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Stochastic delay differential equations with jumps have a wide range of applications, particularly, in mathematical finance. Solution
of the underlying initial value problems is important for the understanding and control of many phenomena and systems in the
real world. In this paper, we construct a robust Taylor approximation scheme and then examine the convergence of the method in a
weak sense. A convergence theorem for the scheme is established and proved. Our analysis and numerical examples show that the
proposed scheme of high order is effective and efficient for Monte Carlo simulations for jump-diffusion stochastic delay differential

equations.

1. Introduction

Stochastic delay differential equation models play a very
important role in the study of many fields such as economics
and finance, chemistry, biology, microelectronics, and con-
trol theories. Models of this type can more accurately describe
many phenomena in the real world by taking into account
the effect of time delay and random noise. By time delay, it
means a certain period of time is required for the effect of an
action to be observed after the moment when the action takes
place. This phenomenon exists in most systems in almost any
area of science; for example, a patient shows symptoms of an
illness days or even weeks after he/she was infected. Similarly,
random noises appear in almost all real world phenomena
and systems, for example, the motion of molecules and the
price of assets in financial markets. Hence, study of SDDEs is
an important undertaking in order to understand real world
phenomena and systems precisely.

Over the last couple of decades, a lot of work has been
carried out to study differential equations with delay and/
or random noises, for example, [1-5]. The best-known and

well-studied theory and systems include the delay differential
equations (DDEs) presented by Kolmanvskii and Myshkis [6]
and their stochastic generalizations and the stochastic delay
differential equations (SDDEs) established by Mohammed
[7,8],Mao [9,10], and Mohammed and Scheutzow [11]. Other
SDDE:s theories of interest include, for instance, the so-called
SDDEs with Markovian switching and Poisson jumps. These
models have been investigated in the literature [12-14].

Analytical solutions of SDDEs can hardly be obtained. It
is thus important to develop and study discrete-time approx-
imation methods for solving SDDEs. Discrete-time approx-
imations may be divided into two categories: weak approxi-
mations and strong approximations [15]. Some implicit and
explicit numerical approximation methods for SDDEs in
strong approximation sense were derived by Kiichler and
Platen [16]. Weak numerical methods for SDDEs have been
studied by Kiichler and Platen. The Monte Carlo simulation
method has also been developed as a powerful simulation
method for SDEs, while weak numerical approximations are
required for Monte Carlo simulation [9, 17-20].



In this paper, we extend a fully weak approximation
method for SDDEs to the type of jump-diffusion SDDEs:

dX(t) =a(t,X(@),X(t-y))dt
+b (£, X (1), X(t-7y))dW,

@
; J c(6,X(£),v) p, (dv,dt)
subject to the initial condition
X (0)=x(0) for6el[-y0], (2)

where t € [0,T], y is the time delay which is assumed to be
constant at all time, W, = {(th, W), te0,T]}isan of -
adapted m-dimensional Wiener process, and p,, denotes the
Poisson random measure. Also here we denote by X(¢7) the
almost sure left-hand limit of X(¢). The coefficient a(t, x, x") :
[0,T] x R x R* - R¥and c(t,x,v) : [0,T] xR% x &g —
R are d-dimensional vectors of Borel measurable functions.
Further, b(t, x, x*) defined on [0,T] x R? x R% is a d x m-
matrix of Borel measurable function.

The main contributions of this work include construction
of a numerical approximation method for weak solutions of
SDDEs with jump-diffusion, and establishment of a theoreti-
cal result for the convergence of the scheme.

The remaining part of this paper is organised as fol-
lows. In the following section, we give the conditions for
the existence and uniqueness of the solution of the jump-
diffusion SDDEs (1) which is applicable to any cases where
solution exists, and present various lemmas to be used later
for the proof of the convergence theorem. We then introduce,
in Section 3, a general weak approximation scheme, where
the simplified stochastic Taylor approximation scheme with
order f3 is constructed; followed by a convergence theorem
and its proof. In Section 4, we give a numerical example
to demonstrate the application and the convergence of the
numerical scheme.

