Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2013, Article ID 792431, 9 pages
http://dx.doi.org/10.1155/2013/792431

Research Article

Hindawi

Relaxation Problems Involving Second-Order

Differential Inclusions

Adel Mahmoud Gomaa'?

! Taibah University, Faculty of Applied Science, Department of Applied Mathematics, Al-Madinah, Saudi Arabia
? Mathematics Department, Faculty of Science, Helwan University, Cairo, Egypt

Correspondence should be addressed to Adel Mahmoud Gomaa; gomaa_5@hotmail.com

Received 12 November 2012; Accepted 12 March 2013

Academic Editor: Malisa R. Zizovic

Copyright © 2013 Adel Mahmoud Gomaa. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly

cited.

We present relaxation problems in control theory for the second-order differential inclusions, with four boundary conditions,
i(t) € F(t,u(t),u(t)) a.e.on [0, 1];u(0) = 0, u(y) = u(0) = u(1) and, with m > 3 boundary conditions, ii(t) € F(t,u(t), u(t)) a.e. on
[0,1]; ©(0) =0, u(1) = Zi’"j au(&;),where0 <n<0<1,0<¢ <& <--- <&, , <1landF isamultifunction from [0, 1] X R" x
R” to the nonempty compact convex subsets of R”. We have results that improve earlier theorems.

1. Introduction

Second-order differential inclusions of three boundary con-
ditions were studied by many authors [1-6], using Hartman-
type functions. Such a function was first introduced by [7]
for two boundary conditions. Moreover, in [8] we consider
second-order differential inclusions with four boundary con-
ditions,

ii(t) € F(t,u(t),u(t)),

u(n)=u®) =u(l),

a.e. on [0,T],
¢))

u (0) = x,

where 0 < 77 < 0 < T and F is a multifunction from [0, T] x
R" x R" to the nonempty compact subsets of R”, while in [9]
we study four-point boundary value problems for differen-
tial inclusions and differential equations with and without
multivalued moving constraints.

In the present paper, we study relaxation results for the
second-order differential inclusions, with four boundary con-
ditions,

ii(t) € F(t,u(t),u(t)),

u(n)=u®) =u()

a.e. on [0,1],
(P)
u(0) =0,

and, with m > 3 boundary conditions,

it(t) e F(t,u(t),u(t)), a.e. on [0,1],

m—2 (Q)
0(0)=0, u()=Yau(),
i=1

where0 < <0 <1,0<¢& <& <o <&, , <1 and
F is a multifunction from [0, 1] x R" x R" to the non-empty
compact subsets of R".

In conjunction with Problem (P) and Problem (Q) we also
consider the following problems:

ii(t) e extF (t,u(t),u(t)),
u(n)=u@ =u(1),

ii(t) € extF (t,u(t),u(t)),

a.e. on [0,1],
u(0) =0,
a.e. on [0,1],

m—2 (Qe)
u(0)=0, u(l)= Zai” (&)
i1

By ext F(t, u(t), tu(t)), we denote the set of extreme points of
E(t,u(t), u(t)).



2. Notations and Preliminaries

Throughout this paper we let I = [0,1] and 0 < & <
& <o <&, , < 1. We will use the following definitions,
notations, and summarize some results.

(i) A multifunction F from a metric space (X, d) to the set
P;(Y) of all closed subsets of another metric space Y is lower
semicontinuous (1. s. c.) at x, € X if for every open subset V
in Y with F(x,) N V #0 there exists an open subset U in X
suchthatx, e Uand F(x) NV #0forallx e U. Fisl s. c. if
itis L s. c.ateach x;, € X.

(ii) F is upper semicontinuous (u. s. ¢.) at x, € X if for
every open subset V in Y and containing F(x,) there exists
an open subset U in X such that x, € U and F(x) € V, for all
x €U.Fisu. s c.ifitisu. s. c.ateach x, € X.

(iii) A multifunction F from I into the set P,(X) of all
closed subsets of X is measurable if for all x € X the function
t — d(x,F(t)) = inf{]| x — y |l: y € F(t)} is measurable
[10-13].

