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This paper studies the resilient L,-L , filtering problem for a class of uncertain Markovian jumping systems within the finite-time
interval. The objective is to design such a resilient filter that the finite-time L,-L, gain from the unknown input to an estimation
error is minimized or guaranteed to be less than or equal to a prescribed value. Based on the selected Lyapunov-Krasovskii
functional, sufficient conditions are obtained for the existence of the desired resilient L,-L, filter which also guarantees the
stochastic finite-time boundedness of the filtering error dynamic systems. In terms of linear matrix inequalities (LMIs) techniques,
the sufficient condition on the existence of finite-time resilient L,-L . filter is presented and proved. The filter matrices can be solved
directly by using the existing LMIs optimization techniques. A numerical example is given at last to illustrate the effectiveness of

the proposed approach.

1. Introduction

More recently, the finite-time stability and control problems
have received great attention in the literature; see [1-6].
Compared with the Lyapunov stable dynamical systems, a
finite-time stable dynamical system does not require the
steady-state behavior of control dynamics over an infinite-
time interval and the asymptotic pattern of system trajec-
tories. The main attention may be related to the transient
characteristics of the dynamical systems over a fixed finite-
time interval, for instance, keeping the acceptable values in
a prescribed bound in the presence of saturations. However,
more details are related to the stability and control problems
of various dynamic systems, and very few reports in the
literature consider the filtering problems.

Since the Kalman filtering theory [7] has been introduced
in the early 1960s, the filtering problem has been extensively
investigated. In the filtering scheme, its objective is to esti-
mate the unavailable state variables (or a linear combination
of the states) of a given system. During the past decades,
many filtering schemes have been developed, such as Kalman
filtering [8], H,, filtering [9], reduced-order H,, filtering
[10], and L,-L , filtering [11]. Then, extension of this effort
to the problem of resilient Kalman filtering with respect to

estimator gain perturbations was considered in [12]. And the
resilient H_ filtering [13] was also raised. Among the filtering
schemes, the resilient L,-L . filtering was not considered. In
practical engineering applications, the peak values of filtering
error should always be considered. Compared with the H_,
filtering scheme, the external disturbances are both assumed
to be energy bounded; but L,-L  filtering setting requires
the mapping from the external disturbances to the filtering
error is minimized or no larger than some prescribed level in
terms of the L,-L  performance norm.

In this paper, we have studied the resilient finite-time
L,-L, filtering problem for uncertain Markouvian Jump-
ing Systems (M]Ss). Firstly, the augmented filtering error
dynamic system is constructed based on the state estimated
filter with resilient filtering parameters. Secondly, a sufficient
condition is established on the existence of the robust finite-
time filter such that the filtering error dynamic M]JSs are
finite-time bounded and satisfy a prescribed level of L,-
L, disturbance attenuation with the finite-time interval.
And the design criterion is presented by means of LMIs
techniques. Subsequently, the robust finite-time L,-L  filter
matrices can be solved directly by using the existing LMIs
optimization algorithms. In order to illustrate the proposed
result, a numerical example is given at last.



Let us introduce some notations. The symbols R" and
R™" stand for an n-dimensional Euclidean space and the set
of all 1 x m real matrices, respectively, A" and A™! denote the
matrix transpose and matrix inverse, diag{A B} represents
the block-diagonal matrix of A and B, 0,,,,,(A) and 0,,,;,(A),
respectively, denote the maximal and minimal eigenvalues
of a real matrix A, | * | denotes the Euclidean norm of
vectors, E{x} denotes the mathematics statistical expectation
of the stochastic process or vector, P > 0 stands for a
positive-definite matrix, I is the unit matrix with appropriate
dimensions, 0 is the zero matrix with appropriate dimensions,
and * means the symmetric terms in a symmetric matrix.

2. Problem Formulation

Given a probability space (Q, F, P,) where Q) is the sample
space, F is the algebra of events, and P, is the probability
measure defined on F. Let us consider a class of linear
uncertain MJSs defined in the probability space (Q, F, P,) and
described by the following differential equations:

k() =[A(r) +AA(r)] x () + B(r,)w(®),
y(@)=[C(r,) + AC(r,)] x(t) + D (r,) w(t),
z(t)=E(r,)x (),