2. Preliminaries

In this section, we present some basic concepts and defini-
tions to be used in later sections, then establish the conditions
for the existence and uniqueness of solution to the Jump-
diffusion SDDEs (1), and then give some lemmas to be used
later for the proof of the convergence theorem. In this work,
we assume that the d-dimensional vector valued function for
the initial condition, xy = {x(s), s € [-y,0]}, is right contin-
uous and has left-hand limits.

From (1), we have the following integral form of the jump-
diffusion equation SDDE:

t

X (t) = X(0) + .[o a(r,X(1),X(r-y))dr

+Lb(T,X(T),X(T—Y))dWT (3)

pp(®)

+ Zc(ri,X(T;)>§i)’
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where (7;,¢;), fori € {1,2,3,..., p(P(t)}, are a sequence of pairs
of jump times and corresponding values generated by the
Poisson random measure p,,.

Definition 1. Given a filtered probability space (Q), o/, &/, P), a
stochastic process given by X = {X(¢t), t € [-y,T]} is known
as a solution of (1) subject to the initial condition (2) if X is
g/-adapted, the integrals in the equation are well defined, and
equalities (3) and (2) hold almost surely. Moreover, if any two
solution processes X = {X(i>(t), i € 1,2} are indistinguish-
able on [—y, T with the same initial segment y and the same
path on [0,T], and

P( sup ||X<” ) - x? (t)" > 0) =0, (4)
te[0,T]
where || - | is the Euclidean norm, then if (1) has a solution,

it is a unique solution for this initial value problem.

To guarantee the existence of a unique solution of the
jump-diftusion SDDE (1), we assume that the coeflicients of
(1) satisfy the following Lipschitz conditions:

la(tyz)) —a(t,y22,)| < C (Jyy - vl + |21 - 22))

Ib (ty,2)) - b(t’Y2’zz)| <G, (|Y1 _Y2| + lzl - z2|),

(5)
J.£ |C (t,y121,0) = (£, Y2 29 U)|2‘P (dv)

<G ((J’l - J’z)z +(z; - zz)z)

fort € [0,T] and x4,X,,y;,Y, € R, as well as the growth
conditions

la(t,y,z)] <D, (1+y| +z),

|b(t,y,z)| <D, (1+|Yl+|z|)’ (6)
J |c(t,y,2,0)|p (dv) < D, (1+y°+2%)

fory,z € [Rd, t e[0,T].

We denote by C = C([—y, 0], Rd) the Banach space of all
d-dimensional continuous functions 7 on [—y, 0] equipped
with the supremum norm |yl = supse[fy’o]lq(s)l. Further-

more, we suppose that the set L,(Q,C, o,) of R%-valued
continuous process 1§ = {#(s), s € [-y, 0]} is &/,-measurable
with

E(lE) - E( qup ]ws)f) oo

se[-y,0

Following the work in [7, 10], the following theorem can
be established for the existence and uniqueness of a solution
to the problem defined by (1) and (2).

Theorem 2. Suppose that the Lipschitz conditions and the
growth conditions are satisfied, and the initial condition y is
in L,(Q,C, o). Then (1) subject to the initial condition (2)
admits a unique solution.
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Now we present some lemmas to be used later for the
proof of the convergence theorem. Consider a right contin-
uous process YA = {Y2(@t), t € [-y, T1}. Y21 is called a dis-
crete-time numerical approximation with maximum step size
Ay, if it is obtained by using a time discretization ¢, , and

the random variable YtA Vs F ‘ -measurable for n € {1,...,
N}. Further, YtA ! can be expressed as a function of Yti’ ,

YtA o YA’ and the discrete-time ,,.

Because of dealing with the approximation of solutions of
jump-diffusion SDDEs, we introduce a concept of weak order
convergence due to Kloeden and Platen [15].

Definition 3. A discrete-time approximation Y& converges
weakly towards X at time T with order 8 > 0 if for each g €
%, there is a constant C, independent of A, such that

[E(g(x () - E(g(v* (D)) <ca)’,  ®)
where €, denotes the set of all polynomials g : RY - R.

