), ae. t € J;

(i) x({fhooy) < q(t), ace. t € ].
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Then, for everyt € ], we have

(9]

X({rS(t—s)fn(s)ds} ) SZqu(s)ds, (14)
0 n=1 0

where N is from (10).

A continuous map Q : W € Y — Y issaid to be a y-
contraction if there exists a positive constant v < 1 such that
x(QC) < v- x(C) for any bounded closed subset C € W.

Theorem 4 (see [31] (Darbo-Sadovskii)). IfU C Y is bounded
closed and convex, the continuous map F : U — Uisa x-
contraction, then the map & has at least one fixed point in U.

Definition 5. A function x : [-r,T] — X is called a mild
solution of system (1)-(4) if x, = g(x) + ¢, x|; € PC(J, X)
and

x(t)=Ct)(¢(0)+g(x)(0)+S(t)E

+ L St-s)f(sx,x(s))ds (15)
+ Y Clt-t )L (x (), te].
0<ti<t

Remark 6. A mild solution of (1)-(4) satisfies (2) and (4).
However, a mild solution may be not differentiable at zero.

3. Existence Result and Proof

In this section, we study the existence of mild solutions for
the system (1)-(4).
Let &(T') stand for the space

(M) = {x: [-n.T] = X;x|; € PC(J,X),

(16)
xo € C([-1,0],X)}
endowed with norm
Ixllgery = sup llx (@)l +sup [lx @)l 17)
te[-r,0] teJ

We will require the following assumptions.

(H1) (i) f:JxC([-r,0], X)xX — X satisfies f(-,v,w) :
J — X is measurable for all (v,w) € C([-r,0],X) x X and
f(t,--): C([-7,0],X) x X — X is continuous for a.e. t € J,
and there exists a function p(:) € L'(J,R") such that

If (6o, w)| < p (@) 1+ wl) (18)

for almost all t € J;
(ii) there exists a functiony € L'(J,R") such that for any
bounded sets D, ¢ C([-r,0],X), D, ¢ X

V(0,0 <10 s x(0,0)+x(0))

ae. te]j.
(19)

(H2) I, : X — X are compact operators and there
exist positive constants M,, M, such that

||Ik (x)|| <M, |x|+M, foranyxeX, k=12,...,p.

(20)

(H3) g : C([-7,0],X) — X is a compact operator
and there exists a constant N; > 0 such that

lg (Ol oy < Ny forall xeC([-r,0],X), (21

where [|g(x)l_, o) = suPse(_r0 1g() D).
(H4) There exists M* € (0,1) such that 8N jOT n(s)ds <
M*.

Theorem 7. Assume that (H1)-(H4) are satisfied, then there
exists a mild solution of (1)-(4) on [-r,T] provided that
pMM,; < 1.

Proof. Define the operator A : F(T) — F(T) in the follow-
ing way:

[g(x) () +¢(1), te[-r,0],
C(t)(g(x)(0)+¢(0) +S(1)§

(A0 ® =1+ j:sa —9) f (5% (9) ds
+ ) Ct—t) I (x(t)) tel.
- (22)

It is clear that the operator A is well defined, and the fixed
point of A is the mild solution of problems (1)-(4).

The operator A can be written in the form A = A| + A,
where the operators A |, A, are defined as follows:

gx) () +¢(t), t€[-r0],
(Ax) (1) = 1C (1) (g (x) (0) + ¢ (0))
+S(t) &, te],
0, te[-r0],

(A,x)(t) = L S(t—s) f (s, x5 x(s))ds
+ ) Clt—-t) L (x(t)), te].

0<t<t

(23)

Obviously, under the assumptions of g, A ; is continuous.
For t € ], we can prove that A, is continuous.

