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For any 2 x 2 dilation matrix with integer entries and |det A| = 2, we construct a family of smooth compactly supported tight
wavelet frames with three generators in L*(R*). Our construction involves some compactly supported refinable functions, the
oblique extension principle, and a slight generalization of a theorem of Lai and Stockler. Estimates for the degrees of smoothness
are given. With the exception of a polynomial whose coefficients must in general be computed by spectral factorization, the framelets
are expressed in closed form in the frequency domain, in terms of elementary transcendental functions. By means of two examples
we also show that for low degrees of smoothness the use of spectral factorization may be avoided.

1. Introduction

Given a 2 x 2 dilation matrix A with integer entries, such that
| det A| = 2, we construct smooth compactly supported tight
framelets with three generators in L*(R?) associated to such
a dilation, and with any desired degree of smoothness. Tight
wavelet frames have recently become the focus of increased
interest because they can be computed and applied just as
easily as orthonormal wavelets, but are easier to construct.
We begin with notation and definitions. The sets of strictly
positive integers, integers, and real numbers will be denoted
by N, Z, and R, respectively. Given a (Lebesgue) measurable
set S ¢ R?, |S| will denote its Lebesgue measure on R and
Xs Will be its characteristic function. Given a matrix M, its
transpose will be denoted by M” and the conjugate of its
transpose will be denoted by M*. The n X n identity matrix
will be denoted by I

We say that A € R™ is a dilation matrix preserving the

lattice Z% if all eigenvalues of A have modulus greater than

1 and A(Z%) ¢ Z% The set of all d x d dilation matrices
preserving the lattice Z¢ will be denoted by E,4(Z). Note that
it A € E;(Z), thend, := | det A| is an integer greater than 1.

nxn*

The quotient group Z?/AZ? is well defined, and by A, ¢ Z¢
we will denote a full collection of representatives of the cosets
of Z%]AZ? Recall that there are exactly d 4 cosets [1].

A sequence {¢,}°, of elements in a separable Hilbert
space H is a frame for H if there exist constants C;,C, > 0
such that

CiRIE < Y (g " < Collhl’, YheW, (1)
n=1

where (-, -) denotes the inner product on H. The constants C,
and C, are called frame bounds. The definition implies that
a frame is a complete sequence of elements of H. A frame
{¢,)2, is tight if we may choose C, = C,.

Let A € E (Z). A set of functions ¥ = {y,,..., ¥y} C
L*(RY) is called a wavelet frame or framelet with dilation A if

the system
[@Py, (Ax+K);jeZ kez, 1<<N} (@

isa frame for L2(R?). If this system is a tight frame for LX(RY),
then W is called a tight framelet.



Let f denote the Fourier transform of the function f.
Thus, if f € L'(RY), x,t € RY,

Fo= [ fwer™ax G)

where x - t denotes the dot product of vectors x and t. The
Fourier transform is extended to L*(R?) in the usual way.
Han [2], and independently Ron and Shen [3], found
necessary and sufficient conditions for translates and dilates
of a set of functions to be a tight framelet. Ron and Shen also
formulated what is known as the Unitary Extension Principle
(UEP), which, in addition to its other applications, provides
a method for constructing compactly supported framelets.
In [4] (see also [5]), Ron and Shen show two bivariate con-
structions of compactly supported tight framelets in L*(R?)

with dilation matrix
1 1
p=(1 ) (@)

and state that constructions of compactly supported tight
framelets with dilation matrix B can be made in an analogous
way. They also describe an algorithm for constructing com-
pactly supported tight affine frames in L*(RY) with any dila-
tion matrix. That algorithm works particularly well with box
splines. Using Ron and Shen’s method, Grochenig and Ron
[6] show how to construct, for any dilation matrix, compactly
supported framelets with any desired degree of smoothness.
Furthermore, based on works by Ron and Shen and by
Grochenig and Ron, Han [7] also constructs compactly sup-
ported tight wavelet frames with degree of smoothness and
vanishing moments of order as large as desired. Another
method for constructing smooth compactly supported tight
framelets was described in [8]. Note that while in [4, 6, 8] the
number of generators of the tight framelets increases with the
degree of smoothness, in [7] the number of generators may be
bounded by a constant depending on the dimension and the
determinant of the dilation matrix.