(iv) Let (€, %) be a measurable space and X a separable
Banach space. We say that F : QO — P((X) is graph measur-
able if

gr(F)={(z,x) e OxX:xeF(z)} e ZxAB(X), (2

where (X)) is the Borel o-field of X. For further details we
refer to [14-16].

(v) F is continuous if it is lower and upper semicontinu-
ous.
(vi) For each A,B € Pf(X), the Hausdorff metric is
defined by

dy (A, B) = max | supd (a, B),supd (b, A) | . (3)

acA beB

It is known that the space (Pf(X),dH) is a generalized
metric space, if the sets are not bounded (see, for instance,
(14, 15]).

(vii) A multifunction F is Hausdorff continuous (dy;-
continuous) if it is continuous from X into the metric space
(PH(Y), ).

(viii) If F has compact values in Y, then F is dy-con-
tinuous if and only if it is continuous [14, 17].

(ix) We denote by P,.(R") the nonempty compact convex
subsets of R”.

(x) The Banach spaces C(I, R"), C' (I, R"), and C*(I, R")
endowed with the norms

lullc = maxfu (£)], lulle = max {llullc, lilic},

(4)

lullc: = max {llullc, Il lilc}

respectively.
(xi) LL}(I ,R™) denotes the space L' (I, R") equipped with
weak norm || -||,, which is defined by

Lb ht)dt

IIhIIw=sup{ :OSasbsl}. (5)

(xii) W>L(I, R"™) is the Sobolev space of functionsu : I —
R", uand ti are both absolutely continuous functions so ii(t) €
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L'(I,R") and it is equipped with the norm lulwer g mmy =
Neell oz ey + Nl ey + Nétllz ey

(xiii) LetR : I — 2%" be a multifunction and 8}1z =1{he
LYI,R") : h(t) € R(t)}.

(xiv) By a solution of (P) (resp., of (P,)) we mean a func-
tion u € W>(I, R") such that ii(t) = h(t) a.e. on I with h €
611?(,)14(,)’,.4(,)) (resp., h € aelxtF(-,u(-),u(-))) and u(0) = 0, u(y) =
u(0) = u(1).

(xv) By a solution of (Q) (resp., of (Q,)) we mean a func-
tion u € W>'(I, R") such that ii(f) = h(t) a.e. on I with h €
8113(~,u(-),1'4(-)) (resp., h € 6e1xtF(~,u(-),f4(-))) and 2(0) = 0, u(l) =
Y au(E).

(xvi) In the sequel by A, (resp., A p ) we denote the solu-
tion set of Problem (P) (resp., of Problem (P,)). Moreover,
by A (resp., AQE) we denote the solution set of Problem (Q)
(resp., of Problem (Q,)).

Definition 1. Let E be a Banach space and let Y be a metric
space. A multifunction G : I xY — P..(E) has the Scorza-
Dragoni property (the SD-property) if for every € > 0 there
exists a closed set A C I such that the Lebesgue measure p(I'\
A) is less than € and G| 4,y is continuous. The multifunction
G is called integrably bounded on compacta in Y if, for any
compact subset Q C Y, we can find an integrable function
po: 1 — R such that sup{|| y || y € G(t,2)} < p(t), for
almost every z € Q.

Theorem 2 (see [18]). Let Y be a complete metric space, E a
separable Banach space, E,, the Banach space E endowed with
the weak topology, M : I xY — P4(E,), and K a compact

subset of C(1,Y). Furthermore, letR : K — 21 CE) b g multi-
function defined by

R(y)={ge L' (LE): g(t) e M(t,y (1) ae. onl].
(6)

If M has the SD-property and is integrably bounded on
compacta in'Y, then the set

Ac={f eC(K,L,(ILE)): f(y) € R(y) ¥y € K}
)

is nonempty complete subset of the space C(K, L} (I, E)). More-
over, Ax = A . x where L' (I, E) is the space of equivalence
classes of Bochner-integrable functions v : I — E with the

t
norm || v, = super |l J v(s)ds|| and

Ak ={f € C(K.L,(ILE): f(y) € extR(y) Yy e K}.
(8)

Lemma 3 (see [19]). For psuchthat1 < p < oo let {u,, u},cn S
LP(I,R™), sup,e llu,ll, < 00 and u,, — w with respect to the

weak norm ||-||,. Then u,, — u weakly in LP(I,R").

