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Via the Fountain theorem, we obtain the existence of infinitely many solutions of the following superlinear elliptic boundary value
problem: —Au = f(x,u)in Q, u = 0 on 0Q), where Q C RN (N > 2) is a bounded domain with smooth boundary and f is odd in
u and continuous. There is no assumption near zero on the behavior of the nonlinearity f, and f does not satisfy the Ambrosetti-

Rabinowitz type technical condition near infinity.

1. Introduction

Consider the following nonlinear problem:

-Au= f(x,u) inQ,

)

u=0 on 0Q,

which has been receiving much attention during the last sev-
eral decades. Here Q ¢ RY (N > 2) is a bounded smooth
domain and f is a continuous function on Q x R and odd in
u. We make the following assumptions on f:

(S,) there exist constants a; > 0 and 2N/(N —2) = 2" >
v > 2 such that

|f(x,u)|Sa1(l+|u|v_1), VxeQ, ueR (2

(S,) F(x,u) 20, forall (x,u) € Q xR, and

. F(x,u)
lim

Wl >0 u?

=00, uniformly for x € Q, (3)

where F(x,u) = _[; f(x, u)dx;

(S;) there exists a constant b > 0 such that

f (x,u)u—2F(x,u) <
u?+1

b, uniformly for x € Q.

(4)

lim sup
[ul = 00

Note that Costa and Magalhdes in [1] introduced a
condition similar to (S;), which also appeared in [2].

In this paper, we will study the existence of infinitely many
nontrivial solutions of (1) via a variant of Fountain theorems
established by Zou in [3]. Fountain theorems and their dual
form were established by Bartsch in [4] and by Bartsch and
Willem in [5], respectively. They are effective tools for stud-
ying the existence of infinitely many large or small energy
solutions. It should be noted that the P.S. condition and its
variants play an important role for these theorems and their
applications.

We state our main result as follows.

Theorem 1. Assume that (S,)-(S;) hold and f(x,u) is odd in
u. Then problem (1) possesses infinitely many solutions.

Problem (1) was studied widely under various conditions
on f(x,u); see, for example, [6-10]. In 2007, Rabinowitz et al.
[6] studied the problem

—-Au=Au+ f(x,u) inQ, u=0 on 0Q, (5)

where Q ¢ RY is a bounded smooth domain, and assumed
(f,) f € C'(QxR,R),
(f2) f(x,0) =0= f,(x,0),
(f) If(ew)| < C+ [ulf™), 2< p<2%,
(fy) Iu>2, M>0,s.t.

xe€Q, |ul=M=0<uF(,u)<uf(xu), (6)



(fs) F(x,u) > 0, for all x and u, and uf(x,u) > 0 for |u| >
0 small.

They got the existence of at least three nontrivial solu-
tions. (f,) was given by Ambrosetti and Rabinowitz [11] to
ensure that some compactness and the Mountain Pass setting
hold.

However, there are many functions which are superlinear
but do not necessarily need to satisfy ( f,). For example,

2
F(xu) = %uzln(l+u)—%(%—u+ln(l+u)). )

It is easy to check that (f,) does not hold. On the other
hand, in order to verify (f,), it is usually an annoying task
to compute the primitive function of f and sometimes it is
almost impossible, for example,

f(xu)=|ulu (1 + e o ul“) , UER, a>0.

(8)
More examples are presented in Remark 2.
We recall that (f,) implies a weaker condition

F(x,u) > c|u|9—d, c,d>0,ae.x€Q, ueR, 6>2.

)

In [12], Willem and Zou gave one weaker condition

c|u|9 <uf (x,u) for|ul| =Ry ae. xeQ, 6>2. (10)

Note that (S,) is much weaker than the above conditions.
In [13], Schechter and Zou proved that under the hypoth-
eses that

(S;) holds and

. F(x,u) (1
+00 or lim —— = +00,

F(x,u
either lim g =
u u—o0o y

— —00 u
problem (1) has a nontrivial weak solution.

Recently, Miyagaki and Souto in [2] proved that problem
(1) has a nontrivial solution via the Mountain Pass theorem
under the following conditions:

(S;) and (S,) hold, and

X, U
lim M =0, 3Ju,>0,
ul—-0 u
(12)
x’ u . . . .
s.t. L 1s Increasing in u > u,
u

and decreasing in u < —u;, Vx € Q,

and they adapted some monotonicity arguments used by
Schechter and Zou [13]. This approach is interesting, but
many powerful variational tools such as the Fountain theo-
rem and Morse theory are not directly applicable. In addition,
the monotonicity assumption on F(x, u)/u® is weaker than
the monotonicity assumption on f(x, u)/u.