The remainder of this paper is organized as follows. In
Section 2 we summarize results we will use for the proof of
the main results. In Section 3, for any 2 x 2 dilation matrix
A with integer entries and determinant +2 we describe an
algorithm to construct a family of compactly supported tight
framelets with three generators and with any desired degree
of smoothness and dilation factor A. In Section 4 we illustrate
the results of this paper by means of examples.

2. Background

In this section we summarize the results we will use in our
construction of tight framelets.

The UEP led to the oblique extension principle (OEP), a
method based on the UEP; it was developed by Chui et al.
[9], and independently by Daubechies et al. [10], who gave
the method its name. The OEP may be formulated as follows.

Theorem A. Let A € B (Z). Let ¢ € L*(R?) be compactly
supported and refinable, that is,

d(A")=P(1) (1), (5)
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where P(x) is a trigonometric polynomial. Assume moreover
that |$(0)| = 1. Let S(t) be another trigonometric polyno-
mial such that S(t) > 0 and S(0) = 1. Assume that there
are trigonometric polynomials or rational functions Q,, € =
1,..., N, that satisfy the OEP condition

N R
S(A'")P(O)P(t+j)+ Y Q (Q, (t+))

=1
S if jez?, (6)
— A* -1 Zd
0 ifje (%) \ z4.
If
U, (A')=Q,() (), €£=1,...,N, @)
then ¥ = {y,,...,yy} is a tight framelet in LZ([Rd) with

dilation factor A and frame constant 1.

With an additional decay condition, Theorem A follows
from [10, Proposition 1.11], except for the value of the frame
constant, which follows from, for example, [3, Theorem
6.5]. However, recent results of Han imply that this decay
condition is redundant. Indeed, Theorem A in its present
formulation is a consequence of Proposition 4, Corollary 12,
and Theorem 17 in [11] (for a simpler version of Han’s results
in dimension, see [12]).

We also need the following slight generalization of The-
orem 3.4 of Lai and Stockler [13]. The proof is similar and
will be omitted. We have also included in the statement
a generalization of the algorithm implicit in the proof of
Theorem 3.4.

Theorem B. Let A € E (Z) and let A, = {qs}sdjo_1 and
Ay = {ps}f;‘(; " be full collections of representatives of the cosets
of Z%|AZ* and Z°| A* Z°, respectively, with q, = p, = 0. Let
P(t) be a trigonometric polynomial defined on RY that satisfies
the condition:

dy-1

Y P+ @) e <1, (®)
s=0
let

2@ = (P(t+(A) " (0));s=0,.ndy—1),
and let

(8 = d;l/z (eiznqz'n((A*)—l(ps)); 6s=0,....d,— 1)
(10)

be the polyphase matrix, where s denotes the row index and €
denotes the column index.

Let the d , x 1 matrix function G(t) be defined by

Gt):=u"(t)P(t)= (L (A"t); k=0,...,d, - 1),
(11)
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and suppose that there exist trigonometric polynomials P,
..., Py such that

dy-1 X M B )

k t + t = 1. 12
YL@ + Y [P w] =1 (12)
k=0 j=1

Let N := d, + M and let the N x 1 matrix function €(t) be
defined by

G = (L (A"); k=0,...,dy - 1,

P(A');1<j< M), (13)
G(t) = Iy - € () C" (1).
Let K(t) denote the first d , x N block matrix of @(t),
Q(t) := M () K (1), (14)

and let [Q,(t), ..., Qn(t)] denote the first row of Q(t). Then the
trigonometric polynomials P and Q,, € = 1,..., N, satisfy the
identity (6) with S(t) = 1.

Using the OEP and Theorem B, we will obtain a general
method for constructing compactly supported framelets in
L*(R?) valid for any dilation matrix.

We will use the following theorem of Gréchenig and
Madych [1].