Next we state a preliminary lemma, for 0 < 5 < 0 < 1,
which is useful in the study of four boundary problems for
the differential equations and the differential inclusions, and
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moreover we summarize some properties of a Hartman-type

function.

Lemma 4 (see [8]). LetG: IXI — R be the function defined
as follows:

as0<t<my,
B if0<T<t
~t ift<t<py
Gt,1)=1t(r-6 - 9
(t.7) (r-0)+(r-n) if n<T<0 ©9)
0-n
1:; ifO<r<1,
whenn <t <0,
-7 if0<T<y
t-0+1 -t-1
O Nete)
G(t, 1) = 1
t(r-0 -
L(TI’]) ift<TS9
0-n
j:; ifo<r<1,
(10)
lastly if <t < 1,
-7 ifo<t<y
n(r—t—16)+r(t—6+l) ifn<r<0
-n
CeD=1l-t 4 ifO<T<t
1-0 1 hS
Lo ift<t<l1
1-6 T
(11)

Then the following hold.

(i) Ifu € W' (I, R") with u(0) = x, u(1) = u(0) = u(x),
then
1

() = xg + L G ia(ndr, Viel,  (12)

(i) ifw € L' (I, R"), then for all t € I,
t

JIG(t,T)w(T)dT:J (t - 1w (1) dr

0 0

e,

0 0- n
, (13)
+ Jo —t (- 66)_4-’7(1 — n)w (r)dr

'1-1
+J9 mﬂ)(‘l’)d‘l’,

(iii) sup, .¢;IG(t, 7)| < 2, sup, ,;[0G(t, 7)/0t| < 1.

Let ¢, ¢, a € LF(I,R"), 1 < p < oo, and let L be a
linear operator from C(I,R) x C(I,R) to C(I,R) x C(I, R)
defined by L(f, g) = (f, g) such that, for all ¢ € I,

T
fO=[ 166016 @46 ma@)dr

g0- )

If ¢, = ¢, = 0, then clearly L = 0. We note that if # =
{(hy,h,) € C(I,R) x C(I,R) : hy(t), h,(t) > 0, Vt € I}, then
L(X) € K. Moreover, the spectral radius (L) = lim || L"||1/ "
is an eigenvalue of L with an eigenvector in % [20].

(14)
oG (t, 1)

5t (q () f(D) +¢ (1) g(1))dr.

3. Relaxation Theorems

In this section, both Theorems 5 and 7 improve [19, Theorem
4.1] with [21, Theorem 6]. Indeed in [19] Papageorgiou
considered (P) and (P,) with the two boundary conditions
u(0) = u(l) = 0 and in [21] Ibrahim and Gomaa study
the same problems with three boundary conditions u(0) =
Xg> u(n) = u(l1).

Theorem5. Let F : IXR"XR" — P .(R") be a multifunction
such that

(i) for each (x, y) € R" x R", the multifunction F(-, x, y)
is measurable,

(i) dyy (F(t, %, ), Flt, s y')) < ay(0) | x - 2 | +a,(0)
ly -9l ae witha, a, € L'(I,R*) and | &, + a, || <
1/2,

(iii) for each (t,x, y) €  x R" x R",

|F (¢, x, y)| = sup {Ivll : v € F (t, x, y)}
<a()+q ) lIxl+c @y

with a,c;,c, € LP(I,R*) 1< p < oo,
(iv) the spectral radius, r(L), is less than 1.

