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We demonstrate the existence of standing wave solutions of the discrete coupled nonlinear Schrédinger equations with unbounded
potentials by using the Nehari manifold approach and the compact embedding theorem. Sufficient conditions are established to

show that the standing wave solutions have both of the components not identically zero.

1. Introduction

Consider the coupled discrete Schrédinger system

du
! dtn = _(ﬂu)n + bmun - a1|un|2u” - a3iv”|2u”’
‘ €]
v
i dtn =—(dv), + bZ,,vn - aalvnlzvn - a3|unlzvn’

where a; > 0, {b,,} are real valued sequences, i =
1,2,3, and j = 1,2. & is the discrete Laplacian operator
defined as (Hu),, = u,,, +u,_; —2u,.

The system (1) could be viewed as the discretization of the
two-component system of time-dependent nonlinear Gross-
Pitaevskii system (see [1] for detail)

2
ihou=——Au+by (x)u- allulzu - a3|v|2u,
2m
2 @
iho,y =——Av+b, (x)v-— aqlvlzv - a3|u|2v.
2m

In this paper, we will study the standing wave solutions of
(1), that is, solutions of the form
neZ, (3)

U, = exp (_iwlt) ¢n’ Vy = €Xp (_int) Vys

where the amplitude ¢, and vy, are supposed to be real.
Inserting the ansatz of the standing wave solutions (3) into
(1), we obtain the following equivalent algebraic equations:

_(‘Qf(/’)n - w1¢n + bln¢n - a1|¢n|2¢n - a3|Wn|2¢n =0,

_(MW)H -y, t b2nl//n - a2|wn|21l/n - a3|¢n|21l/n =0.

Since Bose-Einstein condensation for a mixture of dif-
ferent interaction atomic species with the same mass was
realized in 1997 (see [2]), this stimulated various analytical
and numerical results on the standing wave solutions of the
system (2). The discrete nonlinear Schrodinger equations
(DNLS) have a crucial role in the modeling of a great variety
of phenomena, ranging from solid-state and condensed-
matter physics to biology. During the last years, there has
been a growing interest in approaches to the existence
problem for standing waves. We refer to the continuation
methods in [3, 4], which have been proved powerful for
both theoretical considerations and numerical computations
(see [5]), to [6], which exploits spatial dynamics and centre
manifold reduction, and to the variational methods in [7-11],
which rely on critical point techniques (linking theorems and
Nehari manifold).

We noticed that most works on the existence of
standing waves solutions are for single discrete nonlinear



Schroédinger equation, and less is known for discrete nonlin-
ear Schrodinger system. In the recent paper [12], the authors
considered the standing wave solutions of the following
system:

du 2 2
i dtn = —(du), +byu, —c,v, - allunl u, — a3|vn| u,,
.dv 2 2
1 dtn = _('dv)n + bZnVn — Gy — a2lvn| Vi — a3|”n| Vi

)

which is more general than the system (1). However, they
make a mistake to obtain the equivalent algebraic equations
because w; may be different from w,. Hence, there are two
ways to correct this mistake. The first method is to study the
special standing wave solutions (3) of the system (5) with w, =
w,. The second method is to study the standing wave solutions
(3) of the system (5) with ¢;,, = 0 and ¢,, =0, n € Z.In this
paper, we consider the second method. By the way, the proof
of the main results in [12] is also not fully corrected.

The paper is organized as follows. In Section 2, we
introduce some preliminaries and a discrete version of com-
pact embedding theorem. Some key lemmas on the Nehari
manifold are proved in Section 3. In Section 4, the main
results are stated and proved.

2. Preliminaries

In this section we describe the functional setting needed for
the treatment of the infinite nonlinear system (4). We first
introduce a compact embedding theorem.

Consider the real sequence spaces

1/p
p- {¢ - uhoes <[l = (zwﬂv’) coo

nez

(6)
¢, € R, Vn e Z}.

Between [? spaces the following elementary embedding
relation holds:

11ciIP,

[l < ¢l

For the case p = 2, we need the usual Hilbert space of I,
endowed with the real scalar product

(&9) = D bV by el (8)

nez

1<g<p<oo. (7)

Let us point out that the spectrum of —</ in I* coincides with
the interval [0, 4]. Obviously, we have

0< (-t ¢) < 4fplz Vel (9)
Assume that the potential V; = {b,,},.c, i = 1,2, satisfies

lim b, = oo,

|n| - co

i=1,2. (10)
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Without loss of generality we assume that V; > 1, i = 1,2;
thatisb,, > 1forn e Z, i =1,2. Let

m =

Li=-d+V, i=1,2, (11)

which are self-adjoint operators defined on I, and

E={per:riPocrh fols =L

i=1,2.