Theorem C. Let A € E (Z) and let A, = {qs}fjo_l be a full

collection of representatives of the cosets of Z° | AZ® with q, =
0. Then the characteristic function g, where the set E is defined

by

E:= <lx eR:x=YATKY, KV € AA]» , (15
j=1

is a nonnull compactly supported measurable function,
Ixgl 2may = 1, and it satisfies the refinement equation:

¥z (A" (1) = H(t) ¥z (1), where

1 dy-1 (16)
H(t) = —
dA s=0

The following statement may be found in [14, Appendix
A.2]. The proof is straightforward and will be omitted.

Lemma D. Let C° be the class of continuous functions in
LX(R?), and let C", r = 1,2, ... be the class of functions f such
that all partial derivatives of f of order not greater than r are
continuous and in L*(R?). If

IF o] <ca+en™ 17)

for some integer N > d and & > 0, then f is in CN ™9,

Proofs of the following proposition may be found in [15,
Lemma 3.1], [14, Proposition 5.23], or [6, Result 2.6].

Proposition E. Let A € E;(Z) and let A, = {qs}il;‘o_1 be a
full collection of representatives of the cosets of 2] AZ* with

qo = 0, and let E ¢ R? be the set defined by (15). Then there
exist two positive constants € and C such that

lxz (O] < Cl™. (18)

3. A Family of Tight Framelets

Let A € Z**? be a dilation matrix with integer entries such
that | det A| = 2. In this section we construct smooth com-
pactly supported tight framelets with three generators in
L*(R*) with dilation factor A and any desired degree of
smoothness.

Two matrices A and B with integer coefficients are
integrally similar if there exists a matrix U with integer entries
such that |detU| = 1 and A = U 'BU. Let

02 0 2
a=(0) a=(45)

0 2 0 -2
A= (_1 1), A, ._<1 _1>, (19)

11 -1 -1
A5:=<_1 1>, A6::<1 _1>.

The following complete classification of all matrices in E,(Z)
with | det A| = 2 was found by Lagarias and Wang [16, Lemma
5.2].

LemmaF. Let A € E,(Z). Ifdet A = -2, then A is integrally
similar to A,. If det A = 2, then A is integrally similar to one
of the matrices Ay, k =2,...,6.

We now focus on the dilation matrices A;. For r € N, let

A" = {qo =(0,0)", q; =(@2r-1, O)T} > (20)

.= {Po = (0, O)T, P = (0, 1)T} . (1)

It is easy to see that for each r € N the set A" is a full
collection of representatives of the cosets of Z*/A,Z%, k =
1,...,6,and that I is a full collection of representatives of the
cosets of ZZ/A;;ZZ, k =1,...,6. Moreover, we have

{4 e (4 = {00 (o) | k=123
) H

{42 e (42 'mi} = {007 (1) ]

{42 "por (49 "p} = {(o,(_

272
{(Az)_lPO) (AE)_lpl} = {(0, 0)", <—%,—%>T} .

(22)



For simplicity we shall consider AW as in (20) with r = 1,
and I as in (21). Then the corresponding matrix (t), t =
(t,,t;), defined by (10), where A is any of the matrices Ay,
k=1,...,6,is

1 1 el’27‘rtl
A (t) = I (1 g2 ) : (23)
We now construct a family of smooth compactly supported
refinable functions in L*(R?) with dilation factor A,.

Proposition 1. Let the matrices Ay, k = 1,...,6 be defined as
in (19). Letm,n € N, t = (t,,t,) and P(t) := cos?(2m— L)mt,.
Let

$® = |IE g 0], (24)

where E is the set defined by (15) with A, = A™, and A is
one of the matrices A,. Then ¢(0) = 1, and the function ¢
whose Fourier transform ¢ is defined by (24) has the following
properties: ¢ is nonnull, compactly supported, and square
integrable on R?, Ipll 2 w2y < 1, and satisfies the refinement
equation:

P(AL) =P ). (25)

Moreover, if 2en — 2 > r > 1, where € is defined in Proposition
E, then ¢ is in continuity class C".

