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We suggest and analyze relaxed extragradient iterative algorithms with regularization for finding a common element of the solution
set of a general system of variational inequalities, the solution set of a split feasibility problem, and the fixed point set of a
strictly pseudocontractive mapping defined on a real Hilbert space. Here the relaxed extragradient methods with regularization are
based on the well-known successive approximation method, extragradient method, viscosity approximation method, regularization
method, and so on. Strong convergence of the proposed algorithms under some mild conditions is established. Our results represent
the supplementation, improvement, extension, and development of the corresponding results in the very recent literature.

1. Introduction

Let # be areal Hilbert space, whose inner product and norm
are denoted by (-, -) and ||, respectively. Let K be a nonempty
closed convex subset of #. The (nearest point or metric)
projection from # onto Kis denoted by Py. We write x,, — x
to indicate that the sequence {x,,} converges weakly to x and
x, — x to indicate that the sequence {x,} converges strongly
to x.

Let C and Q be nonempty closed convex subsets of
infinite-dimensional real Hilbert spaces %, and #’,, respec-
tively. The split feasibility problem (SFP) is to find a point x*
with the property:

x*eC, Ax" € Q, 1

where A € B(#,, #,) and B(% ,, #,) denotes the family of
all bounded linear operators from %, to %,.

In 1994, the SFP was first introduced by Censor and
Elfving [1], in finite-dimensional Hilbert spaces, for modeling
inverse problems which arise from phase retrievals and in

medical image reconstruction. A number of image recon-
struction problems can be formulated as the SFP; see, for
example, [2] and the references therein. Recently, it was found
that the SFP can also be applied to study intensity-modulated
radiation therapy; see, for example, [3-5] and the references
therein. In the recent past, a wide variety of iterative methods
have been used in signal processing and image reconstruction
and for solving the SFP; see, for example, [2-12] and the
references therein. A special case of the SFP is the following
convex constrained linear inverse problem [13] of finding an
element x such that

Ax =b. (2)

It has been extensively investigated in the literature using the
projected Landweber iterative method [14]. Comparatively,
the SFP has received much less attention so far, due to
the complexity resulting from the set Q. Therefore, whether
various versions of the projected Landweber iterative method
[14] can be extended to solve the SFP remains an interesting



open topics. For example, it is yet not clear whether the dual
approach to (1.2) of [15] can be extended to the SFP. The
original algorithm given in [1] involves the computation of
the inverse A~ (assuming the existence of the inverse of A)
and thus has not become popular. A seemingly more popular
algorithm that solves the SFP is the CQ algorithm of Byrne
[2, 7] which is found to be a gradient-projection method
(GPM) in convex minimization. It is also a special case of the
proximal forward-backward splitting method [16]. The CQ
algorithm only involves the computation of the projections
Pcand P, onto the sets C and Q, respectively, and is therefore
implementable in the case where P and Py have closed-form
expressions, for example, C and Q are closed balls or half-
spaces. However, it remains a challenge how to implement the
CQ algorithm in the case where the projections P and/or Py,
fail to have closed-form expressions, though theoretically we
can prove the (weak) convergence of the algorithm.

Very recently, Xu [6] gave a continuation of the study on
the CQ algorithm and its convergence. He applied Mann’s
algorithm to the SFP and purposed an averaged CQ algorithm
which was proved to be weakly convergent to a solution of the
SEP. He also established the strong convergence result, which
shows that the minimum-norm solution can be obtained.

Furthermore, Korpelevi¢ [17] introduced the so-called
extragradient method for finding a solution of a saddle point
problem. He proved that the sequences generated by the
proposed iterative algorithm converge to a solution of the
saddle point problem.

Throughout this paper, assume that the SFP is consistent,
that is, the solution set I' of the SFP is nonempty. Let f :
Z, — R be a continuous differentiable function. The
minimization problem

2

Inelélf (x) = “ %Ax - PoAx 3)

is ill posed. Therefore, Xu [6] considered the following
Tikhonov regularization problem:

1 1
min f, (x) = | Ax - PoAx]|” + zoc||x||2, (4)

where & > 0 is the regularization parameter. The regularized
minimization (4) has a unique solution which is denoted by
X, The following results are easy to prove.

Proposition 1 (see [18, Proposition 3.1]). Given x* € |, the
following statements are equivalent:

(i) x* solves the SFP;
(il) x* solves the fixed point equation
P (I-AVf)x" =x", ©)
where A > 0, Vf = A*(I - Po)A and A” is the adjoint
of A;

(ili) x™ solves the variational inequality problem (VIP) of
finding x* € C such that

(Vf(x"),x-x")>0, VxeC. (6)

Abstract and Applied Analysis

It is clear from Proposition 1 that
I = Fix (P (I - AVf)) = VI(C, Vf), (7)

for all A > 0, where Fix(P-(I — AVf)) and VI(C, Vf) denote
the set of fixed points of P-(I — AVf) and the solution set of
VIP (6), respectively.

Proposition 2 (see [18]). There hold the following statements:
(i) the gradient

Viy=Vf+al = A" (I-Py)A+al (8)

is (o + ||A||2)—Lipschitz continuous and «-strongly
monotone;

(ii) the mapping Po(I — AVf,) is a contraction with
coefficient

\/1 —/\(204—/\(||A||2 +oc)2> (S Vi—ad <1- %m\),
)

where 0 < X < a/ (JAI2 + a)’;

(iii) if the SEP is consistent, then the stronglim,, _, , x,, exists
and is the minimum-norm solution of the SFP.

Very recently, by combining the regularization method
and extragradient method due to Nadezhkina and Takahashi
[19], Ceng et al. [18] proposed an extragradient algorithm
with regularization and proved that the sequences generated
by the proposed algorithm converge weakly to an element of
Fix(S) N T, where S : C — C is a nonexpansive mapping.