x(t)=xy t,=1y t=0,

where x(t) € R”" is the state, y(t) ¢ R’ is the measured
output, w(t) € LY[0  +00) is the unknown input, z(t) € R?
is the controlled output, and x,, and r, are, respectively, the
initial states and mode. A(r,), B(r,), C(r,), D(r,), and E(r,) are
known mode-dependent constant matrices with appropriate
dimensions. The jump parameter r, represents a continuous-
time discrete-state Markov stochastic process taking values
on a finite set M = {1,2,..., N} with transition rate matrix
II = {m;},i,j € M, and has the following transition
probability from mode i at time ¢ to mode j at time ¢ + At
as

mAt + 0 (At),
1 +m;At + 0 (At),

i#j)
i=],
2

Pij=Pr{rt+At=j|rt=i}=<[

where At > 0 and lim,, _, ,(o(At)/At) — 0.
In this relation, 77;; > 0 is the transition probability rates
from mode i at time t to mode j (i # j) at time t + At, and

N
Z my;=-m; fori,jeM, i#j. (3)
j=Lj#i

For presentation convenience, we denote A(r,), B(r,),
C(r,), D(r,), E(r,), AA(r,), and AC(r,) as A;, B;, C;, D;, E;,
AA;, and AC,, respectively.

And the matrices with the symbol A(x) are considered as
the uncertain matrices satisfying the following conditions:

)P
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where M,;, M,;, and N;; are known mode-dependent matri-
ces with appropriate dimensions, and I;(¢) is the time-varying
unknown matrix function with Lebesgue norm measurable
elements satisfying T (£)[;() < I.

Remark 1. Tt is always impossible to obtain the exact mathe-
matical model of practical dynamics due to the complexity
process, the environmental noises, and the difficulties of
measuring various and uncertain parameters, and so forth;
thus, the model of practical dynamics to be controlled
almost contains some types of uncertainties. In general, the
uncertainties A(*) in (1) satisfying the restraining conditions
(4)andT lT (B)T;(t) < I are said to be admissible. The unknown
mode-dependent matrix I;(f) can also be allowed to be state
dependent; that is, T;(t) = I;(t, x(t)), as long as [|T;(t, x(¢))|| <
1 is satisfied.

We now consider the following resilient filter:

x(t)= (A +AA L)X (1) + By (1),
Z2(t) = (Cp+AC;) % (1), (5)

X({t)=Xxyp, 1r,=1y t=0,

where X(¢) € R" is the filter state, Z(¢) € R is the filer output,
X, is the initial estimation states, and the mode-dependent
matrices A 4, B;, and C; are unknown filter parameters to be
designed for each value i € M. AA ;; and AC; are uncertain
filter parameter matrices satisfying the following conditions:

AA 4 .
[Acz] = []A\jIIZ] 1—‘fi (t) Ny (6)

where My;, My;, N,;, and I';(f) are defined similarly as (4).

The objective of this paper is to design the resilient L,-L
filter of uncertain MJSs in (1) and obtain an estimate Z(t) of
the signal z(t) such that the defined guaranteed performance
criteria are minimized in an L,-L ., estimation error sense.
Define e(t) = x(t) — x(t) and r(t) = z(t) — Z(t), such that the
filtering error dynamic M]Ss are given by

et)= (Ap+A0Ag)e()
+[A;+8A; - (Aj+AA L) - By (Ci+ AC)] x (1)
+(B; - BsD;)w(t),

r(t) = (Cp+ACs)e(® +[E ~(Cpi+ ACS)] x(8).
(7)

Let &(t) = [ ’ef((:)) ], and we have

E(t) = AL(t) + Bw(t),

r(t)=CE@),

(8)
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where

= A; + AA; 0 ]

i [Ai+AA,~—(Af,-+AAf,~)—Bf,»(C,»+AC,-) A +AAg

B; ]
B, - B;D; |’

Ci=[E~(Ci+ACH) Cp+ACh].
9

The external disturbance w(t) is varying and satisfies the
constraint condition with respect to the finite-time interval
[0 T1] as follows:

T
J W’ (Ow () dt < W, (10)
0

where W is a positive scalar.

Definition 2. Given a time-constant T' > 0, the filtering
error dynamic MJSs (8) (setting w(t) = 0) are said to
be stochastically finite-time stable (FTS) with respect to
(¢, ¢ T Ryif

E{EOREO)} <q = E{EFOREM} <,
tel[0 T],

(11)

where ¢; > 0,¢, > 0, R; = diag[R; R;] > 0, and R, is the
weight coefficient matrix.

Definition 3. Given a time-constant T' > 0, the filtering error
dynamic M]JSs (8) are stochastically finite-time bounded
(FTB) with respectto (; ¢, T R; W), whereing¢, > 0,
¢, > 0, R; > 0, if condition (10) holds.