Proof. From Theorem C we deduce that yp is a nonnull
compactly supported function.

We now prove that [|¢]l 2 .y < 1. Let ¢, := |E|""yz and
for j € Nlet ¢; denote the j-fold convolution of ¢, with
itself. Since [|¢] ®) = ¢l ®) by Young’s inequality for
convolutions and bearing in mind that |E| > 1, we conclude
that

I|¢||L2(Rd) s "(Pn—l||L2(Rd)|||E|_1XE||L1(Rd)
(26)
= "‘Pn—l"Lz(Rd) S s ”901 ||L2([Rd) <L

We now show that ¢ satisfies the refinement equation (25).
From (16) we have

¢ (A} (V) = [EI™" |7z (A; ©)"

= [HOPE™ | 0" =P®$®),

(27)

where H(t) = (1/2)(1 + ¢2™@m=h),

Since y(0) = |E|, the definition of (E implies that gE(O) =
1.

We now prove the estimates for the degree of smoothness
of ¢. By Proposition E, we have

|6 ®] = 1B |5 (0™

< C|E|—2n|t|—2£n < C|t|_2€n-

(28)
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Moreover, since gg is continuous,
|6 ®)] < D1+ t) . (29)

Hence, if 2en — 2 > r > 1, Lemma D implies that ¢ is in
continuity class C".

Finally, replicating an argument of Wojtaszczyk [14, page
79] it is easy to see that ¢ is a compactly supported function
on R, O

We now construct tight framelets ¥ = {y,, v, y,} in
L*(R?) with dilation matrices A ¢ E,(Z) such that the
functions v, are smooth and compactly supported. For this
purpose we use the refinable functions that we obtained in
Proposition 1, Theorem B, the Oblique Extension Principle,
and an appropriate change of variables.

Let A, k = 1,...,6 be the matrices defined in (19), let T
be defined by (21), assume thatn,m € N, t = (t,,t,) € R* and
that P(t) defined as in Proposition 1. Using (22) we readily see
that

PP+ [P (t+(a7) 'p))[

= cos™ ((2m -1) ﬂtl) (30)

+ cos™ ((Zm - 1)71(t1 + %)),

and by an elementary computation we conclude that

POF +[P(t+ () 'p)[ <1, (31)

and that equality holds only if 2(2m — 1)t; € Z. Since the
values of the trigonometric polynomial P in Proposition 1
only depend on one variable, from a lemma of Riesz (cf,,
e.g., [17, Lemma 6.1.3], [14, Lemma 4.6]) we know there is a
nonnull trigonometric polynomial L(A}t) on R? such that

(A0 = 1= (IP@F + [P (t+ (41 "p)[ )

=1-cos™ (2m - 1) nt,) — sin™ ((2m — 1) 7t,) .
(32)

The coeflicients of L(t) may be obtained by spectral factoriza-
tion ([18]).

The following theorem describes the construction of
smooth tight framelets of compact support and arbitrary
degree of smoothness with dilation matrix A,.

Theorem 2. Let Aj, k=1,...,6. Letm,n € N, t = (t,,t,), let
P(t) := cos™((2m — 1)7t,), and let

l n
Q, () = 7 [1 —cos™ ((2m - 1) nit,)

—cos™" ((2m — 1) nit))

x sin™" ((2m — l)ntl)] ,
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i2mt)

Q, () = e\/_ [1 —cos™ ((2m - 1) t))
+cos™ ((2m - 1) t))
xsin™ ((2m — 1) 7t )]

Q; (t) = ——coszn (Cm—-1)mt)) L(A* ),

(33)

where L(A t) is a trigonometric polynomial that satisfies (32).
If§ is defined by (24),

Pe (4 =Q (), €£=123 (34)
and ¥ = {y,, y,, s} is the set of inverse Fourier transforms
of the functions V, defined in the preceding displayed identity,
then ¥V is a tight framelet with dilation factor A, and
frame constant 1, and the functions y, have compact support.
Moreover, if 2en — 2 > r > 1, where € is defined in Proposition
E, then the functions w,(t) are in continuity class C".