Then for each solutionu € A p, there is a sequence (i4,,,(*)) en <
A p converging to u(-) in (C' (I, R™), || - ).

Proof. From [9, Theorem 2.1], we obtain A , # 0. Moreover,
we can say that || F(¢, x, y) |I< a,(t) a.e. on I for some a; €
LP(I,R"). Let u € Ap. Then
iw(t)=h(), ae on I,
(16)
u(0)=0, u(n)=u@ =u(1),

where h(t) € F(t,u(t),u(t)) a.e. on I. Assume that f :
LY(I,R") — CYI,R") is a function such that, for each
h e LY(I,R™), f(h) € WY(I, R") is the unique solution of
the second-order differential equation

i(t) =h(t),

a.e. on I,

(Py)
u(0)=0, u(n)=u@ =u(l).



Let 8 = {u € L"(I,R") : | u(t) |< a,(t) ae. on I}.Itis easy
to see that f(&) is convex. Let (u,,),,y be @ sequence in f(§).
Hence, u,, € W' (I, R") with u,,(0) = x,, u,(1) = u,(0) = u,
(17) and

t

() = xg + L (t-1)is, () dr

_jﬂt(r—q)(t+1)ﬁn(r)d1
0 9—71
t(r-0)+(r-n) e
t(r-0)+(t—-71).
+JO Tun (T)dT
"1-1,
+ L mun (1) dr.
Then,
lim u, (t) = JIG(t,T)ii(T) dr=u(t), (18)
n— 00 0

which means that f(&) is a compact subset of Cl(I,R™). Set

P ) ={x e Ft,v(©),v(®): [h(t) - x| <e
(19)
+d (h(t), F(t,v(®), 1))},

where ¢ > 0 and v € f(8). Hence, for each t € I,
P(t) + 0. Assume that B(I) and B(R") are the Borel o-fields
of I and R", respectively. From condition, (i) the function
t — F(t,v(t), ¥(t)) is measurable. Hence, grF(:, v(-), ¥(-)) €
BA) x B(R" and (t,x) —  ed(h(t), Ft,v(t), v(t)))-
| A(t) — x || is measurable in ¢ and continuous in x that
is jointly measurable. Thus, by Aumann’s selection theorem,
there exists a measurable selection s, of &, such that s.(t) €
P(t) for each t € I. Now we define a multifunction @, :

f(S) — 25T by the following:
Q. (v)

1
= {x € Or(aitn |

Ih(6) = xll<e+d (h (1), F (t,v (1), 7 (1)) ae. on I},
(20)
with @,(v)(t) # @ for each v € f(&). From [22, Proposition 4],
@, is I. s. c. and clearly has decomposable values. Applying

[22, Theorem 3], we have a continuous selection S, of @,.
Therefore,

R () =S, () ()] < e+dh(t),F(tv(t),v (1))
<e+a (t)ul)-vE)l

+o, () a)-v()| ae on I

(21)

From Theorem 2, we find a continuous functioné, : f(§) —
LL)(I, R") suchthat&, (v) € ext@lls(i’v(_)){,(i)) and || S,(v)-&.(v) lI<
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e for each v € f(&). Define a multifunction R : f($) —
2L‘(I,R") by

R(u)={g e L'(I,R"): g(t)eF¢,u(t),it(t) ae. on I}.
(22)

Assume that Y = R” x R" and set a multifunction M : I x
Y — 2% such that M(t,(x, y)) = F(t,x, y). From Theo-
rem 3.11in [23], M has SD-property. R has nonempty convex
values. Let (g,,),,cn be a sequence in R(u) for some u € f(S).
So, foreach t € I,