Theorem 3 (see [18, Theorem 3.1]). Let S : C — C be a
nonexpansive mapping such that Fix (S) N T #0. Let {x,,} and
{y,} the sequences in C generated by the following extragradient
algorithm:

Xy = x € C chosen arbitrarily,
In = PC (xn - Anvfan (xn)) >

Xne1 = ﬁn‘xn+(1 _ﬁn) SPC (xn_Anvacn (yn))’ Vn 2 0,
(10)

where Y 0 o, < 00,{\A,} C [a,b] for some a,b € (0, /1A%
and {$,} < [c,d] for some c,d € (0,1). Then, both the
sequences {x,} and {y,} converge weakly to an element X €
Fix(S) nT.

On the other hand, assume that C is a nonempty closed
convex subset of #Z and A : C — # is a mapping. The
classical variational inequality problem (VIP) is to find x* €
C such that

(Ax",x-x") >0, VxeC. (11)
It is now well known that the variational inequalities are
equivalent to the fixed point problems, the origin of which
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can be traced back to Lions and Stampacchia [20]. This
alternative formulation has been used to suggest and analyze
projection iterative method for solving variational inequal-
ities under the conditions that the involved operator must
be strongly monotone and Lipschitz continuous. Related
to the variational inequalities, we have the problem of
finding the fixed points of nonexpansive mappings or strict
pseudocontraction mappings, which is the current interest
in functional analysis. Several people considered a unified
approach to solve variational inequality problems and fixed
point problems; see, for example, [21-28] and the references
therein.

Amapping A : C —  issaid tobe an a-inverse strongly
monotone if there exists & > 0 such that

(Ax - Ay, x-y) > o|Ax - Ay|", Vx,yeC. (12)

A mapping S : C — Cis said to be k-strictly pseudocontrac-
tive if there exists 0 < k < 1 such that

Isx =Syl < flx - ¥
(13)
+k|I-8)x-(I- S)y||2, Vx,y € C.

In this case, we also say that S is a k-strict pseudo-contraction.
In particular, whenever k = 0, S becomes a nonexpansive
mapping from C into itself. It is clear that every inverse
strongly monotone mapping is a monotone and Lipschitz
continuous mapping. We denote by VI(C, A) and Fix(S) the
solution set of problem (11) and the set of all fixed points of S,
respectively.

For finding an element of Fix(S) N VI(C, A) under the
assumption thata set C ¢ 7 is nonempty, closed, and convex,
a mapping S : C — C is nonexpansive, and a mapping
A : C — I is a-inverse strongly monotone, Takahashi and
Toyoda [29] introduced an iterative scheme and studied the
weak convergence of the sequence generated by the proposed
scheme to a point of Fix(S) N VI(C, A). Recently, liduka and
Takahashi [30] presented another iterative scheme for finding
an element of Fix(S) NVI(C, A) and showed that the sequence
generated by the scheme converges strongly to Py (s)nvi(c,a)ts
where u is the initially chosen point in the iterative scheme
and Py denotes the metric projection of # onto K.

Based on Korpelevi¢’s extragradient method [17],
Nadezhkina and Takahashi [19] introduced an iterative
process for finding an element of Fix(S) N VI(C, A) and
proved the weak convergence of the sequence to a point
of Fix(S) n VI(C,A). Zeng and Yao [27] presented an
iterative scheme for finding an element of Fix(S) n VI(C, A)
and proved that two sequences generated by the method
converges strongly to an element of Fix(S) N VI(C, A).
Recently, Bnouhachem et al. [31] suggested and analyzed
an iterative scheme for finding a common element of the
fixed point set Fix(S) of a nonexpansive mapping S and the
solution set VI(C, A) of the variational inequality (11) for an
inverse strongly monotone mapping A : C — #.

Furthermore, as a much more general generalization of
the classical variational inequality problem (11), Ceng et al.

[23] introduced and considered the following problem of
finding (x*, y*) € C x C such that

By +x -y, x-x")>0, VxeC,

(14)
(Byx" +y" —=x",x-y") >0, VxeC,
which is called a general system of variational inequalities
(GSVI), which y; > 0 and p, > 0 are two constants. The set
of solutions of problem (14) is denoted by GSVI(C, B;, B,). In
particular, if B; = B,, then problem (14) reduces to the new
system of variational inequalities, introduced and studied by
Verma [32]. Recently, Ceng et al. [23] transformed problem
(14) into a fixed point problem in the following way.

Lemma 4 (see [23]). For given x,y € C,(X,y) is a solution
of problem (14) if and only if X is a fixed point of the mapping
G : C — Cdefined by

G (x) = P [Pc (x = pyByx)
(15)
~th B Pc (x - yB,x)], Vx €C,
wherey = Po(x — u,B,X).
In particular, if the mapping B; : C — I is [3;-inve-
rse strongly monotone for i = 1,2, then the mapping G is
nonexpansive provided p; € (0,2f3;) fori = 1,2.

Utilizing Lemma 4, they introduced and studied a relaxed
extragradient method for solving problem (14). Throughout
this paper, the set of fixed points of the mapping G is
denoted by E. Based on the relaxed extragradient method
and viscosity approximation method, Yao et al. [26] proposed
and analyzed an iterative algorithm for finding a common
solution of the GSVI (14) and the fixed point problem of
a strictly pseudo-contractive mapping S c - C.
Subsequently, Ceng et al. [33] further presented and analyzed
an iterative scheme for finding a common element of the
solution set of the VIP (11), the solution set of the GSVI
(14), and the fixed point set of a strictly pseudo-contractive
mapping S: C — C.