Indeed, let {x"},.y be a sequence such that x" — x in
$(T)asn — oco. Since f satisfies (H1)(i), for almost every
t €], weget

F (6 ) — f (tx0x(0),

asn — o00. (24)



Noting that x" — x in §(T), we can see that there exists
e > 0 such that [|x" - Xlgery < e for n sufficiently large.
Therefore, we have

I (&2 " () = f (%0 x @)
<u () (L+ <" @) +p @) A+ llx @)
<2u () + () |x" (1) = x (O] +2u @) 1x @)
<2u(t)+ut)e+2u®) g

It follows from the Lebesgue’s dominated convergence theo-
rem that

L ISt =) [f (5 x5 x" () = f (s, x5 % (5))] ds

‘ non (26)
<N . £ (s, x5, x" (s)) = f (s, %0 x (5))|| ds
— 0, asn-— oo.
Moreover, noting that (H2), we obtain that
,,ILI%OHAZXW - Azx“gm =0. (27)

This shows that A , is continuous. Therefore, A is continuous.
Let us introduce in the space §(T) the equivalent norm
defined as

Ixl, = sup lx @l +sup(e™Ix @),  (28)

te[-r,0] te]

where L > 0 is a constant chosen so that

t
N supJ p(s)e ™ 9ds < 1. (29)
te] Jo

Noting that for any y € L'(J, X), we have

t
lim supj ey (s)ds = 0, (30)
0

L— +00 te]

s0, we can take the appropriate L to satisfy (29).
Consider the set

B, = {x e F(D);llxl. < p}, (31)
where p is a constant chosen so that

Ny + ||¢“[—r,0] + €+ pMM,
> >

32
1 - pMM; 52

where £ := M(N; + l(0)]1) + NI + llull ) and 1l _, o) =

SUPye(_rop lP()I-
Now, if t € [-r,0], x € BP’ then

l(Ax) O =g ) &) + O < Ny + 9]l Lo (33)
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Forte J,x € BP’ we have
1A) Ol < [C®) (9G) ©) + ¢ )] + [ ®) ]
N Lt IS =3) £ (5,50 % (5)] ds
+ Y lC-t) L (x(w)]

0<t;<t

SM(M4wm+znaumw)

0<ti<t
+N (||€ ||+J0 u(s) (1+e"e ™ x (s)]) ds)
=+ M Y L (x(t)]

0<tp<t

t
+N J p(s) e" e x (s)| ds,
0

(34)
then
e (Ax) ()l <e™ [f +M Y L (x ()]
0<ti<t
t
+N J p(s)ee™ |x (s)| ds
0
<€+ ppMM, + pMM,
t
N J p(s)e ™ Vds -«
0
(35)
therefore,
sup (e [I(Ax) ()]
te]
<l+ pMMz (36)
t
+ [pMM1 + sup (NJ p(s) e_L(H)d5>] p-
te] 0
It results that
IAx], = sup [(Ax) (@)l +sup (e (Ax) ()]
te[-r,0] te]
SN+ "‘/’”[-r,o] + &+ pMM, (37)

t
+ (pMM1 + Nsup J p(s) e_L(t_S)ds) p-
te] Jo

Let L — +00, we obtain
IAx], < N, + ||¢”[—r,0] +€+ pMM, + pMM,p < p. (38)

Hence for some positive number p, AB,, C B,,.
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Using the strong continuity of {C(#)},.g and the compact-
ness condition on the operators I, for € > 0, there exists § > 0
such that

||(C(t+h)—C(t))Ik(x)|| <& XE€EB,

P
(39)

te], k: 1,2,---’}7’

when |h| < 8. Ift € [t),t;,] and h < S such thatt + h €
[tk’ tk+1]’ then

Y (Clt+h-t)-C(t-1)) L (x ()

O<ty<t

M~

<

I(C(t+h—t) = C(t - t,)) I (x (t))] < pe.
(40)

k

1

For x € B, by the hypothesis (H1)(i) and (40), we get
”(A zx) (t+h)-(A 2x) (t)"

<

t+h
j Sit+h-s)f(sx,x(s))ds
0

_ ,rs(t -5) f (s, x5, x(5)) ds
0

+ pe
t
< pee [ IS b= -Se-9) £ (5.0, 1] ds

t+h
+ J [S(t+h=s)f(sx,x(s))| ds

t+h

< pe+ [thpt(s)ds+NJ ‘u(s)ds] “(1+p).
0 t

(41)
Ash — 0Oande — 0, the right-hand side of the inequality

above tends to zero independent of x, so A, maps bounded
sets into equicontinuous sets.

