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We present an effective finite element method (FEM) for the multiterm time-space Riesz fractional advection-diffusion equations
(MT-TS-RFADEs). We obtain the weak formulation of MT-TS-RFADEs and prove the existence and uniqueness of weak solution
by the Lax-Milgram theorem. For multiterm time discretization, we use the Diethelm fractional backward finite difference
method based on quadrature. For spatial discretization, we show the details of an FEM for such MT-TS-RFADEs. Then, stability
and convergence of such numerical method are proved, and some numerical examples are given to match well with the main

conclusions.

1. Introduction

Fractional differential equations are different from inte-
ger ones, in which the nature of the fractional derivative
introduces the memory effect, thus increasing its modeling
ability. Recently, many mathematical models with fractional
derivatives have been successfully applied in biology, physics,
chemistry, and biochemistry, hydrology, and finance [1-3].
The multiterm fractional differential equations have been
widely studied in rheology, and, in many cases, the exact
solutions are known [4, 5]. Summary of the fractional differ-
ential equations can be found in monographs [6-9]. As one of
the main branch, fractional partial differential equations have
attracted great attention. Therefore, the numerical treatment
and supporting analysis of fractional order partial differential
equations have become an important research topic that
offers great potential.

The FEM is one of the effective numerical methods
for solving traditional partial differential equations. For
fractional partial differential equations, FEM also can be a
useful and effective numerical method. In recent years, some
valuable papers are concerned with the FEM for fractional
differential equations. Adolfsson et al. [10, 11] considered
an efficient numerical method to integrate the constitutive
response of fractional order, viscoelasticity based on the
FEM. Roop and Ervin [12-15] investigated the theoretical

framework for the Galerkin finite element approximation
to some kinds of fractional partial differential equations. Li
et al. [16] considered numerical approximation of fractional
differential equations with subdiffusion and superdiftusion
by using difference method and finite element method. Li and
Xu [17, 18] proposed a time-space spectral method for time
and time-space fractional partial differential equation based
on a weak formulation, and a detailed error analysis was
carried out. Jiang and Ma [19] considered a high-order FEM
for time fractional partial differential equations and proved
the optimal order error estimates. Ford et al. [20] studied an
FEM for time fractional partial differential equations.

Fractional advection-diffusion equations especially are
important in describing and understanding the dispersion
phenomena. Analytical solutions of such equations in finite
domain have been obtained by Park in [21]. Also, the Riesz
fractional advection-diffusion equations (RFADEs) with a
symmetric fractional derivative (the Riesz fractional deriva-
tive) were derived from the kinetics of chaotic dynamics by
[22] and summarized by [23]. Ciesielski and Leszczynski [24]
presented a numerical solution for such equations based on
the finite difference method.

One often sees RFADESs defined in terms of the fractional
Laplacian as follows:

d «
S (6x) =k (-8) Put,x) - kg(-0)ut,x), (O



for example, where u is a solute concentration, k, and kg
represent the dispersion coefficient and the average fluid
velocity. Here, the fractional Laplacian operator —(-A)*/?
uses the Fourier transformation on an infinite domain, with a
natural extension to include finite domains when the function
u(t, x) is subject to the zero Dirichlet boundary conditions
(see [9]). Due to Lemma 1 in [25], the fractional Laplacian
operator —(=A)*? on an infinite domain x € (—00,0) is
equivalent to the Riesz fractional derivative operator RDf;l.
In particular, the Riesz fractional derivatives include both the
left and the right Riemann-Liouville derivatives that allow
the modeling of flow regime impacts from either side of the
domain. Yang et al. [25] investigated the numerical treatment
for the RFADE with the Riesz space fractional derivative as

d R RB
Zu (t,x) = ko "D u(t,x) + kﬁ Dy u (t, x), 2)

where RDf;l is the Riesz space fractional operator defined in
Section 2.

To increase the modeling ability, some authors considered
the equations with the fractional order in both time and
spatial variables in RFADEs, which include more information
and hence are more interesting. For the time-space fractional
advection-dispersion equations, Shen et al. [26] presented
the fundamental solution and numerical solution of the
Riesz fractional advection-dispersion equation with initial
and boundary conditions on a bounded domain, and derived
the stability and convergence of their proposed numerical
methods. Then, for fractional advection-diffusion equations,
Shen etal. [27] presented an explicit difference approximation
and an implicit difference approximation for the time-space
Riesz-Caputo fractional advection-diffusion equations with
initial and boundary conditions on a finite domain.

All of the above papers only considered single-term frac-
tional equations in time variable, where only one fractional
differential operator appeared. In this paper, we consider
the multiterm fractional differential equation, which includes
more than one fractional derivative. For example, the so-
called Bagley-Torvik equation [28] is

A°D?y (t) + B°D**y (1) + Cy (1) = f (1), 3)

where A, B, and C are certain constants and f is a given
function. The Basset equation is, in [6],

D'y(®)+bD "y (t)+cy(t) = f (1), y(©0) =y, (4)

where 0 < « < 1, b, and c are positive real numbers. This
equation describes the forces that occur when a spherical
object sinks in an incompressible viscous fluid.

Recently, some authors considered the applications of
multiterm fractional differential equations [29] and the
numerical methods for such equations [30-32]. At the same
time, the multiterm fractional partial differential equations
have been proposed in [33, 34]. The analytical solution and
the numerical methods for multiterm time fractional wave-
diffusion equations have been investigated in [35, 36]. This
motivates us to consider the effective numerical solution for
such multiterm fractional partial differential equations.
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In this paper, we consider MT-TS-RFADEs in finite
domain with the zero Dirichlet boundary conditions. The
analytical solution of such MT-TS-RFADEs has been inves-
tigated by Jiang et al. in [37]. Here, we present an FEM for
a simplified MT-TS-RFADEs and obtain the optimal order
error estimates both in semidiscrete and fully discrete cases
and derive the stability of such FEM. As far as we are aware,
there are few research papers in the published literature
written on this topic.