Theorem 5 (see [33, Theorem 3.1]). Let C be a nonempty
closed convex subset of a real Hilbert space % . Let A : C — H
be a-inverse strongly monotone and B; : C — H be [5;-inverse
strongly monotone fori = 1,2. Let S : C — C be a k-strictly
pseudo-contractive mapping such that Fix(S)NENVI(C, A) # 0.
Let Q : C — C be a p-contraction with p € [0,1/2). For
given x, € C arbitrarily, let the sequences {x,},{u,}, {ii,} be
generated by the relaxed extragradient iterative scheme:

u, = Po [PC (xn - P‘szxn) - B P (xn - P‘szxn)] >

an = PC (un - AnAun) >
(16)
Yn = (anxn + (1 - (xn) PC (un - /\nAan) >

xn+1 = ﬁnxn + leyn + 6nSyn) V?’l > 0;

where y; € (0,2f3;) fori = 1,2, and the following conditions
hold for five sequences {A,,} C (0, «] and {a,}, {B,}, {y.},18,} C
[0,1]:



(i) B, +y,+9,=1and (y,+8,)k <y, foralln > 0;
(ii) lim,, _, oo, = 0 and Yoo o, = 00;

(iii) 0 < liminf, , B, < limsup, B, < 1 and

liminf,_, 8, > 0;
(IV) hmn—>oo(Yn+l/(l - ﬁn+1) - Yn/(l - ﬁn)) =0;
(v) 0 < liminf, A, < limsup, A, < « and

lim, A,y — A, = 0.

Then the sequences {x,},{u,},{#i,} converge strongly to the
same point X = Ppys)nznvica)QX if and only if lim, _,
lu,.1 — u,ll = 0. Furthermore, (X,7y) is a solution of the GSVI
(14), where y = Po(X — u, B, X).

Motivated and inspired by the research going on this area,
we propose and analyze the following relaxed extragradient
iterative algorithms with regularization for finding a common
element of the solution set of the GSVI (14), the solution set
of the SFP (1), and the fixed point set of a strictly pseudo-
contractive mapping S: C — C.

Algorithm 6. Let y; € (0,28 fori = 1,2,{«,} C (0,00),
A} € (0 1/1AI7) and {o,}, {B,}, {9} {8,} < [0, 1] such that
B+ 7y, +96, =1foralln > 0. For given x,, € C arbitrarily,
let {x,}, {u,,}, {#1,,} be the sequences generated by the following
relaxed extragradient iterative scheme with regularization:

u, = Pc [Pc (x, = t,B,x,,) — i B, Pe (x,, — By x,,) ],
ﬁn = PC (un - Anvfocn (un)) >

Yn = Gann + (1 - Gn) PC (un - Anvfan (ﬁn)) 4

Vn > 0.

17)

Xn+1 = ﬁnxn + YnVn + Snsyn’

Under mild assumptions, it is proven that the sequences
{x,}, {u,}, {#,} converge strongly to the same point x =
PriysnenrQx if and only if lim, |, llu,,, — w,l = 0.
Furthermore, (x,y) is a solution of the GSVI (14), where
¥ = Po(x = 4, Byx).

Algorithm 7. Let y; € (0,26;) fori = 1,2,{a,} < (0,00),

A} € (0, 1/1AIP) and {o}, 12,3, {8} {yh 16, © [0,1] such
thato,+7, < land 8,+y,+6, = 1foralln > 0. For given x,, €
C arbitrarily, let {x,},{y,},{z,} be the sequences generated
by the following relaxed extragradient iterative scheme with
regularization:

2y = pC (xn - Anvfocn (xn)) > Vn
= Gann + TnPC ('xn - Anvacn (Zn))
+ (1 ~O0p— Tn) PC [PC (zn - AMZBZZn) (18)

~ B, P (2, — t1B,2,)] > X1
= BuXp + Yuu + 6,8V V20,

Also, under appropriate conditions, it is shown that the
sequences {x,},{,}, {z,} converge strongly to the same point
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X = Pyix(s)nenrQX if and only if lim, _, llz,,, — z,[ = 0.
Furthermore, (x,y) is a solution of the GSVI (14), where
¥ = Po(X — u, B, ).

Note that both [6, Theorem 5.7] and [18, Theorem 3.1]
are weak convergence results for solving the SFP (1). Beyond
question our strong convergence results are very interest-
ing and quite valuable. Because our relaxed extragradient
iterative schemes (17) and (18) with regularization involve a
contractive self-mapping Q, a k-strictly pseudo-contractive
self-mapping S and several parameter sequences, they are
more flexible and more subtle than the corresponding ones
in [6, Theorem 5.7] and [18, Theorem 3.1], respectively. Fur-
thermore, the relaxed extragradient iterative scheme (16)
is extended to develop our relaxed extragradient iterative
schemes (17) and (18) with regularization. All in all, our
results represent the modification, supplementation, exten-
sion, and improvement of [6, Theorem 5.7], [18, Theo-
rem 3.1], and [33, Theorem 3.1].

2. Preliminaries

Let K be a nonempty, closed, and convex subset of a real
Hilbert space #. Now we present some known results and
definitions which will be used in the sequel.

The metric (or nearest point) projection from # onto K
is the mapping Py : # — K which assigns to each point
x € J the unique point Pyx € K satisfying the property

| = Prex] = inf [lx — 5] = d (%, K). (19)

The following properties of projections are useful and
pertinent to our purpose.

Proposition 8 (see [34]). For given x € Z and z € K:
()z=Pkx o (x-2,y—-2)<0, VyeK;
(i) z = Pgx & lIx —zI” < llx - yI* - lly - 2, Vy € K;
(iii) (Pgx — Py, x— y) = |Pex — Peyl?, Yy € %, which
hence implies that Py is nonexpansive and monotone.
Definition 9. A mapping T : # — I is said to be
(a) nonexpansive if

[Tx-Ty| <|x-yl|, Vx,ye%; (20)

(b) firmly nonexpansive if 2T' — I is nonexpansive, or
equivalently,

(x=yTx-Ty) > |Tx-Ty |2,

vx,ye#; (2

alternatively, T' is firmly nonexpansive if and only if T can be
expressed as

T=%(1+S), (22)

where S : # — J is nonexpansive; projections are firmly
nonexpansive.



Abstract and Applied Analysis

Definition 10. Let T be a nonlinear operator with domain
D(T) € % and range R(T) € 7.