Jim g, () = g (t) € F (t,u(t),0(t)) (23)

because F has closed values in R". Therefore, g € 611:(,#(,)’{4(,))
which implies that R(-) has compact values in R". We can
apply Theorem 2 to find a continuous function 8 : f(§) —
L! (I, R™) such that O(u) € ext(R(w)), for all u € f(S). We
see that O(u)(t) € ext(M(t, (u(t), 1u(t)))) [24], hence O(u)(t) €
extF(t,u(t), u(t)) a.e. on I. Assume that 5 f(&) -
WL2(I,R") is the function which for each u € f(8), ylu) =
g(0(u)). For each u € f(S), we have || O(u)(t) [I< a, and so
0(u) € §. Then, 1 is a function from (&) into f(&) and also
we see that 77 is continuous [19]. Now lete, — 0,5, =S,
and &, = &, . Then, for each n € N, the function fo§, is a
continuous function from the compact set (&) into itself.
From Schauder’s fixed point theorem, fo, has a fixed point
u,, but extS;(.)v(‘)’{,(,)) = 6e1xtF(-,1/(~),i/(-)) [24] so u, € Ap. By
passing to a subsequence if necessary, we may assume that
u, — i in C'(I, R"). Then, we obtain

[, (8) = u ()]

1
SJ
0

H (t- 1) (&, (1)~ h(0)) dr

_ r tE-n) -+ (&, ()~ h(1)dr

0 0-
0 ¢ (r_ _
" L e 06)—+11(T il (&, (1) = h(r))dr

+ Ll i_;; (&, () —h(1) dT] ds

[ e-otn-s, ol

t
+ j (t— 1) |h(@) =S, (@) dr
0

+J'it(r—n)(t+l)

. - &, () -S,(1)dr

Tt(r—-n)t+1)
+ L % |7 (x) =S, (7)] dr
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J
+
61

+JII_—T||h(T)—S (1)] dr | ds.
g 1-6 "

-8, (0)|dr

(24)

Buté,—S, — 0withrespectto the norm |||, from Lemma 3
we get§, —S, — 0weaklyin L'(I, R"). So we have

L (t -1 &, (1) = S, ()] dr

+Jﬂm"£ @ -S,@dr  (5)

0 0

1q_
+ L ﬁ IE, (¥) = S, ()] dr —> 0.

Moreover,

Ll H (- Ih@ -5, D] dr

0

&, ()-8, (1) dr

+

J”t T- n)(t+ )(

0
=
+
o 1—
1
<[]
0

=S, (T)" dr|ds

J (t-1) (g, + o () |uu(7) — s, (7))

0
+ou, (1) i () = 2, (7))

+J’lt(r n) (t+1)
n

oy EGra @@ -, @)

+a, (7) i (7) = i, (7))
+ L‘ i:_; (g, + oy (7) Ju (2) = u, (7))

+oy (1) || (1) — 11, (7)) ] ds
(26)

Asn — 00, we have

I () —u @l
1 t
= L “0 (t-7) (a0 @ u @ -a @

+a, (1) "u () - i (r)||) dr

+J’7t(‘r—rl)(t+l)
n

T (0, @ u@-a@l

+a, (1) "u (r) - 1 (r)||) dr

~

J‘
+
91

(o (@) Ju(r) - @ (@)

[es)

+a, (1) "u (1) -1 (T)") dT] ds
< lu=ale ey (Jo (t=7) (ot () +a, (1)) dT

(o) (1) +a, () dT

1t (r-n) (t+1)
+.[0 9—71

1 1=
| @ @ e @)

1
= lu=ilc Jo IG (£, )| (o) (7)+a, (1)) dT

< 2llu =l [l (7) + (T)" .

(27)

Since by assumption (ii), || &; + &, [[< 1/2 we get u = .

Sou, — wuin CY(I,R" and u € Ap, where the closure is

taken in C' (I, R") which means that A , < AP Therefore, the
proof is complete if we show that Ap is closed. Indeed if
v, € Apandv, — v in CY(I, R"), then v, = f(y,) for
1 .

y, € 8F(-,v(.),v(-))- From assumption (iii) and the Dunford-
Pettis theorem, {y,},cn is weakly sequentially compact in
L'(I,R™). So we can say that {y,},cy in L'(I,R"). By [25,
Theorem 3.1], we get

y (t) € conv lim{y, (t)}, ., € conv lim F (t,v,, (1), ¥, (¢))

=F(t,v(t),v(t)) ae. on I.