We now give some auxiliary results to prepare for the
proof of the weak convergence theorem to be presented.

Lemma4. Forn € {-+1,...,0,1,...,N} and z € R%, we

have
E(u (n,XZfl’z) —u(n-1,z2)
., 9)
+J J L;lu (T, X:'_l’z) ¢ (dv)dr | (anﬂ) =0
n-1Je

for (r,2) € [-y,t] x R? and u(z,z) = E(g(X5*),).

The proof of the lemma for the case with no delay was
established by Platen and Bruti-Liberati [21], and a similar
procedure can be used for the proof of this lemma.

Lemma5. Given p € {1,2,3,..
M satisfying

£(

forqefl,...

.}, there is a bounded constant

X o @, ) < M(Le ) (8)T (0)

,ptandne{-1+1,...,0,1,...,N}.

The proof of (10) can be obtained by following that
of a lemma for SDEs with jumps but with no delay in
[15]. The following results are similar to what was given in
Mikulevicius and Platen [22].

Lemma 6. Given p € {1,2,3,..
satisfying

.}, there is a finite constant M

E< sup |((t)|2q) < M (1+]Y,|) (1)

—y<t<T

foreveryq e {l,...,p}

3
Lemma 7. Given p € {1,2,...}, thereisr € {1,2,3,...} and a
bounded constant M satisfying
A\ |24 20 on \[
E(|F, (¢ - Y2)| +’Fp(x2 S -YS )‘ | o,
<M (102 ]7) (a )"
(12)

foreachq e {1,...,p}, k € {1,
d}k, and z € [-r,T], where F,(y)
oy e R and p =

"2(ﬁ+ 1)}’P € Pk = {1)2)-")
= [Thyy™ forally = (5,
(p1> - Pi) € P

The proof of estimate (12) can be established by following
It6’s formula for SDEs with jumps but with no delay as in [15].

Lemma 8. For p € P, there exist r € {1,2,..
constant M satisfying

‘E(FP (tw)-Yy)- FP<X" L, Loy ) |3t>

.} and a finite

(13)
< M(l + |Yﬁ_'1|r) (A,
foreachk e {1,...,28+1},ne {-1+1,...,0,1,...,N}, and
telt, 1t,).

3. The Jump-Adapted Weak Taylor
Approximation Scheme

In Monte Carlo simulations for functionals of jump-diffusion
SDDEs, one uses numerical approximations evaluated only at
discretization time. Here, we first give a jump adapted weak
approximation Taylor scheme of order 3, and then study the
basic properties of the discrete Taylor approximation in a
weak order sense.

First we define the jump-adapted time discretization. Let
T > r > 0. The jump adapted time discretization used
throughout this paper is

() =1{ti:i=

with the maximum step size A; € (0, 1). We choose the time
discretization in such a way that all jump times are at the
nodes of the time discretization. If the discretization node ¢;
isnotajump time, thent; is o/, -measurable. Otherwise, ¢, is
4, _-measurable. Also, throughout the paper, we denote the
set of all multiindices « by

My = {15 1) 1 ji €10, 1,2,
for l € /} U {v},

-1,-1+1,...,0,1,2,...,N} (14)

omb,ie{1,2,...,0)

(15)

where the element & = (j;, j,» . . -, j;) is called a multiindex of
length I = I(«) € / and v has zero length. In the following,
by a component j € {0,1,2,...,m} of a multi-index we refer
to the integration with respect to the jth Wiener process in a
multiple stochastic integral. A component with j = 0 cor-
responds to integration with respect to time t.