(a) T is said to be monotone if

(x-y,Tx-Ty) >0, Vx,yeD(T). (23)
(b) Given a number 3 > 0, T is said to be f-strongly
monotone if

(x=y,Tx-Ty) > f|x - )’“2’ Vx,y € D(T). (24)

(c) Given a number v > 0, T is said to be v-inverse
strongly monotone (v-ism) if

x—y,Tx-Ty) >v|Tx - Ty|’, Vx,yeD(T). (25)
Yy y Yy y

It can be easily seen that if S is nonexpansive, then I — S is
monotone. It is also easy to see that a projection Py is 1-ism.

Inverse strongly monotone (also referred to as cocoer-
cive) operators have been applied widely in solving practical
problems in various fields, for instance, in traffic assignment
problems; see, for example, [35, 36].

Definition 11. A mapping T : # — I is said to be an
averaged mapping if it can be written as the average of the
identity I and a nonexpansive mapping, that is,

T=010-a)l+asS, (26)

where « € (0,1) and S : #& — Zis nonexpansive. More
precisely, when the last equality holds, we say that T' is «-
averaged. Thus firmly nonexpansive mappings (in particular,
projections) are 1/2-averaged maps.

Proposition 12 (see [7]). Let T :
mapping.
(i) T is nonexpansive if and only if the complement I — T
is 1/2-ism.

H — K be a given

(ii) If T is v-ism, then for y > 0, yT is v/y-ism.

(iii) T is averaged if and only if the complement I — T is
v-ism for some v > 1/2. Indeed, for « € (0,1),T is
a-averaged if and only if I — T is 1/2«-ism.

Proposition 13 (see [7, 37]). Let S,T,V : # — I be given
operators.

DT = (1 -a)S+aV for some« € (0,1) and if S is
averaged and V is nonexpansive, then T is averaged.

(ii) T is firmly nonexpansive if and only if the complement
I — T is firmly nonexpansive.

(iii) If T = (1 - @)S + aV for some o € (0,1) and if S is
firmly nonexpansive and V is nonexpansive, then T is
averaged.

(iv) The composite of finitely many averaged mappings is
averaged. That is, if each of the mappings {T;}Y, is
averaged, then so is the composite T} o Ty o -+- o Ty In
particular, if Ty is , -averaged and T, is «,-averaged,
where o), a, € (0,1), then the composite T, o T, is a-
averaged, where & = o) + &, — 0 ,.

(v) If the mappings {Ti}f\:]l are averaged and have a
common fixed point, then

N
() Fix (T;) = Fix (T, -+ Ty). (27)

i=1

The notation Fix(T) denotes the set of all fixed points of the
mapping T, that is, Fix(T) = {x € # : Tx = x}.

It is clear that, in a real Hilbert space #,S : C — C
is k-strictly pseudo-contractive if and only if there holds the
following inequality:

(Sx - Sy, x - y)

1-k
<=y - = la-9x-a-5)l°, vxyeC
(28)

This immediately implies that if S is a k-strictly pseudo-
contractive mapping, then I — S is (1 — k)/2-inverse strongly
monotone; for further detail, we refer to [38] and the
references therein. It is well known that the class of strict
pseudo-contractions strictly includes the class of nonexpan-
sive mappings.

In order to prove the main result of this paper, the
following lemmas will be required.

Lemma 14 (see [39]). Let {x,} and {y,} be bounded sequences
in a Banach space X and let {f,} be a sequence in [0, 1] with
0 < liminf, , B, < limsup,_, B, < 1. Suppose x,,., =
(1-B,)y,+B,.x, for all integersn > 0 andlim sup,, _, . (I ¥4~
Yl = 12,1 — x,1I) < 0. Then, lim,, _, Jlly, — x, =0.

Lemma 15 (see [38, Proposition 2.1]). Let C be a nonempty
closed convex subset of a real Hilbert space # andS:C — C

a mapping.
(i) If S is a k-strict pseudo-contractive mapping, then S
satisfies the Lipschitz condition

1+k
I~ syl < - -1l

Vx, y € C. (29)

(ii) If S is a k-strict pseudo-contractive mapping, then the
mapping I — S is semiclosed at 0, that is, if {x,} is a
sequence in C such that x, — X weakly and (I -
S)x,, — 0 strongly, then (I — S)X = 0.

(iil) If S is k-(quasi-)strict pseudo-contraction, then the
fixed point set Fix (S) of S is closed and convex so that
the projection Py, sy is well defined.

The following lemma plays a key role in proving strong
convergence of the sequences generated by our algorithms.

Lemma 16 (see [34]). Let {a,} be a sequence of nonnegative

real numbers satisfying the property
A < (L=s,)a,+s,t,+1, VYn=0, (30)

where {s,} (0, 1] and {t,} are such that



(1) ZZZO S, = 005

(i) either limsup, _, . t, < 0or Y 2 Is,t,l < 0o;
(iil) Y02y, < 0O wherer, > 0, Vn > 0.

Then, lim,,_, ,a, = 0.

Lemma 17 (see [26]). Let C be a nonempty closed convex
subset of a real Hilbert space . Let S : C — C be a k-strictly
pseudo-contractive mapping. Let y and § be two nonnegative
real numbers such that (y + 8)k < y. Then

ly(x=y)+8(Sx=Sy)| < (y+0)[x-y|, Vx,yeC.
3

The following lemma is an immediate consequence of an
inner product.