This paper is organized as follows. In Section 2, the
preliminaries of the fractional calculation are shown. Then,
we give the weak formulation of MT-TS-RFADEs and prove
the existence and uniqueness of this problems by the well-
known Lax-Milgram theorem. In Section 3, we present the
convergence rate of Diethelm’s fractional backward difference
method (see [38, 39]) for time discretization. In Section 4,
we propose a finite element method based on the weak
formulations and carry out the error analysis. In Section 5, we
prove the stability of such FEM for MT-TS-RFADEs. Finally,
some numerical examples are considered in Section 6.

2. Existence and Uniqueness

We consider the MT-TS-RFADEs with multiterm time frac-
tional derivatives and the Riesz space fractional derivatives in
the following form:

P(sD,)u(t,x) = kg "Dl (6, ) +k, "Dl (&%) + £ (£,%),
(5)

where 0 < < 1,1 <y <2,x € [0,X],and ¢t € [0,T]
are respectively the space and time variables and kg, k,, are
positive constants. We consider this problem with the zero
Dirichlet boundary value conditions and the initial value
condition defined as follows:

u(t,0)=u(t,X)=0,
u(0,x) = ¢ (x),

For nonzero boundary value conditions, we need to trans-
form the problem into one with zero boundary value condi-
tions before using the method in this paper.

Here, we consider the multiterm time fractional differen-
tial operator which has the subdiffusion process (see [16]).
It is different from (2), which only has one integer order
differential operator in time.

Note that the analytical solutions for MT-TS-RFADEs
have been studied in [37], in which this problem is well
defined. For this problem, some new techniques have been
used, such as a spectral representation of the fractional
Laplacian operator and the equivalent relationship between
the fractional Laplacian operator and the Riesz fractional
derivative.

For convenience, we introduce the following defini-

te[0,T],

(6)
x € (0,X).

tions and properties. The space derivatives RDllilu(t, x) and

RDlyx| u(t, x) are the Riesz space fractional derivatives of order

p and y, respectively. The definitions of them can be found in
[40].
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Let I'(-) denote the gamma function. For any positive
integer n and real number 8 (n — 1 < 6 < n), there
are different definitions of fractional derivatives with order
0 in [8]. During this paper, we consider the left, (right)
Caputo derivative and left (right) Riemann-Liouville deriva-
tive defined as follows:

(i) the left Caputo derivative:

1 t 1 d"
ok (o (g @) @

(ii) the right Caputo derivative:

(_1)n T 1 dn
I'(n-0) J; = t)e—n+1 (dr"v (T)> dr, (8)

(iii) the left Riemann-Liouville derivative:

¢}
“Div(t) =

“plv(t) =

Rpf 1 a J‘t v (1)
Dy = — 2 | 24
o Div () I'(n-0)dt" )y (t - T)G—nﬂ T 9)
(iv) the right Riemann-Liouville derivative:
R0 -n" d JT v (1)
Dlyviy=—~ 2% | VU g
TV( ) I'(n-0)dt" ) (r - t)e—n+1 T (10)

The Riesz fractional operators RDﬁd and RDlyx| in (5)
can be defined by the left and the right Riemann-Liouville
fractional derivatives.

Definition 1 (see [40]). The Riesz fractional derivatives of
order O forn € N, n — 1 < 6 < n, on a finite interval
0 < x < X is defined as

RDlexlv(t, X)
(11)
= -Cy (DI (t,x) + EDSv (t, %)), x € [0,X],
where Cy = 1/(2 cos(116/2)).

The multiterm fractional operator P(,D,) in (5) is

P(,D,)u(t x)= <OCD$ + ia,- SD ) ut,x),  (12)
i=1

where 0 < oy < ¢, ; < -+ < <a <lorl < a <
Ay < o< <a<2o0r0<a << <1<
O < <oy <a< 2,andg; € R,i=1,...,s, s € N.
Here, SD* and $D (i = 1,...,s) denote the left Caputo
fractional derivatives with respect to the time variable t of
order 0 < &« < land0 < &, < -+ < o < 1. There are
three cases for multiterm time-space fractional derivatives.

Casel If0<a,<--- <oy <a<l1,(5)isageneralized MT-
TS-RFADE with multiterm time fractional diffusion terms
with initial conditions given as (6). And especially, if o; = 0,
i=1,...,sand a = 1, then (5) becomes a space fractional
advection-diffusion equation with the Riesz space fractional
derivatives, which was discussed by Yang et al. [25].

Case2. If 1 < oy < -++ < o) < 0 < 2, (5) is a generalized
MT-TS-RFADE with multiterm time fractional wave terms.
In this case, the initial conditions are given as follows:

=¢(x),

Case3If0<oc< <o <l<a << <a<

2, (5) becomes a generallzed MT-TS-RFADE, which we refer
to as a multiterm time-space fractional mixed wave-diffusion
equation. In this case, the initial conditions are also given by

(13).

u (0, x) u, (0,x) =v(x), x€(0,X). (13)

In this paper, we just consider Case 1 of (5) with 0 < «; <
-+ <oy < < 1. Another two cases with 1 < o < -+ < o) <
a<2and0<oa < <a <l<o ;<< <a<2
will be studied in our following work.
In order to establish the weak formulation of the problem
(5), we need some preparatory work. We use definitions
of functional spaces and derive some properties related to
these spaces. Let C*°(0,T) denote the space of infinitely
differentiable functions on (0,T), and let C;°(0,T) denote
the space of infinitely differentiable functions with compact
support in (0,T). Let L,(@) be the space of measurable
functions whose square is the Lebesgue integrable in @, which
may denote a domain @ = I or Q or I x Q, where I = [0,T]
denotes the time domain and Q = [0, X] denotes the space
domain. The inner product and norm of L,(@) are defined

by
(V)10 = J uvda@,
@

1/2 14
ez, @) = (4 4) (> 1

Yu,v € L, (Q).
For any real 0 > 0, we define the spaces ng(@) and

"H; (@) to be the closure of C;°(@) with respect to the norms
vl : He (@) and || v|| "HI (@) respectively, where

2 2 &
Mg = (M, + M) -

W) = “ng"”iz(@)

Wtz = (VL0 + i)

2 IR
W kg ) = "t

In the usual Sobolev space Hy (@), we also have the definition

. 2 2 1/2
Mg = (V7,0 + Mis@)

(ORD"v,t D%v) L@ (16)

|V|Hg(@ cos (11o)

From [18], for o > 0, o #n—1/2, the spaces ng(@), "Hj (@),
and Hj (@) are equal, and their seminorms are all equivalent
tO I N IHg(@)



We now give some results for fractional operators on
these spaces.