(12)

The following lemma can be found in [9].

Lemma 1. If V,, i = 1,2, satisfy the condition (10), then for
any?2 < p < oo, E; and E, are compactly embedded into I¥ and
denote the best embedding constant o, = maxw,"lp:l1/||¢>||El

and ,Bp = max||¢||lP:11/II¢IIEZ, respectively. Furthermore, the
spectra o(L,) and o(L,) are discrete, respectively.

By (11), (4) becomes

L1¢n - w1¢n - a1|¢n|2¢n - a3|Wn|2¢n =0,

2 2 (13)
LZIr’/n -y, - az|1//n| Yy = a3|¢n| v, = 0.
Now we can define the action functional
1 1
J(pv) = 5 (L) —w) d ) + 5 ((Ly —w)) v, )
(14)

=X (@t + @y + 20,907).

nez

By Lemma 1, it follows that the action functional J(¢,y) €
CI(E1 x E,,R) and (13) corresponds to ]'((p, y) = 0. So we
define

1(¢y) = (J'($.9).($¥))
= (L ~@) . 0) + (L — @) v, w) (15)
- Z (“1¢ﬁ + ‘721/’;41 + 2“3‘/);21‘/&) >
nezZ
and the Nehari manifold

N={(¢y) € E, xE,: I(¢¥) =0, () #0}. (16)

3. Some Lemmas on the Nehari Manifold
Let

A =inf{o (L;)}, i=12. (17)
To prove the main results, we need some lemmas on the
Nehari manifold.

Lemma 2. Assume that w, < A,, w, < A,, and (10) holds.
Then the Nehari manifold N is nonempty in E, x E,. Further-
more, for (¢,¢) € N, J(td,ty) attains a unique maximum
pointatt = 1.
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Proof. First we show that N # 0.
From (15) and (16), we rewrite

(o, - willeli:)

N | —

J(pv) =
+ = (Ivlz, - @lvlz) (18)

AN

Z (“1‘/5: + az‘/’:: + 2“3‘/5?#’3) >
nez

1 y) = |¢l7, - @l + lvlz, - elvl
- Z (“1(/53 + @y, + 2“3¢i‘/’3) .

nez

(19)

Let (¢, v) € (E; — {0}) x (E, - {0}); then by (19)

1(tg,ty) = £ (], - lglz)
+ 2 (vl - @lvlz)

-t Z (al(pfl + 5‘21//;11 + 2a3¢i‘Vﬁ)
nez

(20)
=t <||¢||§1 ~oiflglln + Iyl - @lvl:

5 (ot i+ 2002) ).

nez

Notice that ¢l - @/ I¢lz > (A, — @)lglz > 0 and
iz, = wllwlz = (A, = @)llwlz > 05 by (20), we see that
I(tp,ty) > 0 for t > 0 small enough and I(t¢,ty) < 0 for
t > 0large enough. As a consequence, there exists £, > 0 such
that I(t,¢, tyy) = 0; that is, (£,¢, t,¥) € N.

Let F(t) = J(¢,ty), (§,w) € N. Computing the
derivative of F, we have

F )=t (1 - t2) Z (al(pﬁ + azwi + 2a3qbﬁ1//i). (21)

nez

This shows that t = 1 is a unique maximum point. The proof
is completed. O

Lemma 3. Assume that w, < A, w, < A,, and (10) holds.
Then there exists > 0 such that J (¢, ) = n, for all (¢, ) € N.

Proof. Since A, is the smallest eigenvalue of E, and A, is the
smallest eigenvalue of E,, from the definition of the constant

a,and B, wegetd, = 1/a; and A, = 1/B;. For any (¢, y) €
N, we have

91z, - @lgle + iz, - wlvls

= Z (%‘/52 + az‘/’i + 2“3‘/5?;\"3)

nez

* 2

<a* (gl + Iwl) (22)
* 2

<a*(azlol;, + Bilvlz,)

" 2 2 \2
<a"y;(lolz, + Ivlly,)

where a* = max {a,,a,,a;} and y, = max{oci,/:c’i}.
Let

ylzmin{l,l—%,l—%}- (23)
1 2

By (22), it is easy to see that

" 2
v (I8l + vls,) <a v (Il + vle,) @9

and this implies that

ho. (25)

2 2
91, + vl > 257

Moreover, we have

J(pw)=T(dw) - i1(¢,w)

1
1 (I8l = @illglls + Mvlz, - w.lvlz)  (26)

vV

2
4! 2 2 12!
T (6l + ) = s

Letn = y;/(4a*y?); then we get (¢, ) = , forall (¢, ) € N.
The proof is completed. O

4. Main Results

Now we state our main results in this paper as follows.