Now define the following operators for the coefficient
functions:

Lozg+iai(txx)i+iai(t—lx x )i
ot & T Vox T & TP B

1 d m ) 2
+ EZ Zb” (t, X, Xl) b]’] (t, X, Xl) W
i,y=1 j=1
d m 2
1 . . 0
+ - bl] (t—l,xl,le)byj (t—l,xl,le) — >
2;‘,;;2::1]; Oxiox]

PR 0 Ea 0
L =Yb"(t,x,x) — b (t -1, x,, —.
i; (t,x,x;) EY +1; ( Xps Xy1) ox]

(16)

A subset &/ € . is the hierarchical set, and its corre-
sponding remainder set A(.) is defined by A(A#) = {« €
M\ :—o € of}.Foreach f € 1,2,3,..., wecan then define

the hierarchical set Iy = {a € #,, : I(«) < B}. The weak
Taylor method of order f is then constructed as follows:

Y(n+1)_ = Yn + Z foc (1’1, Yn’ Yn—l) Ia’

€l
ﬁ 1)
Yo =Yg + J c(n, Y(n+1)—,v) Py (dv, (n+1)),
where
ftx) if () =0
falbxu) = {1 fo (6, xu) if1(@) > 1, (18)
jl € 0,1,...,?}’1.

The multiple stochastic integral is then defined recur-
sively as follows:

t ifl=0
t
I,_,dz ifl>1, ;=0
sz, Z 19)

t .
Jla,,zdwgl ifl>1, jjel,...,m,
0

ot =

where a— is obtained from « by deleting its last component,
while —« is obtained from « by deleting its first component.

Now, we give the weak convergence theorem of the Taylor
approximation with order f3.

Theorem 9. Given 3 € {1,2,...}, let Y = (Y™, ne[-l,...,
0,1,...,N]} be the results obtained from the Taylor scheme
(17) corresponding to (t), with maximum step size A; € (0, 1).
Suppose that E(IXgli) < oo for& e (—y,0), i € {1,2,...}, and
Y? converges to X; weakly with order B € {1,2,...}. Assume
that the coefficients, ak, bk, ck, are in the space ‘glzj(ﬁ +1)([R{d, R),
forj € {1,2,....,m}and k € {1,2,...,d}, and the coefficient
functions f,, with f(t,y) = vy, satisfy the growth condition
[ f, (6,7 < M(1 + |yl), with M < oo, forallt < T, y € R,
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and o € Tg. Then for any g € %;(ﬁﬂ)(ﬂ%d, R) there is a positive

constant C, which does not depend on A, such that
[E(gx @) -E(g (Y (D))|<ca)’.  (0)

Proof. For € {1,2,3,...}and g € %;(ﬁﬂ)(Rd, R), consider
the Itd process below:

t t
X7 =y+ J a(X2”)du + J b(X2”)dW,,
z z

t @
+ L L (X5, v) p, (dv,du).
Then we can get u(0, X)) = E(g(X(%’X")) = E(g(Xp)).
Define also the process { = {(t), t € (-y,T), by
C) =)+ ) Lo (fu (1808,00))
rxel"ﬂ (22)

t
+ J J c(n,((nﬂ)—,v) Py (dv, (n+1))

forn e {-1,-1+1,...,0,1,...,N-1}, t € (t,,t,,,1],((0) = Y,,
and {(t,) = Y, forne{-l,...,0,1,2,...,N}.

By the definition of the functional u and the terminal
condition of the stochastic process X, we have

H= |E(g(Yy'))-E(9 (X))

= [E(u(T,Y7') - u(0,X,))|-

Since Y, converges towards X, weakly with order f3, one
has

H<

E(g W Y,) - u(nY, )+ u(ny,)

(24)
+K(A)F

—u(n-1Y,,)) )
By Lemma 4, we can write

E<§

n=-I+1

H <

J ey, -y, )

tu(nY, )-u(n-1Y,,)]

—[u(n XZfl’Y"*‘) -u(n-1Y,_,)

" -1 n-1Y,_;
+ L_l L L, u (z, X, )
x@ (dv) dz] } )

+K(A)P

(25)
From the properties of stochastic integrals, we obtain

E( > [u(nY,) —u(n>Yn-)])

n=-1

(26)
- E (JT J L' (2. (2) ¢ (dv) dz> .
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Therefore, we have
H<H, +H,+K(A,)F, (27)

where

H, =

E< S {lulnY,) - uln Y, )]

n=-Il+1
_ [u(n X",IY ) u(n,Yn_l)]} )‘,
(28)
o= o(]| [ (et -tuen)

-[Lyu(aX2) - Ll u (2 Y,)]} 29)

x @ (dv) dz) .