(28)

Moreover, f(y,) — f(y)in L'(I,R") for y € L'(I, R")
and y(t) € F(t,v(t), ¥(t)) a.e. on I. Hence, v € A p; thatis Ap
is closed in C!(I, R™). O

Now we consider the following assumptions:

(A)[3€(071/2)61>0andzl1 a, <1

(A,) Y2 a cos BE; — cosp > 0and K, = 1/Y7 % a;
cos 3¢; — cos f3;

(A;) Cy = (sinB/B)(1 + K,,,) and C; = min{K,, + 1,
K,,sin®B};



(A S={ueC(L,R" :u(0) =0, u(l) = Y aqu(&)}

(A5) €:1xI — Risdefined by

Z (t,s)
1 . .

B Esmﬁ(t—s) if 0<s<t<l1
0 if 0<t <s<1

rsin/3(1 -s) —rizaisinﬁ(éi -s),
ﬁOSSSEL
dnf -5 3 asinB(E-s),
8 <<k,
sinB(1-5s) —mfaisinﬁ(fi -s),
s

Km
+‘E'“Bﬁt‘ ifE, <s<§&,

‘ m—2
sin (1 -s) - Za,-sinﬁ(&i -s),
i=k
if &y <s<§

sin'[j’(l—s),

if€, , <s<L

(29)

Lemma 6 (see [26]). Ifthe assumptions (A,)-(As) hold, then
(i) 0< ZG(t,s) <Cyforall(t,s) e I x1I,
(ii) sup, ;0% (¢, s)/0t| < Cy,

(iii) for each x € CY(I,R"™) there exists a unique function
u, € S such that

1

u, (t) = J G (t,s) x(s)ds, (30)

0

(iv) (], 1€t 9)1"ds)"™ < Cyand ([, 10 /00)(t,9)[ds)"*
<C,.
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Proof. (ii) Since
0% (t,s)
ot

{cosﬁ(t —s)

0 if 0<t<s<l1

ifo0<s<t<1

f m—2
sin B (1-s)- Zai sin B (& —s),
i=1

if0<s<§,

m=2
sin B (1-s)- Zai sin B (& - s),
i=2

if& <s<§,

m—2 (31)

sin B (1-s)- Zai sin (& - s),
i=3

“Kpsinfil g <s<é,

' m=2
sin B (1-s)- Zai sin B (& - s),

ik
if &y <s<§,

sinf(1-5s),

if §,,<s<1,

then sup, ;0%(t,s)/0t < 1 + K,,,. Furthermore,

9% (t, s)
ot

m=2
> K, sin it Z a;sin (& —s) —sin B (1 - B) (32)
i=1
.2
> -K,,sin”8
and thus sup, . ;|0% (¢, s)/0t| <C,. O
Theorem 7. Assume that the assumptions (A ;) and (A,) hold.

Let F be a multifunction from I x R" x R" to P, .(R") satisfying
the following conditions:

(a) for each (x, y) € R x R, the multifunction F(-, x, y) is
measurable;

(b) for each t € I, the function (x,y) — F(t,x,y) is
continuous with respect to the Hausdorff metric dy;

(c) for each (t,x,y) € I x R" x R"
| (£, x, y)|| < sup{lvl : v € F (£, x, )}
<a(t)+c¢ @) lxl+o® |y

(d) the spectral radius r(L) of L is less than one.
Then Problem (Q,) admits a solution in S.
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Proof. We can say that || F(t, x, y) [< a,(¢) a.e. on I for some
a, € LP(I,R*) [9]. Let x € C'(I, R") and let u € C*(I, R") be
the unique solution of the problem

iw(t)=x(t), ae. on I,

m—2
1(0)=0, u(l)= Y au(&).
i1

From Lemma 6, we have u(t) = J}: g(t,s)x(s)ds, YVt € 1.