Lemma 18. In a real Hilbert space ¥, there holds the inequal-
ity

e+ v’ <lxlP+2(px+y), Veyex. (32

Let K be anonempty closed convex subset of a real Hilbert
space # and let F : K — J be a monotone mapping. The
variational inequality problem (VIP) is to find x € K such
that

(Fx,y-x) >0, VyeK. (33)
The solution set of the VIP is denoted by VI(K, F). It is well
known that

x € VI(K,F) & x =Py (x —AFx), VYA>0. (34)

A set-valued mapping T : % — 27 is called monotone
ifforallx,y € #, f € Tx and g € Ty imply that (x — y, f —
g) = 0. A monotone set-valued mapping T : # — 27 s
called maximal if its graph Gph(T) is not properly contained
in the graph of any other monotone set-valued mapping. It is
known that a monotone set-valued mapping T': # — 27 is
maximal if and only if for (x, f) e X xH,{(x—y,f—g) =0
for every (y, g) € Gph(T) implies that f € Tx.Let F: K —
Z be a monotone and Lipschitz continuous mapping and let
Nyuv be the normal cone to K at v € K, that is,

Nyv={weZ :(v-u,w) >0, Yu € K}. (35)

Define

(36)

_ | Fu+ Ngv, if veK,
T“‘{ 0, if v¢K.

It is known that in this case the mapping T is maximal
monotone, and 0 € Tvifand only ifv € VI(K, F); see further
details, one refers to [40] and the references therein.

3. Main Results

In this section, we first prove the strong convergence of the
sequences generated by the relaxed extragradient iterative
algorithm (17) with regularization.
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Theorem 19. Let C be a nonempty closed convex subset of a
real Hilbert space . Let A € B(# |, ,), and let B, : C —
I | be 3;-inverse strongly monotone fori = 1,2. LetS: C — C
be a k-strictly pseudo-contractive mapping such that Fix(S) N
ENT#0.LetQ : C — C be a p-contraction with p € [0,1/2).
For given x, € C arbitrarily, let the sequences {x,}, {u,}, {fi,}
be generated by the relaxed extragradient iterative algorithm
(17) with regularization, where y; € (0,2f3;) fori = 1,2, {a,} C
(0,00), {1} € (0, 1/1AI) and {o,}, (B}, v} 6,} < [0,1]
such that
(i) 2220 (xn < 005

(ii) B, + vy, + 6, = Land (y, + 8,)k <y, for alln > 0;

(iii) lim,, _, ,,0, =0 and Y..°, 0, = 00;

(iv)0 < liminf,_, B, < limsup,_ B, < 1 and

lim inf 8, > 0;

n—-oo-n

(V) hmn—)oo(yrwl/(l - ﬁn+1) - Yn/(]' - ﬂn)) =0;
(vi) 0 < lim inf,_, A, < lim sup, , A, < 1/|A|* and

| n—oo’'n —
lim, , IA,. — Al =0.

Then the sequences {x,},{u,},{#i,} converge strongly to the
same point X = Pyiy(5)nenrQX if and only if lim, _, llu,.,, —
u,ll = 0. Furthermore, (x,y) is a solution of the GSVI (14),
wherey = Po(X — u,B,X).

Proof. First, taking into account 0 < liminf A, <

limsup, _, A, < 1/ || A|I%, without loss of generality we may
assume that {1, } € [a,b] for some a,b € (0, 1/IIA]%).

Now, let us show that Po(I — AVf, ) is {-averaged for each
A € (0,2/(cx + | AlI%)), where

2+ A (a+ A7)
-

Indeed, it is easy to see that Vf = A*(I - Py)Ais 1/]|AJ*-
ism, that is,

(VF(0) =Vf(y),x-y) =
Observe that
(o +IAP) (Vf, () = Vfy (), - p)

= (o + A1) [af}x - ]

+{Vf () = Vf (), %= ) ]

(37)

1 2
AT IVf ) -Vf W] (38)

= o=
+ o (Vf (0 = Vf (), x - y) + Al |x -y’
+ IAI* (Vf (%) = Vf (), x = y)

> o|lx -y + 20 (Vf () - Vf (), x - y)
v @) - )

=l (x = ») + Vf ) - Vf ()

= IVfu ) =V DI

(39)
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Hence, it follows that Vf, = af + A*(I — Py)Ais 1/(a +
|l AlI?)-ism. Thus, AVf, is 1/AM« + I A|?)-ism according to
Proposition 12(ii). By Proposition 12(iii) the complement I —
AVf, is Ma + IAI%) /2-averaged. Therefore, noting that P, is
1/2-averaged, and utilizing Proposition 13(iv), we know that
foreach A € (0,2/(a+]A|%)), P-(I-AVf,)is {-averaged with

- AMa+lAP) 1 A(a+AI)
o 2 2 2

i (40)
:Me(o,l).

This shows that P(I — AVf,) is nonexpansive. Furthermore,
for {A,} C [a,b] witha,b € (0, 1/]IA|]*), we have

1
a<infA, <supA <b< = lim ———. (41
R Al "=, + A2 D
Without loss of generality we may assume that
a<infA <suA<b<; VYn>0 (42)
B e «, + AP -

Consequently, it follows that for each integer n > 0, Po(I —
AuVfy ) is {,-averaged with

- A (o +1AIR) 1 A, (o, + IAIP)
TRt T Ty 2
, (43)
_ 2+A,,(oc2+||A|| ) co.

This immediately implies that P-(I - A,,Vf, ) is nonexpansive
foralln > 0.

Next we divide the remainder of the proof into several
steps.

Step 1. {x,} is bounded.
Indeed, take an arbitrary p € Fix(S) N E NT. Then, we get
Sp = p, Po(I = AVf)p = p for A € (0,2/]|A|l*), and

p=Pc[Pc(p—thB,p) — B Pc(p—w,Byp)].  (44)

From (17) it follows that

7, = pll = |Pe (1= 2,Vfe, ) 1 = Pe (1= 1,91) p
< |Pc(1- 1 9f, )y = Pc(I- 1V, ) £
+|Pe(1-2Vf, ) = P (T-1,9F) p|
< Ju, - pll + |(1- 1V, ) p - (1= 1,9F) p|