Definition 4. For the filtering error dynamic MJSs (8), if
there exist filter parameters A ;, By;, and Cy;, as well as a
positive scalar y, such that the filtering error dynamic MJSs
(8) are stochastically FTB and under the zero-valued initial
condition, the system output error satisfies the following cost
function inequality for T' > 0 with attenuation y > 0 and for
all admissible w(t) with the constraint condition (10):

J = lr @)l — ylw @)I2 <0, (12)

where  [rOI5, = super EIFON,  Tw@ll =

VI Wl Ow() d.

Then, the resilient filter (5) is called the stochastic finite-
time L,-L, filter of the uncertain dynamic MJSs (1) with y-
disturbance attenuation.

3. Main Results

In this section, we will study the robust stochastic finite-time
resilient filtering problem for the filtering error dynamic MJSs
(8) in an L,-L , estimation error sense. Before proceeding
with the study, the following lemma is needed.

Lemma 5 (see [14]). Let T, M, and N be real matrices with
appropriate dimensions. Then, for all time-varying unknown
matrix function F(t) satisfying FT(t)F(t) < I, the following
relation holds:

T+MF({#)N+NFr@®)M" >0, (13)
if and only if there exists a positive scalar o > 0, such that
T+a ‘MM aN"N < 0. (14)

Theorem 6. For given T > 0,5 > 0, ¢ > 0, and
R; > 0, the filtering error dynamic MJSs (8) are stochastically
FTB with respectto (¢, ¢ T R, W)andhaveaL,-L,
performance level y > 0, if there exist positive constants, y >
0, ¢, > 0, and mode-dependent symmetric positive-definite
matrices P;, such that

- —T_ N o _ — —
PA +A P+ Elﬂiij -3nP; PB; <0 15)
B!P, —e ]
—T— 2=
C,C; <y’P, (16)
- W -
ooy + ; (1 —e ”T) < GOps (17)
where P, = ﬁ;l/zﬁiﬁi_l/z, 0p = MaX;gy Opax(P;), and o5 =
MiN;epg Opin (Py)-

Proof. Let the mode at time ¢ be ; that is, r, = r € M. Take
the stochastic Lyapunov-Krasovskii functional V(&(¢), 7, t >
0):R"xMxR, > R, as

VE®,i)=E OPEQ. (18)

Then, we introduce a weak infinitesimal generator | ]
(see [15, 16]), acting on V(&(¢),1), for all i € M, which is
defined as

SV (E(1),1) :AltiTOé[E {V(E(t+ At), ryppt +AL) |

§®),n =it -V (E®,i1)].
(19)

The time derivative of V(£(¢), 1) along the trajectories of
the filtering error dynamic MJSs (8) is given by

N
SV E@®),i) =28 (1) PEW) +E (1) ) m,PE(®)
j=1

N
T <13,.zi LATB zn,.jﬁj> g 2
j=1

+28T () BBuw (t).

Considering the L,-L., filtering performance for the
dynamic filtering error system (8), we introduce the following
cost function by Definition 4 with t > 0:

J) =E[SVE®),)] -qE[VE®),)] e w w(t).
(1)



It follows from relation (16) that J(t) < 0; that is,

E[SV (& (1),1)] <qE[V (E(1),0)]

+e Tl Hw ().
(22)

Then, multiplying the previous inequality by e """, we have
E{S[e"VEW®, )|} <™ (Hw). (23)
Integrating the above inequality from 0 to T, we have

e ME{V € (T),i)} - E{V (£(0), 7o)}
T (24)
<e J e w’ (s)w(s)ds.
0

Considering V(§(0),7,) > 0, as well as the zero initial
condition; that is, £(0) = 0, for ¢ > 0, then it follows that

T
E(V (D), i)} < jo T (w(s)ds,  (25)

Then, it can be verified from the defined Lyapunov-
Krasovskii functional that

E{«ST(T)T%E(T)}:E{V(E(T),i)}<J e Fw' (s)w(s)ds.
(26)

By (15) and within the finite-time interval [0 T, we can
also get

E{" (1) r (D} = E{E" (1T TE()}
<y’E{&" (1) P& (1)}

_ 2 ~
=y E{V(&(T),i)} 27)

T
<y’ J e w’ (s)w(s)ds
0

(T 7
<y L w (s)w(s)ds.