Lemma 2 (see [8,18]). (1) Forreal 0 <0 <1, 0 <8 < 1, if
v(0) = 0, x € (0, X), then

6D v (x) = (§D5) (§D3) v (%)

17)
5 0 0+6
= (DY) (sDY) v(x), VveH™ (0,X).
(2) Let 0 < 0 < 1. Then, one has
R0 R0
(6D%w,v), L,(0.%) = (w.iD XV)Lz(o,X)’ (18)

Vw e H’ (0,X), veCP(0,X).
Lemma 3 (see [18]). Let0 < 0 < 2, 0+ 1. Then, foranyw, v €
Hg/z(o, X), then

(?DZw, ) ( De/zw,t Dg(/zv) (19)

L,(0,X) Ly(0,X)"

Following from the definitions and lemmas above, we
define the space

B2 (Ix Q)= H*(I,L,(Q)) n HY* (I, L, (Q))
N HY2(1,L, (@) n L, (I HY ()

nL,(LH" (@),
(20)

when0 <o, < <oy <a<l,0<f<landl<y<2.
Then, one obtains

Boc/2,y/2 (IxQ)= HKX/Z (I,L2 (Q)) n L2 (I, Hg/z (Q)) .

(21
Here, B*"/*(I x Q) is a Banach space with respect to the
following norm:
12
2 2
IVlgerzr gy = = <"V”H"‘/2(I,Lz(0)) N "V”LZ(I,HK”(Q))) ’

Vv e BY*2 (1x Q),
(22)

where
H (I, L, () = {n v (), € H (D}, (23)

endowed with the norm

(24)

(e [MCRIFRES] .

For obtaining a suitable weak solution for problem (5)
with the Caputo time fractional derivation, we consider the
connection between the Caputo and the Riemann-Liouville
fractional definition. Based on the definitions of the Caputo
and the Riemann-Liouville fractional differential operators,
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we have an immediate consequence, for any real order 6 > 0,
in [38],

DifO= - e)j(t

=oD{f () -

() - Ty [£:0](5)) ds

t n l[f 0] (t
(25)

where T,_,[f;0](t) denotes the Taylor polynomial for f of
order n — 1, centered at 0,

n fk dk
T, [f:0] () = kZ:(:)E ﬂf 0), (26)
where f(t) € C"'[0,T].
Based on (25), we make
uy (x) %

uy ()t ¢

+ : .
r(l-w ;a’l"(l—oci)
Therefore, that led to the following weak formulation of (5).
Let B¥*Y2(I x Q) be the dual space of BY*Y2([ x Q). For

f e B*"2(1x ), we find u(t,x) € BY*"*(I x Q) such
that

ftx) = f(tx)+ (27)

A wv)=F ), veB"**1Ixq), (28)

where the bilinear form /(-, -) is, based on Lemmas 2 and 3,

@ @) = (00w DY),

+Za( “/Zu,t ;X«/ZV)L @

+ k[;C,B [( ﬁ/zu’xDﬁ/Z )Lz(@ (29)

+(2Dfu, §DF? )Lz(@]

Ryyyp/2, Rpp/2
+kyCy [(oDx u, Dy V)Lz(@)

Rpyy/2. Ryyyp/2
+(xDX u, D7, V)Lz(@],

and the functional # (') is given by

F(v) = <7, V>L2(@,. (30)

Lemma 4 (see [17]). Forreal 6 > 0, v € C;°(R), then

(“DI0, FDE D), gy = cos () [ DV

L,(R)

( D’ v(t),tD v(t)) = cos (7760) ”fDZOv(t)”iZ(R)

(31)

L,(R)

Based on Lemma 4, we can prove the following existence
and uniqueness theorem. During this paper, we use the
expression A < B (A > B) to mean that there exists a positive
real number ¢ such that A < ¢cB (A > cB) At the same time,
we denote A = B to mean that A < B < A, which means
there exist positive real numbers ¢;, ¢, such that A < ¢;Band
B<gA (e, (1/¢)A < B<gA).
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Theorem 5. Assumethat0 < a; <---<a, <a <1, 0<fB<
1,1<y<2and f € BY/*Y*(I x Q). Then, system (28) has a
unique solution in B¥*Y2(1 x Q). Furthermore,

(32)

lellgeroraxay ”f B212(1x)'”

Proof. The existence and uniqueness of the solution is guar-
anteed by the well-known Lax-Milgram theorem. First, from

the equivalence oleg‘(I xQ), " Hy (IxQ),and Hy (I xQ), for
all u,v € B¥*Y*(I x Q), it follows that

o (u,v —' “/zu,RD“/ZV
| )| = | (6DF " £ DT,

S

+;ai(0Df‘/2u D‘;/ZV)L ©

+ kﬁcﬁ I:(ORDﬁ/zu,xDﬁ/z )L ©

+ (RDEPu, EDhy)

@)

Ryyy/2, Rpyy/2
+k,C, [(ODx u, Dy V)LZ(@)

R~Y/2, Rpy/2
+(xDX u, D7, V)Lz(@”

<[sD

e

L,(@)

(33)

+IesCp | |50 s | DR

L (@)

RDf(/Zu “RDB/Z

v LZ(@)]

+1,Cy [[$D2u] s o [0

L*(Q)

@l DYV

Lz(@)]

< ||”||HD¢/2(1,L2(Q))||V||Ha/2(1,L2(Q))

S
+ Y allull e .y Wise, o)
i=1

+ kﬁ"””LZ(LHﬁ/Z(Q))"V"LZ(I,HINZ(Q))
+ Ry lullz o) IVl e )

< ””"Ba/ZMZ(IXQ) "V”B"‘/Z‘Y/Z(]xgy

\F W) < |f

BY2v2(1x Q) [ V||B”‘/2’Y/2(I><Q)' (34)

This implies the continuity of the bilinear form &/(:, -) and
the right-hand side function #(v).

We next prove the coercivity of the bilinear operator
(- ). Note that

«f2 0c/2 R Dot/2~ RDac/Z..