= "un_p“"'ln‘xn “P“ ( )
45

Utilizing Lemma 18 we also have

|7, - I = |Pe (1= 1,91, ), = Po (1= A, 9) o
= |Pe (1= A9, )t = P (T AV, ) P
P (1= 1,9, ) p - Pe(T-1,5) ||
< [Pe (1A, ) = P (1= 2,55,) ol
+2(P(T-A,Vf, ) p
~Po(I-A,9f) p. il = p)
< Jun = pI* + 2| Pc (1 -1, Vf,, ) p
- Po (1= A,Vf) pl 7@, - p
< u, = pI +2|(1- 2,97, ) p
= (1= 2,9f) p| I, - pl

=l = I* + 22,0, | 2l 5, - -
(46)

For simplicity, we write

q="Pc(p-wB,p), X, = Pc(x, — 1,Byx,),

(47)
ﬁn = PC (un - Anvfan (ﬁn)) >

for each n > 0. Then y, = 0,,Qx,, + (1 — 0,)u,, for each n > 0.
Since B; : C — %, is B;-inverse strongly monotone for i =
1,2and 0 < y; < 2f3; fori = 1, 2, we know that for all n > 0,

- 2l
= ”Pc [P (x, = t:B,x,)
B, Pe (x, - t,B,x,.)] - pl”
= ||Pc [Pc (x, = #2B,x,,) = By Pe (x,, = 11, B,x,,)]
~Pc [Pc(p — p:Byp) — 4By P (p - Hszp)]llz
< [Pc (x, = p2Byx,) = 1By P (x, = 2By,
[P (p - #2Bp) = B, Pe (p — t:B,p) ||
= ||[Pc (x,, — #2B,x,,) ~ Pc (p — t,B,p)]
—ty [BPe (%, — t:B,x,,) = B P (p — 1B, )|
< |1Pe (x, = #2B,%,) = P (p — B, p)
=i (2By = ) | BiPe (x,, — By,

- B,P-(p- #2321’)”2



< (%, - t:B:x,) = (p = o)’
~ 1 (2B - ) |Bi%, - Biql’

= |(x, = p) - 12 (Bx,, - Byp)|”
~ (2B~ ) |B%, ~ Bygl’

< % = oI - 2 (2B, = 2) | Boxx, = B’
~ 2B~ ) |B.%, ~ Byql’

< %, - "

(48)

Furthermore, by Proposition 8(ii), we have

7, - pI” < |, — A.¥fe, @) - |
~ o = 2515, @) - 5|
= Nty = oI = — |
+ 24, (Vfy, (@,), p—1,)
= Nty = oI = - |
24, ((V,, @) -V, (). p -7,
+ (Vfa, () P~ 1)
+ (Yo, (@), - 7,) )
<ty pIF - o, - P
+ 21, ((Vfa, (B), p ~ )
+(Vfy, (8,) 18, — %))
= Nt = oI = - |
+ 2, [ (@, +Vf) p, p— )
+ (Ve (8,) 18, — ) |
S e e e
+2M, (o, (p, p = 8,) + (VS (&,) 5, — 1,) ]
= Ny = oI = o - )
- 2(u, ~ @, i, - u,) - |G, - 4|’
+ 21, [0, (p, p =~ ) + (VS (&) 5, — 1) ]

= "un - p“2 - "un - an"2 - "ﬁn - ﬁnHZ
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+2 <un - /‘nvf(xn (ﬁn) - ﬁn’ﬁn - ﬁn>

+ ZAnan <P’P - ﬁn) .

Further, by Proposition 8(i), we have

<un - /\nvfzxn (ﬁn) - awﬁn - ﬁn>

= (s = A VS, () - 0,0, ~ 7,)
(A, () = VS, (@), - ,)

< AV, () = A Vfo, (@,).10, T,

<A Ve, () = Vs, (@)

= An (‘xn + ”AHZ) "un - ﬁn” ”an - ﬁn“ .

”an -4, "

So, from (45) we obtain

|5, - ol
o R A AN
+2 (= A, Vo, (8,) - 1,010, - 1)
+2X,0, (P> p ~ Thyy)
o i I
[ = T ||* + 22, (a1, + IAIP)
x Jut, = 7, [, - |
+ 2, o] |, -
<y = ol = o - 31
-’
+ 10t + AN, = 1,
+ |~ + 2, o] |7, -
=, - oI+ 20,0, ol |, -
+ (N +141)° = 1) Ju, -,
< lu, ~ oI + 20, ol |, -
< u, - oI’
+ 20,06, 21 [ e, = 21+ Ao 21

< fu, - pIf

(49)

(50)
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+ 4k, ol = pl + 40

= (e, = Pl + 22,05, [ Pl
(5

Hence it follows from (48) and (51) that

Iy, - 2l
= |l (Qx, = p) + (1 - 0,,) (&, - p)
<0, [Qx, - p|+(1-0,) |, - pl
< 0, (JQx, —Qp| + |[Qp - pl)
= 0,) (Ju, = pll + 21,0, | p])

<0, (plx. = pl +|Qp - pll)

+(1=0,) (I, = pll + 24,0 2]) (52)
<(1-(1-p)o,) |x. - pl

+0,[Qp - p| +2A,a, | pl
=(1-(1-p)a,) |x. -2l

Q —
r1-p o2 o a1l

lQp - p|
Pl ==

< max {"xn -

F+ 20, lol.

Since (y, + 8,)k < v, for all n > 0, utilizing Lemma 17 we
obtain from (52)

%01 =
=B (.~ p) P)+8, (S, —p)l
< Bullxu = I+ Iva (v = ) + 8, (S~ P)I
< Bullxn =2l + (v + 8,) |y — 2l
< Bullx - £l

Q —
0 [max fl - o1 S22 ot )

+Yn(yn_

< ﬂn "xn - P“
Q —
o) mas s, . L2 2 o
Q —
< max s, o S22,
(53)

Now, we claim that

Qp - p| }

b - < max fl - ol 1221

(54)

+2b||p| Zocj.
=0

As a matter of fact, if n = 0, then it is clear that (54) is valid,
that is,

b - = m {3,
(55)

Assume that (54) holds for n > 1, that is,

Q
I RS R B S SR )

(56)
Then, we conclude from (53) and (56) that
% = 2l
Qp -
< max { s, ol S22 2
p
Smax{max{"xo—p , 1—_/) }
QP p
ablpl e, 12201 } +lpla,
(57)
Qp -
< max{ I, - . 2221

n—-1
+2b|lpl Y e+ 26 ||,

Jj=0

Q —
= max - pl, 12221}

+2b|p| Zocj.
=0

By induction, we conclude that (54) is valid. Hence, {x,} is
bounded. Since P, Vf, , B, and B, are Lipschitz continuous,
itis easy to see that {u, }, {#i,,}, {1,,}, { y,,} and {X,,} are bounded,
where X, = Po(x,, — 4, B,x,,) foralln > 0.