Thus, we define a function f : C'(I,R") — C*(I,R") such
that f(x) is the unique solution of (). Let

7 ={xeC' (LR") : |x(®)] <, (t) ae. on I}. (34)

From the Dunford-Pettis theorem, 7" is weakly compact and
then f(7') is convex and compact subset of C*(I,R™). Let
Y = R'xR.IEX = f7), B : X — 2"B) and
M IxY — 2%, where B(u) = {g € L'(I,R") : g(t) €
F(t,u(t),u(t)) a.e. on I} and A(t,(x,y)) = F(t,x, y), then
M has SD-property [23]. It is easy to show that & is
nonempty and convex subset of L' (I, R™). If f, is a sequence
in %(u) for some u € K, then lim,_,  f,(t) = f(t) €
F(t,u(t),u(t)), where the values of F are closed. Therefore,
the values of & are weakly compact. According to Theorem 5
there exists a continuous function r : & — LL(I, R™)
with r(u) € ext(%(u)), for all u € F. Thus, r(u)(t) €
ext(M(t,u(t),u(t))) a.e. on I [24] which implies r(u)(t) €
ext(F(t, u(t),u(t))) a.e.on.Ifu € f(7),then | r(u)(t) < a,
and so r(u) € 7. Put0 : f(7) — W>(I,R") such that
O(u) = f(r(u)), thus 0 is a continuous function from f(7")
into f(7) [19]. From Schauder’s fixed point theorem, there
exists x € f(7) such that x = 6(x) = f(r(x)) which
means that there is x € S ¢ C*(I,R") such that %(t) €
ext(F(t, x(t), x(t))). O

Theorem 8. In the setting of Theorem 7, if one replaces condi-
tion (b) by the following condition:
() dy(F(t,x,y), Fit,x',y")) < k | x-x" | +
ky |y —y'll ae withk, >0, k, > 0and |k, +k,| < 1/2C,.
Then A, is nonempty and E = A where the closure
taken in C*(I, R™).

Proof. From Theorem 7, we have AQe +0. Moreover,

| F(t,x,y) < b(t) ae on I for some b, € LP(I,R").

Letu € A, Then
i(t)=h()),

a.e. on I,

m-2 (35)
1(0)=0, u()=Yau(),
i=1

where h(t) € F(t,u(t),u(t)) a.e. on I. Assume that f' :
CY(I,R") — C*I,R"™ is a function such that, for each

h e CY(I,R"), f'(h) e C*(I,R") is the unique solution of
the second-order differential equation

i(t) =h(),

a.e. on I,

(Q)

m—2
u(0)=0, u(l)= Zai”(fi)~
i=1

LetS = {u € C'(I,R") :|| u(t) |< by(t) ae. on I}. So f'(S)
is convex. Let (1,),cy be a sequence in f'(S). Hence, u, €
CX(I, R™) with u,(0) = 0, ,(0) = 0, u,(1) = Y7'? au,(&).
Then from Lemma 6,

1

lim u, (t) = J Ct,ni(r)dr=u(t), (36)
n— 00 0

hence, f'(S) is a compact subset of C3(I, R™). Set

Q.(t)={xeF(tv(®),v():

Ih(t) - x| <e+ d(h(t),FEv©E), 1))},
(37)

where ¢ > 0 and v € f'(S). Hence, for each t € 1,
0,(t) # 0. Assume that B(I) and B(R") are the Borel o-fields
of I and R", respectively. From condition (i), the function
t — F(t,v(t), ¥(t)) is measurable. Hence, grF(,, v(-), (:)) €
B(I) x B(R") and (t,x) —  ed(ht), Ft,v(t), v(t)))—
| A(t) — x || is measurable in ¢t and continuous in x that
is jointly measurable. Thus, by Aumann’s selection theorem,
there exists a measurable selection s, of @, such that s.(t) €
@Q,(t) for each t € I. Now we define a multifunction @, :