(ORDt ‘P>t T ‘P)L (@)_(foo ¢ P )LZ(R)

_cos< ) “ a/z(P”L ® 5

= COS(Z ) “R a/Z(P"L ()

for all ¢ € C,°(Q), where ¢ is the extension of ¢ by zero
outside of (0, T). Thus, we find that (RD“/ 2 fD‘;/ ) L@ I8
nonnegative for v € HY?(0,T),0 < a < 1 since cos(a/2)
is nonnegative for 0 < o < 1. That is the same for fractional
operators with o, i =1,...,s
From the above analysis, we have
o (v,v) = ( D2y, D%/Zv

t )L ,(@)

Rp~\%/2  Rpai/2
+Z“i(th v,tDT v

i=1 )Lz(@

+ Zkﬁcﬁ (§D€/2V, fDés(/ZV)

iDgzv)

L,(@)

Rpyy/2
+2k,C, (¢, L@

= o o/2,, Rpyaf2 36
_cos< > >(0Dt V,OD V)LZ(@) (36)

S
TIOG \ (R~&;/2. R~a;/2
+ Z“i cos <T’> (0 D" v, o Dy V)Lz(@)
i=1

RB/2. Rp/2
+k/;(0Dx v,y Dy V)LZ(@

Ry/2, Ryyy/2
+ky(0Dx v, oD% V)Lz(@

2
2 "V"Ba/Z,V/Z([XQ)-

By using the well-known Lax-Milgram theorem, there
exists a unique solution u € B¥*Y2(I x Q) such that (28)
holds.

To prove the stability estimate (32), by using (34) and (36),
we take v = u in (28) and obtain

2
”u"Ba/ZWZ(IXQ) <o (u, u)

_ (37)
=Fws|f

B2V (1% Q) ”u"B"‘/Z'W(IxQ)’

which implies that || ]l gerzs2 uq) S| fllgevzgeqy- O

3. Time Discretization

In this section, we consider the Diethelm fractional back-
ward difference method based on quadrature, which was
independently introduced by [39], for ordinary fractional
differential equations. Here, we consider this method for the
time discretization of (5) and derive the convergence rate for
the time-discretization of MT-TS-RFADEs.



Lemma 6 (see [25]). Forn—-1<0<nn=12,..)anda
function u(x) defined on an unbounded domain (—oo < x <
00), the following equality holds:

1
" 2cos (9/2) (_‘X’D"qu D, u)

=—-0)"u (),

Dlex| u(x) =
(38)

where A is the Laplacian.

Definition 7 (see [26]). Suppose the Laplacian has a complete
set of orthonormal eigenfunctions ¢, corresponding to eigen-
values A? on a bounded region @, that is, —A¢, = A>¢, on a
bounded region @; B(¢) = 0 on 0Q is one of the standard
three homogeneous boundary conditions. Let

p- {5 Sana-(ha) STl <o} 09
n=1 n=1
then for any f € F, (-A)"? is defined by

8 f = Y (R) (40)

n=1

Here, for any t € I, we make a continuous prolongation
in space for function u(t, x) as follows:

(%) = {u(t,x), x € [0,X],

0, x € (—00,0) U (X, 00). (4D

Let u(t) denote the one-variable function of #(t, x), and let
f(t) and u(0) denote the one-variable functions as f(t,-)
and 7(0, -), respectively. By the definition (12) of P(,D,) and
Lemma 6, (5) is equivalent to

“u (t) + ia,. o D (1) + kg(-A)Yu (1)
i=1 (42)
+h, (-0)"u(t) = £ (B).
Let A =-A,D(A) = HS (Q)NH*(Q). Then, the system (5)

and the initial condition (6) can be rewritten in the abstract
form, for0 <t < T,

(DU () + Y a, o D (t) + kg APPu(p)
i=1 (43)

+k, AU () = £ (1),
1 (0) = ¢, (44)

Based on (25), (43) can be rewritten as

— ¢ (1) + Z

+ kﬁAﬁ/zu (t)+ kyA”/zu =1,

t
— o] (8) )

where0 <t <T, 0<a,<--- < <a<L
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LetO0 = t, < t; < -+ < ty = T be a partition of
[0, T]. Without loss of generality, for 0 < « < 1 and fix
ton=12,...,N, wehave

-

t. 1
oD [u—o] (t;) = r(]_ . L g6 do,  (46)

where g(0) = u(t j—tjG)—¢>0. Here, the integral is a Hadamard
finite-part integral, in [38, 39].

Now, for every n, we replace the integral by a first-
degree compound quadrature formula with equispaced
nodes 0,1/n,2/n,...,1 and obtain

1 n
J g6 7%do = Zoc,i’j)g(E) +R9(g), 0O<a<l,
0 k=0 n
(47)

where the weights oc(”‘) are

-1, k=0,

U= (k=) T = (k+ 1),

a(l-a)n oc,((:) fork=1,2,...,n-1,

(@-1)k* = (k-1)"* + k7,

for k =n,
(48)

and the remainder term R;"‘)( g) satisfies
[R? (9)] < ven™ sup 9" )] (49)
0<t<T

where y, > 0is a constant.
Thus, we have

o Df [ = o] (1,)
F( ) (Zak o (u(t, = 1) = ¢o) + RYY (g)> (50)
= At Zw

where w,((‘:;) = n_"‘oc,(c’:l) /T(~).
Lett = t,, we can write (45) as

~90) + 7 =R (9),

Z“’k)(“ t,—ti) — )
+Z@Afﬁiwﬁwu@f+o—¢a
i=1 k=0

+ kﬁAﬁ/zu (t,) + kyAV/zu (t,) (51)

= F () - F{M

S —[X

Z R (g),

=1

R (9)

forn=1,2,3,..., where wl(m") = nf"‘*'oc,(ci")/l"(—oci).
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Denote U" as the approximation of u(t,). We can define
the following time stepping method:

At Zw(a) ( 0)

UO) (52)

+ Za At Z o)yt
+ kg APPU + k, AU =

= ft,).

Lemma 8 (see [38]). For 0 < a < 1, let the sequence
{di}j = . be given by d; = landd; = 1+
a(l — a)j ™ Zk 1 %40 § = 2,3, Then, 1 < d; <
(sin(me))/(mee(1 — ) j*, j=1,2,3,...

where f,

Lete” = U" — u(t,) denote the error in t,,. Let || - || be any
given norm. Then, we have the following error estimate.