Since the previous inequality is always true forany T > 0,
the following relation:

T
sup E[|r O] < y\“ w? (s) w (s) ds. (28)
0

te[0 T]

It is easy to get the following result:

N
Ir (Ol eo = yZm{ sup Ellr (¢ )||1}
i=1

te(0
N T
< yZni \“0 w? (s)w (s)ds. (29)
i=1

T T
-y L W' () w(s)ds = ylw O
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Therefore, the cost function inequality (10) can be guar-
anteed, which implies | = ||r(t)||Eoo y||w(t)||g <0.

- “1/2~ =-1/2 =
Denote that P, = R, ""P,R;, ', 03 = maX;eyOmax(P;),
and 0

Pl). From equality (24), we have

= MINjepMOpin (

E{t' 1) PEM} = E{V(E®),D) < j e Fw' (s)w(s)ds

+e"E{V(E(0), 1)} <e"E{V(£(0),7,)}

t
_ t —
+WJ e Pds<e’cop
0

+ % (1 - e_"t) < e"Tqu

, % (1-em).
(30)

On the other hand, it results from the stochastic
Lyapunov-Krasovskii functional that

E{" (1) PE (1)} = oE{E" () RE (1)} ©)
Then, we can get

eeos+(W/n) (1 - eiﬂT)

9p

(32)

E{E (O REM} <

It implies that for all £ € [0 T], we have E{&" (£)R,E(t)} <
¢, by condition (17). This completes the proof. O

Theorem 7. For given T > 0,1 > 0,¢, > 0, and R, > 0,
the filtering error dynamic MJSs (8) are stochastically FTB with
respectto(c;, ¢ T R, W)withR;, € R > 0 and have
a prescribed L,-L ., performance level y > 0, if there exist
a set of mode-dependent symmetric positive definite matrices
P, a set of mode-dependent matrices X;, Y;, and a positive
scalar o and mode-dependent sequences o, f3;, A;, satisfying
the following matrix inequalities for all i € M:

Ay o P;B; PM,; 0
Ay Ay BB -Y;D; PMy; - Y;M,; PMj;
% % -1 0 0 <0, (33)
* * * -o; 1 0
* * * * B
r T , AT T 7
-P 0 —E; +Cy Ny,
T T
0 -p _Cfi —Ny;
<0, 34
% P I+ ALMGME 0 G4
* * * -\
R; < P, < oyR;, (35)
w _
eeoy + o (1 -e “T) <6, (36)
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where A\, = PA; + A{P, +Z;\il Py — nF; +aNNy; +
T T

ﬁi;\]ZiN%\ir’ Ay = PA; - XiT_ YiCi = BiNyuNy, Ay = X +

X; +Zj:1 m;;Pj = P, + BNy Ny;.

Proof. For convenience, we set P; = diag{P,, P;}. Then, we can
get the following relations according to matrix inequalities
(15) and (16):

Moreover, the suitable filter parameters can be given as I, + ATI,; + AL, < 0 (38)
1 1 1 >
-1 -1
Ap=P X, B; =P Y, Cs=Cy (37) 3+ A%, <0, (39)
where
N
PA; + A,‘TPi + ) m;iP; = nk; * PB;
j=1
o = N
= T ,
' PA; -PA;-PBiC; PBAg+AuP + Z”ijpj_ﬂpi PB; - PB;D;
=1
* * —e
T AT
-P, 0 -E +Cj
T
Zi — 0 _Pi _Cfi
* —yZI
PAA; + AATP, % 0 (40)
AIL, < | B = BBiaC 0 0
1 >
* * 0
0 * 0
Al = | -PAA; PAA;+AALP 0,
* * 0
T
0 0 ACy
T
Ax. = | 0 0 —ACT

1

*

Referring to Lemma 5, AIl;; and AIT,; can be presented as the
following form:

TT 7T  ~1; T T

AlLy; = LT () Ly; + LI () Ly;< o LyLy; +oG Lo, Ly,
THT 3 7T _ ply 7T T

Ally; = Lyl (8) Ly + LyTp; (8) Ly; < B Ly Ly +BiL Lo

T (T 7T T | 4-1;T
A% = LTy () L + LT (8) Ly < AiLsiLs; +A; L L

61
(41)
where L, = col[PM,; PM,; PB;M,; 0],
L, = [Ny; 0 0],Ly; = col[0 PMs 0],L,; =
[-N,;, Ny O, L;; = coll0 0 My], and Lg; =
[N,, —-N, 0]