Theorem 4. Assume that w; < A;, w, < A,, and (10) holds.
Then system (13) has a nontrivial solution in E, x E,; that is,
system (1) has a nontrivial standing wave solution.

In order to prove Theorem 4, we consider the following
constrained minimization problem:

d= nfeN] (bv). 27)

i
(o)
From the standard variational method, the proof of
Theorem 4 is changed into finding a solution to the

minimization problem (27). Now we are ready to prove
Theorem 4.



Proof. Let d be given by (27). By Lemma 2, N is nonempty
and there exists a sequence {(</>(k> l//(k))} C N such that

_ L (k) (k)
d= lim J(¢%,y"). (28)

By Lemma3,d > 0andd < D = maxk{](qS(k),y/(k))} <

00. By virtue of (26), we have

[, + lv*

Thus, sequences {qb(k)} and {w(k)} are bounded in Hilbert
spaces E; and E,, respectively. Therefore, there exist subse-
quences of {¢)(k)} and {1//(")} (denoted by itself) that weakly
converge to some ¢* € E, and y* € E,, respectively. By
Lemma 1, we get, for any 2 < p < oo,

(¢<k y®) < 2D . (29)
M

lim ¢® = ¢*, in 17, (30)

k— oo

lim y*® =y,
k— o0

By virtue of (15) and (16), we have

J (¢(k) l//(k))

1 1
=5 (L, -l )+ 5 (WL, - @lv®)

-2 2 (@) (u?)" + 20(6) (1))

neZ
=1 Y (@) + (v + 20,90 ) (w)).
neZ (31)
First, we claim that
IS (a6 + )+ 20 (1))
(32)

= Y (a(g)" + anlw)" +2a5(¢) (v7)")

nez

According to (30), it suffices to show that

khm Z ((b(k)) ( (k)) Z (¢, )2(‘//: )2' (33)

neZ nezZ
In fact,

Y (69) (v0) - Y (@)Y
nez nez

< 3 |6 - o] [ + 6] (v, (k)) (34)

nezZ
AAICHR
nez

Thus Holder inequality and (30) imply the (33) holds.
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Next, we show that (¢*,y") € Nand J(¢*,y*) =d
Since E, and E, are Hilbert spaces, by (32) we have

A

< likrr_1)iorcl)f “gb(k)HE + hl{:rilgof "1//

<timinf (Jo®[ +[v“[},)

g (Z (a(6) +ex(?)’ (3)
+2a, () (4))

®)||?
L

=Y (@(@)" + a(y,)" +2a5(8,) " (v))

nez

2
weak — lim qb(k) + [[weak —
k— o0

E

lim y®
k— o0

E,

I,

ranp O, + waly

L1 R T

which implies I(¢", ") = 6"z — w@,l¢”l} + Iy’ Iy, -
Yl = Taez(@ @) + ay(y)* + 2a;(87)°(y))) < 0
Through a similar argument to the proof of Lemma 2, we
know that I(t¢", ty™) is positive as ¢ is small enough. There-
fore there exists t* € (0, 1] such that I(t*¢*,t*¢") = 0 which
implies (t"¢",t"y") € N. Thus we have J(t"¢*,t"y") =
(1/49)W(t*) and by (32), W(1) = 4d, where

W) =ty (a(¢;)

nez

Yray(yn)t +2a(80)°(02)) - (36

Clearly, W(t) is strictly increasing on 0 < t < oo. Therefore
by (27),

(t) <

d<J(t ¢ t'y") = }LW W(l)=d. (37)
This implies thatt* = 1 and J(¢*,y") = d

Finally, we will prove (¢*,y") is a nontrivial solution to
system (13).