As to the case in the current paper, we make some
concluding remarks as follows.
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Remark 2. To show that our assumptions (S,) and (S;) are
weaker than (f,), we give two examples:

(1) f(x,u) =2ulnu+u,
(2) f(x,u) = yluly_2u+(y— Dl 2usin®u+|ul’ " sin 24,
MER\{O}) Y>2,
which do not satisfy (f;). Example (2) can be found in [3].
So the case considered here cannot be covered by the cases
mentioned in [6, 11].

Remark 3. Compared with papers [11, 12], we do not assume
any superlinear conditions near zero. Compared with paper
[2], we do not impose any kind of monotonic conditions. In
addition, although we do not assume ( f,) holds, we are able
to check the boundedness of P.S. (or P.S.*) sequences. So, our
result is different from those in the literature.

Our argument is variational and close to that in [2, 3,
13, 14]. The paper is arranged as follows. In Section 2 we
formulate the variational setting and recall some critical point
theorems required. We then in Section 3 complete the proof
of Theorem 1.

2. Variational Setting

In this section, we will first recall some related preliminar-
ies and establish the variational setting for our problem.
Throughout this paper, we work on the space E = H,(Q)
equipped with the norm

lull = (JQ IVulzdx>1/2. (13)

Lemma 4. E embeds continuously into L, for all 0 < p < 27,
and compactly into LP, for all 1 < p < 2*; hence there exists
7, > 0 such that

lul, <7, llull, Vu €L, (14)

where lul, = ([, lulPdx)".

Define the Euler-Lagrange functional associated to prob-
lem (1), given by

Tw)= Sl - ¥ @w), wek, 15)

where ¥ (u) = jQ F(x,u)dx. Note that (S;) implies that

F(x,u) <a (Jul +u"), V(x,u)e QxR  (16)

In view of (16) and Sobolev embedding theorem, I u and

YV are well defined. Furthermore, we have the following.

Lemma 5 (see [15] or [16]). Suppose that (S,) is satisfied. Then
¥ e C{(E,R)andV¥' : E — E*is compact and hence I €
CY(E, R). Moreover

¥ (w)v= J- f(x,u) vdx,
¢ 17)
I' wv= J VuVvdx — ¥ (u)v,
Q

forallu,v € E, and critical points of I on E are solutions of (1).
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Lemma 6 (see [17]). Assume that |Q)] < oo, 1 < p,r <
oo, f € C(QxR), and [f(x,u)] < c(l+|u|P/r). Then for every
u € LP(Q), f(x,u) € L'(Q), and the operator A : LP(Q) —
L'(Q) : u f(x,u) is continuous.

Let E be a Banach space equipped with the norm | - ||
and E = Py X, where dimX; < oo for any j € N. Set
Y = EBI;:lX jand Z; = D75, X ;. Consider the following c!
functional @, : E — R defined by

Dy (u):=Aw)-AB(u), Aell,2]. (18)

The following variant of the Fountain theorems was estab-
lished in [3].

Theorem 7 (see [3, Theorem 2.1]). Assume that the functional
®, defined above satisfies the following:

(F,) ©, maps bounded sets to bounded sets uniformly for
A € [1,2]; furthermore, ®)(-u) = @,(u) for all
(A u) € [1,2] X E;
(F,) B(u) = O for all u € E; moreover, A(u) — 00 or
B(u) — ooas|lull — oo;
(F3) there exists r;, > p > 0 such that
o (M) = inf D, (w)> B (1)

ueZy, llull=p 19)
19

= max @, (u), VAel[l,2].

ueYy, lull=ry

Then
o (1) £ (1) := infmax &, (yw), VAe[L2], (20

where B, = {u € Y, : |lull < nyand T}, = {y €
C(By,E) | y is odd, ylap, = id}. Moreover, for a.e.

A € [1,2], there exists a sequence {ufn(/\)}:zl such that

sup "ufn (/\)" < 00, CD/’\ (ufn ()t)) — 0,
" (21)
D, (ufn (/\)) — . (A)  as m — oo.

In order to apply the above theorem to prove our main
results, we define the functionals A, B, and I) on our working
space E by

A = Sl B<u>=jQF<x,u>dx, (22)

Li(u)=AWw)-ABu) = %llu”2 -A L F(x,u)dx, (23)

forallu € Eand A € [1,2]. Note that I, = I, where I is the
functional defined in (15).

From Lemma 5, we know that I, ¢ CY(E, R), for all
A € [1,2]. It is known that —A is a selfadjoint operator with a
sequence of eigenvalues (counted with multiplicity)

0<A <Ay<Ay<--<A<—o0,  (24)

and the corresponding system of eigenfunctions fe; : j €

N}(—Aej = /\jej) forming an orthogonal basis in E. Let

X; = spanfej}, forall j € N.