Theorem 9. Let u(t,) and U" be the solutions of (43) and (52),
respectively, and At is the time step size. Then, one has

S
ma> ()| =0 <At2°‘ + Za,At”f) . (53)

max ||U -u
i=0

Proof. Subtracting (52) from (51), we obtain the error equa-
tion

N ZM( k_

+ Zs:aiAtf‘x" iw,((‘:l") (e”fk - eo)
i k=0

+ kﬁAﬁ/zen + kyA"/ze" (54)
t—(x
—__n R(‘X)
TR (@)

s —oc,-

Z " R (g).

U° = 0 and denote

Note that e° = ¢, —

S
¢ = <At“w((,‘fl) + ZaiAt’“"w(():")

i=1

-1
B/2 /2
+kﬁA + kyA >

(gt
+ZaAt Zw(“) nk

i=1

- T Ei;) R (9))

On Pt i r(_ai) On

-1
+hg APPEIT (—or) + ke, ATHIT (o) )

s
k + ZaiAtzx—oci r( (X)
i1 T (-o;)

n
X <Zoc,((‘:,)e”
k=1
(a;) n—k
X Zockn e

-RY (g)

R <g>> .

(55)

Thus, we have

el <

a4 Zs:aAt“_“" () %)
On Pt 1 I‘(—(X,-) On
+ kg APPET ()

-1
+k, AT (—ar) )

n—k "

n

. (Zaii?
k=1

@ o]

A @]+ St e o))

(56)

s N r _ ]
+ ZaiAt“ % T (-
i=1 - =

From Definition 7, note that A is a positive definite elliptic

operator with all of eigenvalues A > 0. Since oc(“) <0,i=

1,...,s, (x(()‘z) < 0andI'(—«) < 0 when 0 < « < 1, we have

T
(‘Xoﬂ +ZaAt"‘ o L (x)) ((f:l)

-1
+hkg APPET (o) + K AYPHIT (—a0) )




= sup
A>0

oa—a; r(_(x) (a;)
(cx0n + ,Zl:a At T (—oci)%”

-1
+AMPT (—a) + VT (-a0) ) “

-1
Z At(xtxr( OC)) éi)) .

( ol
(57)

Hence,

) enfk "

RY (9)|

S —
+ Y (-ab?) " R (9)
i=1

(58)

n—k "
e

n
—-a (@)
<a(l-a)n Zockn
k=1

n—k ”
e

S
+ Z(xi (1-«
i=1

+a(l-a)y,N

n
o (o)
yn* Z(xk‘z
k=1

— n
“sup [
0<t<T

N
+ i;cxi (1-«) sz,-N_ 031t1pT "u “ .

Note that e° = ¢, - U° = 0. Denote d, = 1 and

n-1
d,=1+a(l-a) n_“Zcx,(c’:l)dn_k,
k=1

n=2,3,...,N,

(59)

-1

i o (o)
d=1+aq(l-a)n" Z“k‘: d,

k=1
n=23,...,N,i=12,...,s
Then, by induction and Lemma 8, we have

"] < «(1-a) N sup ”u” (t)“ -d,
0<t<T

S
+ Za,»oci (1-
i1

o) N2 sup "u" (t)“ -l
0<t<T

< N2 sup “ " (t)" —sm (7%)

0<t<T
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+ ZaN sup " " (t)“ sin (770‘1) %

0<t<T

N
-0 (At“‘ + Za,At“f) .

i=1
(60)

4. Space Discretization

In this section, we consider the space discretization of (5)
with homogeneous boundary condition. Using the FEM,
we obtain the numerical approximation solution in a finite
domain. Then, we prove the convergence rate of this method.
Let QO = [0, X] be an interval in one-dimensional space. All
of the results in this section can be generalized into the cases
of high dimension.

Based on the time discretization in Section 3 and (25), we
need to find u(t,-) € Hg/Z(Q) such that

S

(6D (t.2),v), o+ Da(oDiu (6:2),v),

i=1

R~B/2 R~B/2
+kBC’,3 [(ODx u(t,x), Dy V)Lz(Q)

RpB/2 Rphl2
+(xDX M(t,X)>()Dx V)LZ(Q):I (61)

Rpy/2 R~Y/2
+k,C, [(ODx u(t,x), Dy V)Lz(Q)

RpyYy/2 Rpy/2
+(xDX u(t,x), D’ V)Lz(ﬂ)]

= (?(t,x) ’V)Lz(ﬂ)’ Vv e Hg/z (Q).

Let h denote the maximal length of intervals in (), and let
r be any nonnegative integer. We denote the norm in H' ()
by || llpr(q)- Let S, ¢ Hg/z be a family of finite element
space with the accuracy of order » > 2; that is, S, consists
of continuous functions on the closure Q of Q which are
polynomials of degree at most r — 1 in each interval and
which vanish outside Q, such that for small 4, v € H'(Q) n

H(Q),

inf (1= Wl + A1V (= Ol )
h (62)
s hn"V”H'I(Q): I1<y<r.

The semidiscrete problem of (5) is to find the approximate
solution uy,(t) = u,(t,-) € S}, for each t such that

S
(oD, (©), X)Lz(Q) + (o Dfu, (1) X)L
i=1

+ kﬁcﬁ [( Dﬁ/zuh(t) Dﬁ/ZX)LZ(Q)

+(2Duy (), oRDf/zX)Lz(n)]
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R /2 R /2
+k,C, [(ODIZ uy(t), . DY X)LZ(Q)

+(5DY (1), ffD)Yc/zX)Lz(Q)]

= (T(t) ’X)LZ(Q)’ Vx €85y,
(63)

Let R, : H'*(Q) — S, be the elliptic projection defined by

B2 B2
keCplo D5 R DX X), (g

R~B/2 R~B/2
+ kyCp(RDR Ry, g DY X)Lzm)

R~y/2
+k,C, (¢ DY Ryu,

R /2
, DY)

L,(Q)

RY/2 R ~y/2
+k,C, (D% Ryu, ¢ D! X)Lz ©
(64)

_ RB/2 B2
= kCp(p DL, D/ X)Lm)
R~B/2 /2
+kﬁCﬁ(xDﬁ u,ODﬁ X)