Then, inequalities (15) and (16) are equivalent to LMIs
(38) and (39) by letting X; = P, A ;and Y; = B

*

0

On the other hand, we set R; = diag[R; R;], and LMI
(35) implies that

I< gf) = IE}VII] Umin (Pl) > 613 = %&Xamax (Pt) < 01' (42)
Then, recalling condition (17), we can get LMI (36). This
completes the proof. O

To obtain an optimal finite-time L,-L , filtering perfor-
mance against unknown inputs, uncertainties, and model
errors, the attenuation lever y* can be reduced to the min-
imum possible value such that LMIs (33)-(36) are satisfied.
The optimization problem can be described as follows:

min p
PuX3YiCrinDiinttininhinp
(43)

s. t. LMIs (33) - (36) with p = 7.
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FIGURE 1: The optimal minimal upper bound ¢, with different initial
G.

System state x; (t)

—— Real state x; (t)
~~~~~~ Estimated state x, (¢)

FIGURE 2: System response with state x, (t).

Remark 8. In Theorems 6 and 7, if ¢, is a variable to be solved,
then (17) and (36) can be always satisfied as long as ¢, is
sufficiently large. For these, we can also fix y and look for
the optimal admissible ¢, or ¢, guaranteeing the stochastic
finite-time boundedness of desired filtering error dynamic
properties.

4. Numeral Examples

Example 9. Consider a class of MJSs with two operation
modes described as follows.

Mode 1:
2 1 -0.2
Alz[_l _1]’ Bl:l:o.l]’ C1=[1 0‘5]’
0
D, =01, E =[0102], M, = [02],
0.1
My, =-0.1, My = [_0_1], M, =02,
N, =[02 01], N, =[01 -02];

(44)
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0.2

0.1¢f

—0.1+

=02t

System state x,(t)

03} .-
-0.4

-0.5
0

—— Real state x, ()
~~~~~~ Estimated state x, (t)

FIGURE 3: System response with state x, (t).

0.08

0.06
0.04 H

0.02 H

Output error r(t)
S

-0.02

004 ]

—~0.06 \ \ \ \ \ \ \
0 0.5 1 1.5 2 2.5 3 3.5 4

t(s)

FIGURE 4: System response with output error r(t).

0.1
B, = [—0.2]’ C=[11],

-0.1
B, =[02 -0.1], M, = [ o ]

0.1

M,, =02, M, = [0‘2] , My =-02,

Ny, = [-0.1 0.1], N,, = [0.1 0.1].

(45)

The mode switching is governed by a Markov chain that has
the following transition rate matrix:

-0.3 0.3
H:[0.5 —0.5]'

(46)
In this paper, we choose the initial values for W = 2,
T = 4,5 = 025, and R, = I,. Then, we fix y = 0.8 and
look for the optimal admissible ¢, with different ¢; which can
guarantee the stochastic finite-time boundedness of desired
filtering error dynamic properties. Figure 1 gives the optimal
minimal admissible ¢, with different initial upper bound c;.
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For ¢, = 1, we solve LMIs (33)-(36) by Theorem 7 and
the optimization algorithm (43) and get the following optimal
resilient finite-time L,-L , filter:

A = -7.7193 —3.3359
f171-6.9662 —6.6546 |’

3.0189
(47)
A [~1.3004 0.3608
2= [—3.0043 —9.2166]’

1.1415
By, = [2'0586], Cp, = [0.1 -0.05].

And then, we can also get the attenuation lever as y = 0.0777
and the relevant upper bound ¢, = 592.45.

To show the effectiveness of the designed optimal resilient
finite-time L,-L ., filter, we assume that the unknown inputs
are unknown white noise with noise power 0.05 over a finite-
time interval t € [0 4]. For the selected initial conditions
x(0) = [5%%] and r, = 2, the simulation results of the
jumping modes and the response of system states are shown
in Figures 2, 3, and 4. It is clear from the simulation figures
that the estimated states can track the real states smoothly.

5. Conclusion

The resilient finite-time L,-L  filtering problems for a class
of stochastic MJSs with uncertain parameters have been stud-
ied. By using the Lyapunov-Krasovskii functional approach
and LMIs optimization techniques, a sufficient condition
is derived such that the filtering dynamic error MJSs are
finite-time bounded and satisfy a prescribed level of L,-L
disturbance attenuation in a finite time-interval. The robust
resilient filter gains can be solved directly by using the existing
LMIs. Simulation results illustrate the effectiveness of the
proposed a pproach.
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