3. Proof of Theorem 1

Lemma 8. Assume that (S;)-(S,) hold. Then there exists a
positive integer k, and two sequences r, > p. — 00 as
k — oo such that

A):= inf I >0, Vk=>k,
o (A) wer M 2 (1) 1 (25)
B (A):= max I, (u)<0, VkeN, (26)

u€Yy,lull=ry

where Y, = EBl;:lXj = spanfey,..., e} and Z;, = @2 X; =
span{ey, ...}, forallk € N.
Proof
Step 1. We first prove (25).
By (16) and (23), for all A € [1,2] and u € E, we have

1 v
L0 Sl =2 [y (Jul+ i) dx

(27)
- %||u||2 =2a, (|ul, + |ul}),
where g, is the constant in (16). Let
o, (k) = uezsklj£||:1|u|v, Vk € N. (28)
Then
0,(k) — 0 ask— oo, (29)

since E is compactly embedded into L”. Combining (14), (27),
and (28), we have

1
L > ~lull® - 24,7, |ull - 2a,0) (k) |ul,

2 30)
V(\u) € [1,2] x Z,.

By (29), there exists a positive integer k; > 0 such that
o = (164,07 ()% > 16ay7,, Vk=k, (3D
since v > 2. Evidently,
P — 00 as k — oo. (32)

Combining (30) and (31), direct computation shows

2

P

INOE Zk >0, Vkx=k. (33)

o = inf
ueZy,llull=py
Step 2. We then verify (26).

We claim that for any finite-dimensional subspace F C E,

there exists a constant € > 0 such that
m({xeQ:lux)|=elul})>e, VYueF\{0}. (34)

Here and in the sequel, m(-) always denotes the Lebesgue
measure in R.



If not, for any n € N, there exists u,, € F \ {0} such that

1 1
m({xeQifu =~ fuf})< . 69
Letv, = u,/llu,ll € F,foralln € N. Then |v,| = 1, for all
n € N, and
1 1
m({er:|vn(x)|2—}><—, Vn € N. (36)
n n

Passing to a subsequence if necessary, we may assume v, —
v, in E, for some v, € F, since F is of finite dimension.
Evidently, [lv,|l = 1. In view of Lemma 4 and the equivalence
of any two norms on F, we have

J [V, = vo|dx — 0 as n — oo, (37)
Q

and |vy|o, > 0.
By the definition of norm | - |, there exists a constant
&y > 0 such that

m({x € Q:|vy (x)| = 8,}) = 6,. (38)
Foranyn € N, let
A, = {er:|vn(x)| < l},
n

(39)
ACn=Q\An={er:|vn(x)|2l}.
n

Set Ay = {x € Q: |vy(x)| = &y}. Then for n large enough, by
(36) and (38), we have

m(A,NAy)=m(Ag\AS)

5L (40)
Ag)-m(AS) >8,-— > —.
2 m(Ag)-m(A5) 28, 1 2 O
Consequently, for n large enough, there holds
J an‘Vo|dXZJ v, = vo| dx
Q AuNA,
zj (Jvo| = [va]) dx
AuNA,
(41)

2 (50— %)m(AnﬂAo)

2
> 250
4

This is in contradiction to (37). Therefore (34) holds.
Consequently, for any k € N, there exists a constant ¢, >
0 such that

m(A%) 2 e, Vuev\ {0}, (42)

where AI; = {x € Q : |u(x)| = elul}, forallk € N, and

u € Y, \ {0}. By (S,), for any k € N, there exists a constant
Si > 0 such that

2

F(x,u) > @,

€k

Viul > S, (43)
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Combining (23), (42), (43), and (S,), forany k € N and A €
[1,2], we have

1 |ul®
I () < —||u||2—j LN
2 A€
1
2

IN

1 k
ol = —ellul’m (%)
k (44)

1 2 2
< —ull” = (lu
2|| ™ = flull
L2
=—=|u
2|| II
with [lul > S;/e. Now for any k € N, if we choose
S
7 > max {pk, —k]» , (45)
€k

then (44) implies

2

B(M):= max I (w)<-%*<0, VkeN, (46)
ueYy,|lull=r, 2
ending the proof. O

Proof of Theorem 1. Tt follows from (16), (23), and Lemma 5
that I) maps bounded sets to bounded sets uniformly for
A € [1,2]. In view of the evenness of F(x, u) in u, it holds that
I,(-u) = I, (u) for all (A,u) € [1,2] x E. Thus the condition
(F,) of Theorem 7 holds. Besides, A(u) = a/2)ul*> - oo
as |lul — oo and B(u) > 0 since F(x,u) = 0. Thus
the condition (F,) of Theorem 7 holds. And Lemma 8 shows
that the condition (F;) holds for all k > k,. Therefore, by
Theorem 7, for any k > k; and a.e. A € [1,2], there exists