Since (¢*, ¥") is an energy minimizer on Nehari manifold
N, there exists a Lagrange multiplier A such that

U@ y)+AI (@ y).(by) =0, (38)

for any (¢, w) € E; x E,. Let (p,y) = (¢*,y") in (38).
J'(¢%,v"), (6", ¥™)) = I(¢*, ¥*) = 0 implies that
AT (¢7y7).(¢7.y7)) =0, (39)
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but
(' (@9, (" v"))
=2((Ly - @) 9" ¢") +2((Lo - @) y",y")
4y (a(g7)" +ar(y)' +2a3(87)"(v3)")

nezZ
=2 (@) +a(yy)" +2a5(6,) ()" < 0
nezZ
(40)
Thus, A = 0 and
('@ y"). ($9)) =0, (41)

for any (¢, ) € E, x E,. Take (¢, y) = (¢®,0) and (¢, y) =
(0,e®)Y in (41) for k € Z, where

(k) 1, n= k,
= 42
én {0, n#k. (42)

We see that J'(¢*,y*) = 0. Thus, (¢*,y") is a nontrivial
solution to system (13). The proof is completed. O

By Theorem 4, the system (1) has a nontrivial solution.
However, it is uncertain if two components of this solution are
nonzero. Therefore, we want to find solutions of the system
(1) which have both of the components not identically zero.
In order to achieve this goal, we consider the system (1) with

by, =by,, ne Z;thatis,
du 2 2
i dtn = —(du), + byu, a1|un| u, —a3|vn| U,
P (43)
.av, 2 2
dtn = —(dv), + by, - a2|vn| v, — a3|un| Vv,

In system (43), we know that L, = L,, where L;, i = 1,2,
is given by (11). By the definition of E;, i = 1,2, in Section 2
of this paper, we obtain that E; = E,. Hence, A; = A,. For
the sake of simplicity, welet L, = L, = L, E, = E, = E,
and A, = A, = A. The notations in Section 2, such as
J(b,w), I(¢, ), and N are the same.

Now, we give the second result of this paper as follows.

Theorem 5. Assume that w;, < A w, < A a3 >
max {a;, a,, (A - w,)/(A - w)))ay, (A - w)/(A - w,))a,}, and
(10) holds. Then system (43) has a nontrivial standing wave
solution (¢, %) in E x E with ¢ #0 and § #0.

Proof. By Theorem 4, we know that system (43) has a non-
trivial standing wave solution (¢, %) in E x E.

Now we will prove that ¢ # 0 and ¥ # 0.

Since (fﬁ, ¥) € N, we know that (qE, ¥) #(0,0). If one of
the components (¢, ), say # = 0, then ¢#0. For € small
enough, we consider (¢, e¢) € (E—{0})x(E—{0}); by a similar
argument to the proof of Lemma 2, we know that there exists
t* such that I(t*¢,t*e¢) = 0; that is, (t* ¢, t*ed) € N.

5
B~y (20) and I(t*¢,t*ep) = 0, we have t*)? =
(H, (¢, €¢))/(Hy($, €¢)), where
H, ($y) = 915 - willgll: + Il - @yl
44
H69)= Y (adhrai v 2agie).
nezZ
and J(t*$, " e) = (H*(¢, e$))/(4H, (¢, ed)).
We noticed that J($,0) = (a,/4)Y,cs (754 =
inf((p,u,)eN J(¢, w) and
H, (9.0) = H,($.0) = |I4>|| -l
(45)
For the sake of simplicity, we let
B=Y%, D=|dl,- (46)
nezZ
If w, < w, < A, then
D= o[}, -l
= el -l + - el @
=aB+ (0 - w, "¢ p S @B
Thus, a, > a, and (47) yields a, BD < a,a,B".
If w, < w; < A, then by (45),
~112
= el -
= ol - @l + (@
(48)
= a8+ (@ - @) ],
- A
<aB+ u}?_ a(:zalB =3 C Z?alB.

Thus, a; > (A — w,)/(A — w;))a, and (48) yields a;BD <
a,a;B’.

From the above arguments, if a; > max {a;, (A-w,)/(A-
w,))a,}, then a,BD < a,a;B*.

For € small enough, we have

H; ($,¢9)
~ — — 2
= (ol - wlo )

2
= (alB + eZD) = afB2 + 2ulBDe2 + D%

2 ~12
et el -

(49)

< afB2 + 2a1a3B262 + a1a23264
=a,B (alB + azBe4 + 2a3Bez)

= H, (4,0) H, ($.€9).



Hence, by (49), we have

1]
A
[
5
—
<
(=)
N—

J(t*¢.t"ed)

I
~
—
<
o
SN—
11
5
2,

This is a contradiction. So, ¥ #0.
Similarly, if ¥ # 0 and a; > max {a,, (A-w,;)/(A-w,))a,},
then ¢ # 0. The proof is completed. O
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