DY)

L,(Q)

Rpyy/2
+kVCy(0Dx u, L@

Rp~y/2, R
+k,C,(5DY u, s DY*x) Vy €S,

Y Ly’

Lemma 10. Assume that (62) holds. Then, for R, defined by
(64) and any v € H'(Q) N Hg/z(Q), one has

R~0/2 —0/2
“()Dx/ (Ryv - v)“Lz(Q) <h IVl (- (65)

Proof. Let I, be the projection operator from H'(Q) N
Hg 2(Q) to S,,. From the definition of L,-norm, we obtain

(gDZ/Z(th - v),iDg(/z(th - v))LZ(Q)
+ (fDi/z (Ryv—v) ,§Di/2(th - v))

0
= (ORDx/Z(RhV -

L,(Q)

R 072
V)’xDX/ (Ryv - Ihv))Lz(Q)
(66)
+( O/Z(th v),OD /Z(th Ihv))

+( G/Z(th—v) DQ/Z(Ihv—v))L @

R~0/2 R~6/2
+ (xDX (Ryv =), oD/ (I,v - V))LZ(Q)'

Let y = R,v—I,v € ;.. From (64), we obtain

(0D Ryy =), iDY* Ry =),

) o
+( /Z(th v),OD /Z(th V))LZ(Q)

< ||0RD?C/2(th - v)" ”fD?(/Z(IhV - v)"

Ly() L, (Q)

+ "iD?{/z(th -v)
< (o,

X ("iDi/Z(Ihv - v)"

'ﬁDz/z(Ihv - v)“

Ly() ' Ly (Q)

+ "iDi/z(th -v)

)

Lz(m) '
(67)

Lo T HORDZ/Z(IhV - V)“

Note that
R6/2 R0/2
(0 Dx/ (Ry,v - V)’xDX/ (Ryv - v))LZ(Q)

Ry0/2 R0/2
+ (xDX (Ryv = v), o D" (Ryv — v))LZ(Q)

2 (|02 Ry =), + S0 Ry =), (m)z.

(68)

Thus, combining (67) and (68), we obtain

oD Ry =9y + [D% Ry =]

L,(Q)

< [sDY* v =), o, + [sD @y )|

Ly(©) Ly (@)’

By (62), we see that

“V - IhV”Lz(Q)

By interpolation properties, we obtain

+h|V = L), o) S B W) (70)

U 0 R (U 0l P

(71)
< K]y
Similarly, we have
||fD§{2(v - Ih")"Lzm) < | = L) o )
< hn_e/zlvl 2(0)-
Combining (71) and (72), we can obtain (65). O

Theorem 11. For 0 < o, < -+ < a; < < 1, let u;, and u be
the solutions of (63) and (61), respectively. Then, it holds

(e, %) = 1y, (8 )| ppngy = O (AXTV) . (73)
Proof. We write

u,-—u=9+p, (74)
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where 9 = u;, — Ryu, p = R,u — u. The second term is easily
bounded by Lemma 10 and has the obvious estimate

Gz < B Ilincay- (75)

In order to estimate 9, for all y € S}, we get

(G DEO @ x), 0 * ;“i(f;D?is 0 1),0

R~\B/2 RpyB/2
+kgCp [(ODE 9(), Dy X)LZ(Q)

(D9 0,5D), o]

R~y/2 Ry/2
+k,C, (D29 ®).5DK), o)

(D9 1).6D1%x), o]

= (6DF (w, () = Ryu () 1),
+ 2 a( D (y (1) = Ry (). %),
i=1

+ kﬁcﬁ [(ORDE/Z (uh (t) - Ryu (t)) ,ﬁDé;(/ZX)Lz(Q)

+(§D§/2 (“h (t) — Rhu (t)) )ng/ZX)LZ(Q):I

+k,C, [(ORDK/Z (uy, (1) = Ryu (1)) ’iDg(/ZX)LZ(Q)

+(§D§(/2 (uh (t) - Ryu (t)) >0RDJ):/2X)LZ(Q)]

S

:( Du, (t), X)L ,(Q) Z i(gD?i”h (t)’X)Lz(m

+ ksCp(RDF 2w, (), RDE )

( L@
+kgCp(i DK uy (1), D x)

L,(Q)

% V1o
Dy/zuh (t)’o D )Lz(Q

(6 DF Rt (90, X),_

|
/N

S
+ Zai(ORD?iRhu ), X)LZ(Q)
i=1

RpyB/2 RpypI2
+k/3C/3(ODx Rhu(t)’xDX X)LZ(Q)

RyB/2 RpyB/2
+kﬁCﬁ(fo( Rh”(t)’on X)LZ(Q)
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Ry/2 /2
+kYCY(ODZc Ryu (1), Dy X)L 2(Q)

+k,C. ( Y/ZRh” (t)’oDy/ZX)L (Q)>
= (7 (t) ’X)LZ(Q)

- < (oRD(thh“ ), X)LZ(Q)

S
+ Y ai(g DI Ry (1), X)LZ(Q)
i=1

;;/2 P2
+kﬁCﬁ( Rhu( )’x X X)L ,(Q)

RyB/2 RpyB/2
+kﬁcﬁ(xD§( Ryu (t))on/ X)LZ(Q)

G (ED R ) SD),

Roy/2 Roy)/2
+h,C, (DY Ry (1), g DY X)Lzm))

= (P (D) u(t) ’X)LZ(Q) — (P (oDy) Ryu (1), X)LZ(Q)
= ((I - Rh) P (th) u(t), X)LZ(Q)

~(P(oDy) p (1), X)LZ(Q)'
(76)

Choosing y = 9(t) and integrating on both sides with
respect to t on [0, T], we obtain

(P(4D,)9(t),9 (t))Lz(Q)

+ksCy(s D9 (1), SDR9 (1))

L,(Q)

R~B/2 R
+ kﬁcﬁ(fo( 9(t),¢DE*9 (t))Lz(Q)

(77)
+ kyC

Y L, (Q

(50290, (DY ™),
LGED 0,509 ),

_(P (ODt) P (t) > 9 (t))LZ(Q)