Step 2. lim,,_, o lIx,.1 — %,/ = 0.
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Indeed, define x,,,, = B,x, + (1 - B, )w, foralln > 0. It
follows that

_ _ Xp+2 — ﬁn+1xn+1 _ Xp+1 — ﬁnxn
Wy — W, =

1_Bn+1 1_ﬁn

— Yo+1Vn+1 + 6n+lsyn+1 _ YnVn + ansyn
1- ﬁn+1 1- ﬁn

_ VYa+1 (yn+1 B yn) + 6n+1 (Syn+1 - Syn)
1- ﬁnﬂ

Yn+1 Yn )
72 )
<1_ﬁn+l 1_/3n

s 80 )
Ty (S Sy,
<l_ﬁn+l 1_/371 )

Since (y,+98,)k < y, foralln > 0, utilizing Lemma 17 we have

(58)

||Vn+1 (yn+1 - yn) + 8n+1 (Syn+1 - Syn)”

(59)
< ot * 8i1) [Yer = 2l
Next, we estimate ||y,,,, — y,|l. Observe that
|01 —
= |Pe (ttnis = Auia Ve, (i)
P (1, = AV, ()|
< |Po (1= AV, ) thnen
P (I=Ayi Ve, ) thy
+ P (1= A Vo) 1 = Po (1= 2,95, ) u, |
< ftnsr =
+ (T =2 Vo )t = (1= 4,9, ) 1,
= tnr =
s (pa ] + V) 1y = Ay (e, ]+ VS ), |
< tnr =
i = Al IVF @)+ [Aia @t = At 1]
(60)

”un+1 - unHZ

= llPC [PC (xn+1 _ﬂszxnﬂ)_!f‘lBlPC (xn+1 _P‘szan)]

2

-Pc [Pc (xn - #szxn) - B, P (xn - P‘szxn)]

< “ [Pc (%1 = paBo%Xi1) = 1 By Pe (%41 — o Byxy1)]

2

- [PC (xn - //‘szxn) - B, Pe (xn - ."lZBan)]

Abstract and Applied Analysis

= ll [Pc (xn+1 - #szxnn) - P (xn - P‘szxn)]

2
—t [BIPC' (xn+1 _.“2Bzxn+1)_Blpc (xn_ﬂszxn)]

< 1P (%sr = #2B2%i1) = P (%, =t By, )|
= (2B - )
X [|B\Pe (1 = toBoXiy) = BiPe (%, — By, |
< [1Pe (e = #2B%1) = P (%, = By,
< (s = t2Bor) = (5 = B, )|
= |Gener = %) = 2 (Bysr = Box,)|I
< e = 2l = 12 (285 = 1) |BoXnsr = By

< “xn+1 - xn”2’ (61)

and hence

(e
= |Pe (tni1 = A1 Vo, (i)
~Pe (1, = A, VS, (&,))]
<[ (ttars = X Vs, @) = (00 = 1,515, (@)
= (1= M Vo) s = (T = Aia Vo)
Mt (Vi () = Vo, (1))
A1V, (Ban) + Vo, (3,)
< (7= Air V) s = (T = X Vi, ) 14
Mt [V, (i) = Vo, (14)
M Vi, @) = 2V, (@)
< Jotr = thall + At (Gnir + IAI) [tir = 10
s (@ua T+ 9F) (fir) = Ay (] + VF) (3,)]

< Joter = thal] + Ar (Gipar + AL [her = 14,

Ay = At |
[ VF @) = ,9F (&,)]

< tter = thal) + Ay (s + IAI) b — 14,
1 @1 B, = A

+ An+1 "Vf (am—l) - Vf (an)" + |/‘n+l - An| "Vf (ﬁn)“
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< xnir = Xl + A (@i + 1AL 101 =

o]

+ ”An+1(xn+1ﬁn+1 - An n

et = Al 19F @+ At JAI [0y = 2|
< ”xn+l - xn" + An+1 (‘xn+1 + ”AHZ)

X (||un+1 - un” + "ﬁnJrl - ﬁn")

+ |lAn+1an+lﬁn+l - Ananﬁn“

+ |An+1 - /\nl ”Vf (ﬁn)" .

(62)
Combining (60) with (61), we get
"ﬁn+1 - ﬁn" < "un+1 - un” + I/\n+1 - Anl “Vf (un)”
+ I/\n+1‘xn+1 - An‘xn| “un“
(63)

< "xn+1 - xn“ + |An+1 - /\nl ”Vf (un)"

+ |/\n+1(xn+1 - An‘xn| ”un” .
This together with (62) implies that

191 = 3l
= s + Gy (Qpy = Ty )
1, -0, (Qx, —1,)]

< s = ) + Gs Qi1 = Ui |
+0, |Qx, -,

< [ =
+ et (s + HAI) (et = ] + [ = )
A1 @ir s = At + [Ais = A VS (@)

+0pi1 ”an+1 - ﬁn+1|| + 0, ||an - ﬁn" .
(64)

Hence it follows from (58), (59), and (64) that

”wn+1 - w, "

< ”)}n+1 (ynJrl - yn) + 8n+1 (Syn+1 B Syn)"