Proof. Recall that the set A" defined by (20) is a full collec-
tions of representatives of the cosets of Z*/ A, Z*, and that the
set I' defined by (21) is a full collection of representatives of
the cosets of 7> /AZZZ. Thus, the inequality (31) allows us to
apply Theorem B.

From (9) we see that

(1) = (cos™ (@m - )7t,) sin” (2m - D t,))
(5)

whence (23) implies that

Ly(Ajt)=— 5 (coszn (@m—1)7t,) + sin™ ((2m-1) ntl))
® 1 —i2m n
L, (Apt) = 7 2ty (cos2 (em-1)nt,)
—sin” ((2m - 1) ntl)) .
(36)
Thus, we have
Lo (A0 + L, (A0 = cos® (o - 1) t,)
(37)

+sin™ (2m - 1) 7t,).

Let L be defined as in (32). Setting P, := L we therefore
conclude that

Ly ] +|L, O + |B o =1. (38)

Applying the algorithm described in Theorem B with N = 3
and P, = L, and bearing in mind that L, = L,, we obtain

Q (1) = 7 [1- Lo (A30)f
L (A0 L, (A7)
- % [1 —cos™ ((2m - 1) t))
—cos” ((2m-1) mt,) sin™ ((Zm—l)ntl)] ,
Q1) = @ (€7 = Lo (430) L, (438)
ML, (A)]]
ei27‘[t1
=5 [1 —cos™ ((2m - 1) mt))
+cos™ ((2m - 1) mt))
x sin” ((2m — 1) it )]
1 % i2mt % T Ave)
Q; ()= - ﬁ [Lo (Agt) +e7™L, (Akt)] L(Akt)

= - %coszn (@m-1)mt,)) L(th)
(39)

Theorem B guarantees that the trigonometric polynomi-
als P, Q,, Q, and Q,, satisfy the identity (6) with S(x) = 1
and N = 3. This may also be verified by direct computation.
Applying Theorem A we conclude that W is a tight framelet in
L*(R?).

Since the functions Q, are trigonometric polynomials and
therefore bounded on R?, the smoothness of the functions vy,
follows from (29) and Lemma D.

Finally, note that the functions y, are compactly sup-
ported because ¢ is compactly supported and the Q, are trig-
onometric polynomials. O

Using Theorem 2 and Lemma F we now obtain an algo-
rithm for constructing tight framelets in L*(R?) with dilation
factor A, for any matrix A € R**? preserving the lattice Z*
and with | det A| = 2. These framelets have three compactly
supported generators of arbitrary degree of smoothness.

Corollary 3. Let A € E,(Z) with | det A| = 2 and let k €
{1,...,6} be such that there exists a matrix U € Z*** with
det(U) = 1, such that A= U "AU. Let myn € N, t = (t,t,),
P(t) == cos™(2m — 1)ut,, let ¢ be defined by (24), and let
Y = {y, ¥, W3} be the set of inverse Fourier transforms of the
functions ¥, defined by (34). If

O, (1)

=Y, Uy, €=1,23, (40)



then ® = {0,,0,,05} C L*(RY) isa tight framelet with A, and
the functions 0, have compact support. Moreover, if 2en — 2 >
r > 1, where ¢ is defined in Proposition E, then the functions
0,(t) are in continuity class C'.

Proof. Since U™" Z> = 77, the assertion that @ is a tight
framelet in L*(R*) with frame constant 1 readily follows by
a change of variable of the formt — U™'t.

Let r be an integer such that 2en — 2 > r > 1, where
¢ is defined in Proposition E. Since v, is in continuity class
C’", applying the chain rule we conclude that also 6, is in
continuity class C". O

4. Examples

In this section, we illustrate the results of this paper showing
examples of tight framelets where the use of spectral factor-
ization may be avoided.