Ly (©Q

By Lemmas 24, for any small € > 0, we have

A (BDE9 (1), RDE9 )0

¢ A, Ya(EDr9 0, 5019 1)

i=1 H

RyB/2 Rpyp/2
+kﬁcﬁ [(ODx 9(t)’xDX 9(t))Lz(Q)

+(2pf?o ), §DP"9 (t))Lz(Q)]
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Rpyy/2 Ryy/2
+k,C,[ (5029, DY IO

+(5p?9(1). s D19 (t))Lz(Q)]

= A, (oD p (1),0D0 1),

S

+ 2 @A, (1D (0,509 1), o

i=1

cc. <Aa||§nf/2p<f>n;(m
+Z“A [t D" (t)”L (fz))

e (A“"ng‘/ZS(t)"iz(Q)
5 R ~0;/2 2
+ZaiA“i “OD? 9 (t)”Lz(Q)) ’
i=1
(78)

where C, isa constant respecttoe, A, = cos(ra/2)and A, =
cos((me;)/2), i=1,...,s
For sufficiently small € > 0, by (75), we obtain

(P (6Dr) 9(1), (1)), 0

<c.(Jeo el
. R /2 2
Salfor ool .
) (Jor ol

Sl ] )
i=1

Combining (75) with (79), we obtain that

”“ - ”h"Hv/z(Q) = ”P + S||hw/2(0) =0 (hn—V/Z)‘ (80)

For the reason that the time and space fractional deriva-
tives, we introduce the complete form of this FEM. In view
of space discretization, we first pose the finite-dimensional
problem to find u,(t,-) € S, such that (63) holds.

1

In terms of the basis {wi}f\fl_l c S, write u,(t, x)
Zﬁ\gl uj(t)t//j(x), and insert it into (63). After the time
discretization on t,,, in Section 3, we get

Yar Zwk U (i v,
j=1
+ Z“t Z At Z“’(a)Un k(‘/’j"//i)Lz(Q)
i=1 j=1
& RB/2. RBl2
+kﬂCI3 Z U; [(ODf/ WJ"XDf( u/i)LZ(Q)
=1
' (81)
+(§Dﬁ/2w]a 0 Dﬂ/zw:)Lz(Q)]

M-1
+ kVCV Z U; [(gDrc/ZWJ” iD};(/ZWi)Lz(Q)
j=1

RNY/2 Rpyy/2
+(XDX 1//]"()Dx Wi)LZ(Q)]

:(f,Wi)LZ(Q)) VV/IESh, izl,...,M—l.
To obtain the value of {U}’}?ﬁ;l, Let U; =
(U}, Uf ey UJ’.')T. From (81), we obtain a vector equation

A0 MU, + Za A%l MU,

i=1
(B/2)
+ kﬁCﬁ (S1 +

w/2) | v/2)
+k,C, (87 +87?)U, (82)

n

= MF, - At™ Zw("‘)MU
k=1

- ZAt‘“ Zw“” MU,
i=1

where M = {(y;, %)y, (Q)}%;ll is the mass matrix; S and $
are stiffness matrices with 0 = 3/2, y/2, as follows:

Sﬁe) - {(ézDill/]a Xll/l) Q)}

M-1

]11

(83)
M-1

SO = {(“D%y, 5D%), )

and Fy = (f,..., fo,)" is a vector valued function. Then,
from (82), we can obtain the solution U,,.

111

5. Stability of the Numerical Method

In this section, we analyze the stability of the FEM for MT-
TS-RFADEs (5). Now, we do some preparation before proof.
Based on the definition of coeflicients w(“) in Section 3, we
can obtain the following lemma easily.
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Lemma 12. For 0 < a < 1, the coefficients w, @ (k=1,...,n)
satisfy the following properties:

: () (o) _
(i) wg, >Oandwk[:l <0fork=1,2,...,n,

(i) T2 - ) Y, 0 = (1 —a)n™ + 1.

Now, we report the stability theorem of this FEM for MT-
TS-RFADE:s as follows.

Theorem 13. The FEM defined in (81) is unconditionally
stable.

Proof. Let U" denote the approximation to u;, at t = ¢, and
x() = U"(-) and the right-hand side f = 0. From (63), we
have

U™

» 1
At { L)

Tr2-uw)

n—1
+ };w,(c‘:l)(U”*k, U”)LZ(Q)

+w£,(Z)(UO,U")L (Q)}
2
+ EaAt {

)(U UL
n—1 @) i
o n— n
+kZ:wkn (U U )LZ(Q) (84)
=1

+wl® (U°, U")LZ o }

+ kﬁc,;[ (Rpflur, fo(/zU”)LZ(Q)

oo o), )

R~y/2rn Ry/27n
+k,C, [(ODx U iDL, o

+(:pPun§orun), ] =0

Using the Cauchy-Schwarz inequality, +U™ kU™ < 1/2)

—k .
U IZ @+ | UIIE,(q)) for k = 0,1,2,...,n, by Definition 1
and Lemma 12, we obtain

At
2T (2 - «@)

S *0(

S lon )uu P

+ kﬁ||§Df/ yn

1+(1-a)yn )

2 Rpy/2ym 2
LZ(Q)+kY||ODX U L,(Q)
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L,(Q) nn

T @[y k|2 @]l 012
—k;wkn“U -w, (U L)

e O
i=1

2
Q|-

(85)

L) ~ Pmn "

We prove the stability of (63) by induction. From the
beginning, we have

At
(m (1 + (1 - (X))

Sag - a))>||u o

AtTE
< <—2F(2—oc) 1-(1-a)

(86)

s At
N Z“im (1-(- “i))) "UO“;(Q)

i=1

The induction basis | U'[l, () <l U°ll,(q is presupposed.

For the induction step, we have || U”|| L, <l U™ L@ <

< U L,(0)- Then, using this result, by Lemma 12, we
obtain

A1+ (1 -a)(n+1)%)
2T (2 — @)

2
Ly()

SOATY(1+(1-og)(n+ 1)
‘ 2r (2 - )

B AM*(1-(1-a)(n+1)™)
- 2T (2 — )

) ) ||Un+1
.
DL o

Here,0 < 1-a < land0 < 1-«a; < 1lfori =1,...,s.
After squaring at both sides of the above inequality, we obtain
|| UnH”LZ(Q) <|l U0||L2(Q)- O

(87)

SOATY(1-(1-o;)(n+1)
+;ai A (2-a)

6. Numerical Tests

Based on the above analysis, we present three numerical
examples for MT-TS-RFADEs to demonstrate the efficiency
of our theoretical analysis. The main purpose is to check the
convergence behavior of numerical solutions with respect to
time step size At and space step size Ax, which have been
shown in Theorems 9 and 11.
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0.045

0.04
0.035
0.03
“o0.025 +
0.02
0.015 |
0.01 |

0.005 -

0

—— Exact solution
o Numerical solution

FIGURE 1: Numerical solution and exact solution for Example 1.