1 — 2C R" by the following:
@, (v) = {x € Sp( oy aqy : IR (B) = x|

<e+d(h(t), F(t,v(),v(t) ae on I},
(38)

with @,(v)(t) # @ foreach v € f’(S). From [22, Proposition 4],
@, is I. s. c. and clearly has decomposable values. Applying

[22, Theorem 3], we have a continuous selection S, of @..
Therefore,

|ht)=S. M @®)| <e+dh(t),Ftv(t),v ()
<e+k (t)lu®)-v)|
+hy (1) e (t) = v (1)

a.e. on I.
(39)

From Theorem 2, we find a continuous function E;_ :
£'¢S) — L. (I,R") such that & (v) € extS;(,,v(A)’v(_)) and
I S.(v) —E;(v) |l< & foreachv e f'(S). Define a multifunction
R: f'(8) — 29 0% by

R'(w={g e C'(I,R"): () €F (t,u(t), (1)) ae. on I}.
(40)



As in Theorem 5, let Y = R" x R" and set a multifunction
M : IxY — 2% suchthat M(t, (x, y)) = F(t, x, y). From [23,
Theorem 3.1], M has SD-property. R’ has nonempty convex
values. Let (g,,),.c be a sequence in R'(u) for some u € f'(S).
So, for each t € I,

Jim g, (t) = g (t) € F (t,u(t), 1 (1)) (41)

because F has closed values in R". Therefore, g € 8}1:(_’14(.)’1.4(,))

which implies R'(-) has compact values in R”. We can apply
Theorem 2 to find a continuous function 6’ f 'S —
LL)(I, R™) such that 6'(u) € ext(R'(n)), for all u € f’(S).
We see that 6'(u)(t) € ext(M(t, (u(t),u(t)))) [24], hence
0'(w)(t) € extF(t,u(t),u(t)) a.e. on I. Assume that 11'
') — C?(1,R") is the function which for each u € £(S),
n'(u) = g(@'(u)). Foreachu € f’(S),we have || 6’ (u)(t) ||< b,
and so 0'(u) € S. Then, ' is a function from f’(S) into f’(S)
and also we see that 11' is continuous [19]. Now lete, — 0,
S, = S, and g = f,én. Then, for each n € N, the function
f ,Of; is a continuous function from the compact set f "(S)
into itself. From Schauder’s fixed point theorem, fof! has
a fixed point u,, but ext6},(,’v(.))v(,)) = 6ixtF(,’V(M(.)) [24] so
u, € Ap. Assume thatu, — #in C*(I, R™). From Lemma 6,
we obtain

Jut, (6 - 8] < jol UO 1% @0IE, @ =S, @] dr

1
+ L 1% (£, D) [|(S, () = h (D))] d‘r] ds.
(42)

But E; - S, — 0 with respect to the norm | -||,, and from
Lemma 3 we get& —S, — 0weaklyin C'(I, R"). So we have

jol % ol |6, @) =S, @) dr —o.  (43)

Moreover, asn — 00 we have

1
iz (&) —u Ol <llue = tllcr 1,y L G (t, D)l (k, (1) +k, (7)) d=

< lu =l g rm Ik () + K, (D Co.

(44)
Since by assumption (i), || k; + k, < 1/2C,, thus from
Lemma 6, we getu = 1i. Sou,, — uin C*(I,R" and u € ZQE
where the closure is taken in C*(I, R") which means that
Ap C ZPE. Ifv, € Agandv, — vin C*(I,R"), then
v, = f(y,) fory, € 8;,(_”(_))0(.)). From assumption (iii) and
the Dunford-Pettis theorem, {y,},n is weakly sequentially
compact in C3(I, R™). By [25, Theorem 3.1], we get

y (t) € conv lim{y, (1)}, ., € conv Lim F (t,v,, (t), ¥, ()

=F(t,v(t),v(t)) a.e on I.

(45)

Moreover, f'(y,) — f'(y)in C*(I,R") for y € C*(I,R")
and y(t) € F(t,v(t), (t)) a.e. on I. Hence, v € A thatis, A
is closed in C*(I, R™). O
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