a sequence {ufn()x)}:j:l C E such that

sup “ufn (A)“ < 00, I/'\ (ufn (/\)) — 0,
" (47)
I (uy, V) — G )

asm — 00, where

(k (A) = }}?l{ I,?:g: I)L (h(w), VAell,2], (48)

with B, = {u € Yy : |lull < rn}and I} := {h € C(B,E) |
h is odd, hlyp, = id}.
Furthermore, it follows from the proof of Lemma 8 that

G € [@.0], Y2k, (49)

where (. := max,p I, (1) and o := pi/4 — coask — oo
by (32).

Claim 1. {ufn(/\)}f::l C E possesses a strong convergent
subsequence in E, for VA € [1,2] and k > k;.

In fact, by the boundedness of the {ufn()t)}jzl, passing to
a subsequence, as m — 00, we may assume
ub ) = (V) inE (50)
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By the Sobolev embedding theorem,
b V) — k) in L. (51)
Lemma 6 implies that
f(ou, W) — f (o) LM (52)
Observe that

Ju, ) -t O

= (13 (s, W) = 1 (V) i, V) = u* ()

(53)
[ (F (o, )= f (s )
x (uly, A) = u* (V) dx.
By (47), it is clear that
I (uE )) -1 (F ), et ) -uF 1)) — 0
(1 (y, V) = I (e (V)) s uy, (V) =5 () "

as m — OQ.

It follows from the Hélder inequality, (51), and (52) that
[ (7 oy ) 7 o ) (o, 00 = )]

< |f (x, uf W) - f(x ut (A))'v/(v—l)

X |ug, (1) = V)], — 0
(55)

asm — oo. Thus by (53), (54), and (55), we have proved that
"ulfn ) - u* (/\)" — 0 asm— 0o, (56)

that is, u,kn()t) — (1) in E.
Thus, for each k > k;, we can choose A, — 1

such that the sequence {ufn()‘n)}:=1 obtained a convergent

subsequence; passing again to a subsequence, we may assume
lim wy (A,) =u; inE VneN, kxk. (57)
This together with (47) and (49) yields

I/,\n (uﬁ) = 0, I/\n (uﬁ) € [&k’Zk] 5 Vn € N, k > kl( )
58

Claim 2. {uf}," is bounded in E for all k > k,.

For notational simplicity, we will set u,, = uﬁ foralln e
N throughout this paragraph. If {1, } is unbounded in E, we
define v, = u,/|lu,l. Since ||v,|| = 1, without loss of generality
we suppose that there is v € E such that

v, — v inE,

in L (Q), (59)

vV, —V

v, (x) — v(x) ae. in Q.

LetQ, ={x € Q:v(x)#0}.Ifx € O, from (S,) it follows
that

F(xu, ()

o) n(x)z = 00. (60)

n—o00
On the other hand, after a simple calculation, we have

i J F(x,u, (x))
n—00 Q

1y (%)

1

v, (x)* = > (61)

We conclude that Q, has zero measure and v =0 a.e. in Q.
Moreover, from (49) and (58)

1/2) f (x, - F(x, RS
J (1/2) f (x un)zun (x u”)vidx= I )2 > 0. (62)
Q u, )Ln |un||
BY (53)’
1/2 , - F(x,
S
n— o0 ui’l
(63)
b(ui + 1)
<limsup————v;, =0
n— 00 2”

n

which contradicts (62). Hence {u,,} is bounded.

Claim 3. {uﬁ} possesses a convergent subsequence with the
limit 4* € E for all k > k.

In fact, by Claim 2, without loss of generality, we have
assume

uﬁ —u* asn— oo. (64)

By virtue of the Riesz Representation theorem, I; : E + E*
and¥' : E — E* canbeviewedas I, : E~ Eand V' : E —
E, respectively, where E” is the dual space of E. Note that

0= I/’ln (u}nc) = uﬁ - /\n\I" (uﬁ) , (65)
that is

u: = An‘{" (uﬁ) . (66)
By Lemma5, ¥' : E ~ E is also compact. Due to the
compactness of ¥' and (64), the right-hand side of (66)
converges strongly in E and hence uﬁ — u*inE.

Now for each k > k;, by (58), the limit u* is just a critical
point of I, = I with I(u*) € [&,{,]. Since @, — 00 as
k — o0 in (49), we get infinitely many nontrivial critical
points of I. Therefore (1) possesses infinitely many nontrivial
solutions by Lemma 5. O
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