In the following, we proceed to estimate H, and H, in
Steps 1and 2, respectively, and then complete the proofin Step
3.

Step 1. Let us assume that u is so smooth that the determin-
istic Taylor expansion may be applied. Hence, by expanding
duin H,, we get

-H(L ([ Eagerer

Pepy

X FP (Yn’ - Yn—l)

+R, (Y,)

2B+1 1 »
_ [ Z a Z (ayu(n,Yn_l))

k=1 "**Pep,

n-1,Y,

x Fp (XI"V -y, )

)

+R, (X2

" >

(30)
where the remainder term is
R (Z) = v
2 (B 1)
X Z a;’u (n, Y, +0,,(Z- Y,H)) (31)
PEPy11)

XFp(Z_Yn—1)>

where Bp,n(Z) is a d x d diagonal matrix with Gszﬁ(l) € (0,1)

fork € {1,2,3,...,d}and Z =Y, and X" Y-t respectively.
Therefore, according to the properties of expectation and
absolute value, we get

N 2ﬁ+1
HISE< {z 3 (@ Y,)]

n=-I+1 pEPk

X (Fp (Yn’ - Ynfl)

(X Y,)

p
R, (X })

2ﬁ+1
RPN CHI)
n=—I+1

PePk

X |Rn (Yn‘)l

X 'E (Fp (Y = Y1)
_ Fp (Xn,_l’ynil _Yn—l) |:Q{7n_1)l

n

E (|Rn (Yn’)| | gn—l)

)17 )

(32)

+E(

By (31), the Holder inequality, and Lemma 7, we get

E(R, (Y, )| ,.,)

<M Z [E (|a§u (}’l, Yn—l + ep,n (Yn’)

PEPy )
—_ 1/2
X (Yn' _Yn—l))|2 | dn—l)]

x [E(|Fp (Y, _Yn—1)|2 | Eml)]l/z
— 1/2

<M[E(1+ Y, " + Y, - Y, [" 1 &,)]

<[E(Y, -7, )"

M(1+ Y, ") (a )P,
(33)



Similarly, by Lemma 5 and the Cauchy-Schwarz inequal-
ity, we have

'R XY '|:Q7n—1)

SMZ[ ([P (.Y, +6,, (X-")

PEPyp1)
< (X, ) 17,0

x [E (|FP (X

7,)]"

| n_lY —Yn,1|2y|?.!?n71):|1/2

[ <|Xn LY, Yn_1'4(ﬁ+1) |§l7n_1)]1/2

<M(1+]Y,. ) (AP

—Y,H)|2 | o

< M[E(1+]Y,,["

(34)

Now, from the Cauchy-Schwarz inequality, Lemmas 8 and
6, and inequalities (33) and (34), we obtain

H, sE(K i (1+ |Yn_1|2y)(Az)ﬁ)

n=—I+1

<M(A1)ﬂ <1 +E< max |Y, l2V>> (35)

—I<n<N

<M(8)F (1+]Y,]7) < K(a)F.

Step 2. Now we estimate the term H, in inequality (27). By
the jump coefficient ¢ and the smooth function u, applying
the Taylor expansion yields

([ L[S 3 erruen)

peP;

H, =

x Fy ({(z)_Ytz)

+R, ({(2)) ]
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2ﬁ+1

<[ [ 2L 52 @)

x |E (Fp (( (Z) - Yz)

-5 (ijz B YZ) I EZ)

E(|R,

R, (X27)

@) d,)

+E(

~z) ) @ (dv) dz.

(36)
Similarly, we can estimate the reminders as follows:
E (an (c (Z))I | EZ) = M (1 + |Yt2|2r) (Z - tz)ﬁ+13
B, (™) 17 <4 (11, ) (-

Then, by applying the Hélder inequality, Lemmas 8 and
6, inequalities (37) to estimate the inequality above, we get

H, st J E(1+ |Ytz|2’) (A)P o (dv) dz

T
<M(a,) L E<1+ max 'Ytn'2r>(z—tz)dz (38)

0<n<n

<M(A,).