For bounded set B ¢ PC(J, X), we consider the map

Xpe (B) = max x; (Bly). (42)

where ; is the Hausdorff measure of noncompactness on the
Banach space C(J;, X) and Blf is defined in (7).

Furthermore, we define the Hausdorff measure of non-
compactness xg on B (T) as follows:

x5 (V)= Xpe (Vlpcgo) + sup x (Y (), ¥ <F(D).
te[—r,
(43)

For every bounded subset O ¢ PC(J, X), by applying
Proposition 2, for any & > 0 there exists a sequence {x,},>; C

Q such that
Koo (820) < 25,0 (A5 {x,}) + &, (44)
noting that the definition of Xpe» We have

Yo (820) <2 max xi (Ax{xdl) +e (as)

Then, noting the equicontinuity of A,[;,i = 0,1,..., p, we
can apply Lemmas 2.1 and 2.2 of [35] to obtain
Xi (Az {2 |7,~) = supy (Ay {x,} (). (46)
te];
Then from (45) and (46), we have
Xpe (Azﬁ) <2 max (sup)( (A, {x,} (t)))
i=0,1,...,p tefi (47)

+e=2supy (A, {x,} () +e
te]

For every bounded subset O ¢ F(T), we have

X3 (A,Q) = Xpc ((A,0) |PC([,X))

+ tes[lij]X ((A,2) 1) = xpe (A,2) lpcyx)) »
’ (48)

moreover, by applying Proposition 2, for any ¢ > 0 there exists
asequence {y,},°; € Q such that

Xg (82Q) < 2x5 (A, {y,}) +e

(49)
=2Xpe (A {ya}) |PC(],X)) e
Combining with (48) and (49), we have
X (AzQ) = Xpc ((Azﬂ) |PC(],X)) (50)
50
< 2Xpe (A2 {3a}) lpcg ) + &
Using the induction of (45)-(47) above, we can see
X (AzQ) = Xpe ((Azg) |PC(],X))
(51)

< 2supy (A, {y.} (1) |iey) + &
te]



Thus, from (51), (H2) and Proposition 3 and (3) in Lemma 1,
we can see

X (A,Q) < ZStU?X (A {yu} ) iey) + &
€

= 2sup [x ({ || =91 (5 707, () ds

te]

+ Z C(t-ti) L (7, (tk))} ) ] te

0<ty<t

< 2sup [2NJ 11(5)( sup x ({3, (s +0)})

te] 0 Oe[-r,0]
(7, 6) s o
(52)
where ¥, (t) .= v, ()¢
Noting that
sup x ({3, (s +0)}) < sup x({y,(©)})
0e[~r,0] e[-r,0]
+supy {7 O}
< sup x(Q(0)
Oe[-1,0] (53)
+ su})X (Q(s))
< sup x(Q(0))
0e[-r,0]
+ ch (Q) = X% (Q) >
x ({7 (9)}) <x (Q ()
(54)
< Xpe Q).
Thus, by (52), we see
xg (A,Q) < 2sup [2NJ n(5)< sup x ({y, (s +0)})
te] 0 Oe[-r,0]
x5, )|+
< 2sup (4N J-t n(s) ds) ‘Xz (Q) +e
te] 0
T
= SNJ n(s)ds- xg (Q) +e&
0
(55)

Since ¢ is arbitrary, we can obtain

T
Xz (A,Q) <8N L n(s)ds- xg (Q). (56)
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Combining with (H3), we have

Xg (AQ) < xg (A1Q) + xg (A,Q)
T (57)
<N [ n©ds x5 (@) < Mg (@),

hence A is a yg-contraction on (7). According to Theo-
rem 4, the operator A has at least one fixed point x in B,
This completes the proof. O

Next, we establish a condition that guarantee that a mild
solution satisfies (3).

Proposition 8. Assume that the hypotheses of Theorem 7 are
fulfilled and that ¢$(0) + g(x)(0) € D(A). If x(-) is a mild
solution of (1)-(4), then condition (3) holds.