Example 1. Consider MT-TS-RFADE, in t € [0,0.5],x €
[O) 1])

OCDf‘u (t, x) + OCD‘:‘lu (t, x) - RDllilu (t, x)
Ry
= Dy u(t,x) = f(t,x),
By f (88)

u(0,x) = x2(1 - x)z, x €(0,1),

u(t,0)=u(t,1)=0, te[0,05].

The exact solution of (88) is u(t, x) = (2t—1)*x*(1—x)*. From
the definition of the Riemann-Liouville differential operator,
it holds

r(B+1)
Fr(B+1-a)

where a is a positive constant. From (89), we can choose right-
hand side function f(t, x) to satisfy (88).

Choosing « = 0.9 and «; = 0.2 in time fractional
operators and 3 = 0.4y = 1.6 in the space Riesz fractional
operators, we can obtain the numerical approximation to the
exact solution of (88) on finite domain [0, 0.5] x [0, 1], with
space step size Ax = 0.05 and time step size At = 0.01. In
Figure 1, one can see that the numerical solution matches well
with the exact solution.

Kpit-a)f = (t-a)f s, (89)

Example 2. Consider MT-TS-RFADE (88) with conditions as
follows:
u(0,x)=0, xe¢€][0,1],

(90)
u(t,0)=u(t,1)=0, tel0,05].
Let the exact solution is u(f, x) = t*?x*(1 — x)*. We choose
a, =03, a =04, =04, y=1.7and obtain the numerical
solution and exact solution when t = 0.05,0.1,0.25. The

13

0.018

0.016 £ =025
0.014 +

0.012 +

0.008 |
0.006 fZo01
0.004 £

0.002 + t =0.05

—— Exact solution
o Numerical solution

FIGURE 2: Numerical solution and exact solution for Example 2.

0.07

0.06

0.05

u 0.04

0.03

0.02

0.01

—— Exact solution
o Numerical solution

FIGURE 3: Numerical solution and exact solution for Example 3.

results have been shown in Figure 2, where the exact solution
is noted by lines and numerical solution is noted by squares.
Here, space step size is Ax = 0.1; time step size is Af = 0.01.

Example 3. Consider MT-TS-RFADE (88) with the zero
Dirichlet boundary conditions, for t € [0, 1], x € [0, 1]. We
require that the exact solution is u(t, x) = sin(27t)x%(1 - x)*.

For this example, in the first test, we obtain the numerical
solution and exact solution when ¢t = 0.05, 0.1, 0.25, 0.4 in
Figure 3, where we choose time step size At = 0.01 and space
step size Ax = 0.01 with &; = 0.3, « = 0.5, and § = 0.9,
y=19.

In the second test, we check the convergence rates of
numerical solutions with respect to the fractional orders
a, o fB,andy. Wefixa; =02, « =08, §=08,andy =
1.8 and choose Ax = 0.001 which is small enough such
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—— H'-norm —— H'-norm
—&— L,-norm —&— L,-norm
() (b)
FIGURE 4: H'-norm and L,-norm of errors for Example 3; here, Ax = 0.001 (a) and At = 0.001 (b).
TaBLE 1: Convergence rate in time for Example 3. Science Foundation of China (11101109 and 11271102), the
: Natural Science Foundation of Hei-long-jiang Province of
Ax At H -norm L,-norm cvge-rale  China (A201107), and SRF for ROCS, SEM.
0.001 1/2 7.9601 x 10° 1.0925 x 10°°
0.001  1/4 34906 x 1077 47906 x 107 11893 Referen
0.001  1/8 15238 x 107 2.0914x 107" 11957 elerences
0.001  1/16 6.6273 x 10~* 9.0956 x 10~ 1.2012 [1] R. Metzler and J. Klafter, “The random walk’s guide to anoma-
0.001  1/32 2.8667 x 107* 3.9343 x 107 1.2090 lous diftusion: a fractional dynamics approach,” Physics Reports,
vol. 339, no. 1, pp. 1-77, 2000.
TaBLE 2: Convergence rate in space for Example 3. [2] G. M. Zaslavsky, “Chaos, fractional kinetics, and anomalous
transport,” Physics Reports, vol. 371, no. 6, pp. 461-580, 2002.
At Ax H'-norm L,-norm cvge. rate [3] R. Metzler and J. Klafter, “The restaurant at the end of the ran-
0.001 1/2 3.2591 x 10~ 44731 x107° dom walk: recent developments in the description of anomalous
0.001 1/4 1.6288 x 1072 22356 x 1073 1.0006 transport by fractional dynamics,” Journal of Physics A, vol. 37,
0001 1/8  81364x10°  1.1167x10° 1.0014 no. 31, pp. R161-R208, 2004.
0.001 116 4.0602 x 107 55723 % 10~ 1.0029 [4] W. G.tGloeclzlleFandfT. Ft Non.nertlkrlnatc}lller, Frie:tct.ional1 1nttegtral
0001  1/32 50220 x 10 27751 x 10°* 10057 operators and Fox functions in the theory of viscoelasticity;

that the space discretization errors are negligible as compared
with the time errors. Choosing step size At = 1/ 2 (i =
1,...,5), we present Table 1 with the convergence rate which
is equal to 1.2, as Theorem 9 predicted. Table 2 shows the
spatial approximate convergence rate, by fixing At = 0.001
and choosing Ax = 1/2' (i = 1,...,5). From Theorem 11, the
convergence rate should be equal to or less than 1.1 (i.e., y—y/2
forn = 2and y = 1.8). In Table 2, the numerical results match
well with such conclusion. Here, we also report both the L,-
norm and H'-norm of errors in Figure 4.
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