Step 3. Finally, by inequalities (27) and (35) as well as (38), we
have

[E(gx () -E(g(Y* (D)) < M(a)f. (39

O

4. A Numerical Example

Here we give an illustrative example to demonstrate the appli-
cation and the convergence of the proposed numerical
scheme. We consider the following linear SDDE with Poisson
jumps:

dX, = [(u-2M) X, +aX,_| dt
+ [0X, + BX,_,] AW, + vX,dN, (40)

X()=t+1, te[-1,0],

where p, 0, and » are, respectively, the drift coefficient, the
diffusion coefficient and the jump coefficient; A is the jump
intensity; and o and 3 are the delay coefficients.
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TaBLE 1: Convergence results for the linear SDDE with jumps.
Stepsize 1/h 28 210 21 oM 216 218 220
Weak errorl 0.00352 0.00201 0.00156 0.00114 0.00082 0.00060 0.00031
Weak error2 0.00229 0.00142 0.00061 0.00020 0.00009 0.00004 0.00002
By the method for solving linear stochastic differential 45

equations in [23], the analytical solution for t € [0,1] is
derived as follows:

X(@)=d@®) (1 + Lt ®(s)™" (a - op) sds
(41)

t
+ J CD(s)_lﬁdes> ,
0

where

2

O (t) = (v+ )N exp{(y—v)t— %)tﬂth}. (42)

According to the weak Taylor approximation scheme
(17)-(19) proposed in Section 3, we now expand it with weak
order 1 (well known as Euler scheme):

Y1y =Y, + ((u—v4)Y, + ahn) h + (oY, + hn) AW,,

Y,

n

+1 = Y(n+1)7 + VYnANn'
(43)

Here we have used the jump adapted time discretization, and
h is the maximum step size.

For higher accuracy and efficiency, one needs to construct
higher order numerical schemes. We now give a Taylor
scheme of weak order two below:

Yoy =Y, +((u—-vA)Y, + ahn) h
+ (oY, + Bhn) AW,
+ ((u—7A) (oY, + Bhn)

+o (=) Y, +ahm)) Paw,
2 (44)

+(u=21) ((u—vA) Y, + ahn) h;

2
AW )" —h
+0 (oY, + Bhn) %,

Y,

n+l = Y(n+1)7 + 1}YnAI\]n'
Next, we study the convergence of the two numerical

schemes presented above by using the weak errors measured
by

e(h) = |E(X(T)) - E(Y (]))| (45)

and compare the results obtained from these two schemes to
the explicit exact solution. We estimate the weak errors e(h)
by running a very large number of simulations. The exact

—— Explicit solution path
~~~~~~ Euler approximation
--- Second order approximation

FIGURE I: Sample paths of linear SDDE with jumps.

number depends on the implemented scheme. We use the
following parameters: « = 0.01, § = 0.01, 4 = 0.001, ¢ = 0.6,
v = 0.002,and A = 0.001.

In Figurel, we give the sample paths under the two
approximation schemes and the numerical explicit solution
of (40). We can see from the figure that the weak Taylor
scheme path is closer to the analytical solution line than the
Euler scheme.

Now we present the numerical errors generated by the
two numerical schemes presented above. From Table 1, we
notice that, for all the step sizes used in the numerical exper-
iments, the weak Taylor method is more accurate. Moreover,
the errors of the weak order two Taylor method decrease
faster than the Euler scheme.

5. Conclusions

In this work, we have extended previous research on weak
convergence to a more general class of stochastic differential
equations involving both jumps and time delay. We proved
that under the Poisson random measure and a fixed time
delay, a simplified Taylor method gives weak convergence rate
arbitrarily close to order f. There is much scope for further
work in the context of weak solution of jump-diffusion
SDDEs. For example, it is clearly of great importance to
extend the weak convergence theory to the case where coef-
ficients in the equations are not globally Lipschitz, and to
develop and analyze new methods that maintain good prop-
erties of convergence and stability.
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