Proof. Clearly, (1/t) Iot S(t—s)f(s,x,,x(s))ds — Oast — 0.
Moreover, noting that ¢(0)+g(x)(0) € D(A) and (11), we have
C()(¢(0) + g(x)(0)) is of class C!. Therefore, we can see that

lim X ® —x(0)

t—0* t

~lim 1 [€CO-DEO+g0©)+50F 69

+Jt8(t—s)f(s,xs,x(s))ds =,
0

which shows the assertion. O

4. Application

In this section, we consider an application of the theory
developed in Section 3 to the study of an impulsive partial
differential equation with unbounded delay.

Example 9. X = L*([0,7]), A : D(A) € X — X is the map
defined by A9 = 9" with domain D(A) = {9 € X : 9" ¢
X,9(0) = 9(m) = 0}.

We consider the following integrodifferential model:

7 B

ﬁv (t, E) = agz

+ 1 J: y(@—t)~cos(w)d9,

v(t,m)=v(t0) =0,

v(t,&) +sin v (t,8)]

v(6,8) = v, (6,8) + Jﬂc(fd) sin (1 +v(6,5))ds,
0
—r<f<o, 2v(0,§)=w(f),
-7 ot

2069 = [ p(6)dy o 0(0,8), 15ksp,
(59)
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wheret € [0,T], 7 >0,§ € [0,n],0<¢t; <t, <---< t,<T,
we Xandv,(6,8) =v(t +0,E).y: [-r,0] - Randc(,s),
P&, 2) € L2([0, 7] x [0, 7], R) satisty the following assump-
tions.

(1) The function y : [-#,0] — R s a continuous func-
tionand [ [y(6)ld6 < co.

(2) The function c(&,s), &, s € [0,7] is measur-
able and there ex1sts a constant N; such that

(nI '[ 2(&, s)dsdf < N;.

(3) For every k = 1,2,..., p, the function p(§,2),z €
[0, 7], is measurable and there exists a constant N
such that

1/2

O:Q:&@d&fﬁ) <N (60)

To treat the above problem, we define

D (A) = H ([0, 7]) n H, ([0, 7]),

(61)
Au=u

A is the infinitesimal generator of a strongly continuous
cosine function {C(t)},cg on X. Moreover, A has a discrete
spectrum, the eigenvalues are —n*,n € N, with the corre-
sponding normalized eigenvectors w,(x) = +/(2/m) sin(nx);
the set {w,;n € N} is an orthonormal basis of X and the
following properties hold.

(a) Ifw € D(A), then Aw = - Y% n*(w, w,)w,.

(b) Foreach w € X, C(t)w = Yoo, cos(nt){w, w,)w, and
SHw = fo:’l(sin(nt)/n)(w, w,)w,. Consequently,
ICOI = IIS@Il < 1fort € R, and {S(¢)} is compact
for everyt € R.

For & € [0,77] and ¢ € C([-r, 0], X), we set

x(0) @) =v(t8),

$©0)®) =, 0.6), 6e[-r0],
g@@»@=LC@QmU+W®®M&

f (69, x (1)) (§) = sin|x (£) (§)|
+ 1 J-O y(@)-cos(M)d@

L (60) @ = [ pe 6 ) dy -cos (x(0) ©).
(62)

Then the above equation (59) can be reformulated as the
abstract (1)-(4).

Fort € [0, T], we can see

0
If (tox®) < 1@+ [ |y@)do
- 63)

<u® A+ Ix@D.

where u(t) := max{1,£* [ |y(6)|d6}.
For any x,,x, € X, ¢, ¢ € C([-r,0], X),

If (t 9, x, (1) ©) = £ (t.5, x, (1)) (§)]

0
<xi () -2, O] +¢ J_ ly 0] ¢ 6) €) - ¢ (6) (£)] 6.
(64)

Therefore, for any bounded sets D, ¢ C([-+,0],X), D, ¢
X, we have

X(F (6D, D,)) = x(D) +¢ [ [y(©)]x (D) ©)do

< x(Dy) +t sup x (D, (9))J ly ()| do

-r<0<0

< n(t)< sup x (D, (6)) + X(Dz))>
—r<6<0
ae t€[0,T],
(65)

where 7(t) := max{L,t [ [y(6)|d6}.
For x € X,

| <Na+lxl), k=12...,p.  (66)

Suppose further that there exists a constant M* € (0, 1)

such that 8 IOT n(s)ds < M* and pN < 1, then (59) has at least
a mild solution by Theorem 7.
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