Example 4. Let Aj, k € {1,...,6},m e Nyn = 1,t = (t,1,),
P(t) = cos*((2m — 1)zt,) and I be the set defined by (21).
We can obtain a tight framelet by elementary computations.
Since

HP@F - [P (t+ (40 'py)[
=1-cos* (Cm—-1)mt)) )
—sin* (2m - 1) t,)
=27"in® (2 (2m - 1) nt,),

a choice for L(¢) is L(¢) := (1/V2) sin(2(2m — 1)mt,). Thus, if

we set
Q (1) = 7 [1-cos® ((2m - 1))
—cos” ((2m — 1) ity ) sin” ((2m - ) mty) |,
g2
Q=7 [1-cos* ((2m - 1)mt,)
+cos” (2m — 1) mty) sin® (2m — 1) mty)],
Q;(t) =- \/icos >(@m-1)nt,)sin (2(2m - 1) 7t,),
(42)
and if ¢ is defined by (24) with n = 1,
V(A) =Q, () (1), €=1,2,3, (43)

and ¥ = {y,, y,, Y5} is the set of inverse Fourier transforms of
the functions ¥, defined in the preceding displayed identity,
then ¥ is a tight framelet in L*(R*) with dilation factor A,
and the functions v, are compactly supported.

Example 5. Let A, k € {1,...,6}, m e N,n=2,t = (t,t,),
P(t) := cos*((2m — 1)mt,) and I be the set defined by (21).
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The case when n = 2 is also sufficiently simple that it does
not require the use of spectral factorization algorithms to
compute L(t). We will just apply the arguments used to prove
the lemma of Riesz and simple trigonometric identities.
From (37) we readily see that
1-|Lo (As)]” = |L, (As)]” = 1 - cos® (2m - 1) 7t
—sin® (2m - 1) 7t,).
(44)

We define

qt):=1- cos® (2m - 1) 7t)

(45)
—sin®(@m-1)nt), teR.
If s := cos((2m—1)mt), we see that q(t) = D(cos((2m—1)mt)),
where D(s) = —2s® +45° — 65* + 45%. Since 4~ 6y +4y* -2y =
2(y - 1)(y —c)(y =), wherec = (1 + iV7)/2, we conclude
that

D(s) = -2¢% (52 - 1) (s2 - c) (52 - E). (46)
Setting z = @™ ™ and bearing in mind that |z| = 1, this
yields
oA
E) )]
= —2022)7" 2[(zz+1 —4z }B(z)
= —2(22)" ( ) B(z),
where
B(z) = [(z2 + 1)2 - 4cz2] [(z +1)* - 4Ez2] . (48)
Let
= L avirava) P (s 49
2z = 5(2 7+4V2) T (1+i). (49)

Then z, is a zero of (2% + 1)* — 4cz* and z, is a zero of (z +

1)% - 4¢z?

From the discussion in [17] or [14] we see that if z = €™,

then
_ 1 1\
B ofe-ae-m (- 1) (- )|
(50)
Since g(t) > 0, we have
q() =lg)]=27" - 1['B(2). (51)
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Thus, a choice for L(A}t) is

1 ; _
L A*t = ez4(2m 1)mt, -1
( k ) 8\/§|ZO| ( )
x (ei(Zm—l)rn,‘1 _ ZO) (ei(Zm—l)rrt1 _ Z_()) (52)
x <ei(2mfl)7'rt1 _ i) <ei(2m71)rrt1 _ é) )
) )
We now set

1
Q (1) = 7 [1 —cos® (2m - 1) nit,)
—cos* (2m - 1) mt, ) sin* (2m - 1) ntl)] ,
(53)

i27ty

V2

Q,(t) = [1 —cos® ((2m — 1) mt,)
+cos* ((2m — 1) mt, ) sin* ((2m - 1) ntl)] ,
(54)

Q,(t) = —%cos4 (@m—-1)mt;) L(A5t), (55)

where L(A}t) is defined by (52) with z, given by (49). If gg is
defined by (24) with n = 2,

¥ (ARt) = Q, (D (1),

and ¥ = {y,, v,, Y5} is the set of inverse Fourier transforms of
the functions ¥, defined in the preceding displayed identity,
then ¥ is a tight framelet in L*(R*) with dilation factor A,
and the functions y, have compact support.

¢=1,2,3 (56)
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