1- /3n+1
Yn+1 Yn l 6n+1 871
+ - L+ - Sy,
1_ﬁn+1 l_ﬁn ”y “ 1_ﬁn+1 l_ﬁn “y“
1 T 871
e LR
n+1
+ ‘ Yn+1

Lo B (Ul + )

11
_ _ YH+1 _ yn
= I =l + |25 = 2|l + I
B “xwrl - xn"
+ An+1 (“n+1 + ”AHZ) (|lun+l - un” + ||ﬁn+1 - ﬁn”)
+ ”An+1an+1ﬁn+1 - Ananan|| + |An+1 - An| ||Vf (ﬁn)"
+ 0,4 "an+1 - ﬁn+1|| +0, "an - an"
Yn+1 yn I
+ - 1SV -
2 - 2 QI
(65)
From (60), we deduce from condition (vi) that lim,_, .

l&,,, — @, = 0. Since {x,},{w,}, {iZ,},{y,} and {u,} are
bounded, it follows from conditions (i), (iii), (v), and (vi) that

lim sup (|lw,,; — w,|| = %51 = x,])
n—oo

< lim sup {Am (cr + IAIP)

oo
X (Jter = vl + s = 70,)
A G By = At T |
+ s = Aol [V (@,)]

+ iy [ Qs = T | + 0, | Q= T

Ya+1

- L‘ + 1S ]» =0.
e = Tl Ul + )

(66)

Hence by Lemma 14 we get lim,, _, . [lw,, — x,,| = 0. Thus,

Jim [lx, =] = lim (1= B,) |w, - x,[ =0.  (67)

n— oo

Step 3.1im,, _, ., IB,x,— B,pl = 0, lim, _, ,IIB,X,, —B,qll =0,
and lim,, _, . llu,, — #@i,,ll = 0, where g = Po(p — 4, B, p).

Indeed, utilizing Lemma 17 and the convexity of || - 1%, we
obtain from (17), (48), and (51) that

%1 = I
= "ﬁn (xn - P) T Vu (yn - p) + 871 (Syn - P)||2
< ﬁn"xn - p”2

1 2

m [yn (yn - p) + 6n (Syn - P)]

n n

+(y, +9,)

B ﬂn"xn - p”2 + (yn + 871) “yn - p”2
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< ﬁn"xn - p||2 Indeed, observe that

+ (1 +8,) [0, — ol + (1~ 0,) [, - pI]

< Bullsa = oI + olQx, = pIF + (v + 8,) 17, - pIf [, ~ |
< Bl ol v Qs - o e (= 2,5, ()~ P 1~ 2,5, ()]
* 500 [Ju = I+ 2, [l 17, - 1 < Nt =215, @) = (- AT )] )

(ﬁn) - vf% (u")
<A, (a, + A1) 1, = ]

(X2, + 1AP) = 1) u, - 7]
< Bl = ol +0llQx, — ol + (3 +6,)

x [ = I - 12 (28, = ) B, — Bopl

This together with [|#7,, — u, | — 0 implies that lim,, _, . [lu, -

_ _ = 2 ~ t,l = 0 and hence lim, , llu, — u,ll = 0. By firm
(2B, — ) |B. X, — Biq|” + 24,4, || pl| |7, - P ny(l)nexpansiveness of P, we have "
# (A2 + 1AP) = 1) [, - 7,
S ”xn - P"2 + On"an - P||2 - (Vn + 8n) ”En - ‘1||2
X [;42 (2B, - wy) |Byx, - sz“z = || Pc (x, = p2Byx,,) = P (p - Mszp)Hz

~ S((xn_Aqun)_(p_.“Bp)’jzn_q>
i (zﬂl—ﬂl)lllen—Bﬂuz o o

_1 o B 2 e 2
+(1_/\i(“n+"A||2)2) ||u _ﬁnllz] ) [”xn P =t (Byx, sz)” +“xn ‘1"

_ ~|(x,, = p) = o (Byx,, — B,p) — (%, - q)II’
+ 20,0, ol %, - P - (s = p) = 12 (B, 2p) — ( ‘1)"]

68 1
(e ﬂh—ﬁ+h—ﬂ
Therefore, )
= Gx, = — 5 (Byx, — B,p) = (p—q)| ]
(3 +0,) [0 (2B, = p12) | Bx, - Bl
I =2 [nxn—pn%nsen—qu%nxn—»zn— (-0l
+ ¢y (281 — ) |B1X, — Byq| 2
2 +2uy{x, - X,—(p—q),B,x, - B
+ (1 _ AZ(‘X” + ”A"2) ) “un _ ﬁn”Z] W < (p q) 2 2p>
2 2
2 2 2 —H, ||Ban - BzP" ]
< "xn - P“ - "xn+1 - P" + an"an - p” 1
+ 21,0, ] |5, - ol <3 b=l 4 15 -l
< (1, = 2l + 11 = 21D 6 = % | + 0l Q% = pI° % - % - (p- I
20,0, | |7, - p|- 25 %, = %, = (p = @) B2, - Bp|]
(69) (72)
Since, — 0,0, — 0, |x,, — x,,11 — 0, liminf, | _ (y,
8,) > 0and {A,}  [a,b] forsomea, b € (0, 1/]IA|]%), it follows
that that is,
Aim [, — @, =0, lim [B,%, - Bq| =
, (70)
Jim, 1B, = Bapl = %, -l < llx, - oI - |, - %, - (- D)

(73)

Step 4. lim,,_, . [ISy,, — v,ll = 0. + 24 [|x, - X, - (P - q)|| |B.x,, - Byp] -
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Moreover, using the argument technique similar to the above
one, we derive

= 2l
= “Pc (yfn - .”1319~Cn) - P (q - .”131‘1)"2

< ((%, - mB,X,) - (q - 1 B,q) »u, — p)
= I~ a - (Bi%, - Ba)l + s, - o
(%, - q) -  (B\%, - B,q) - (u, - p)|I']
< 2 (1%l + o~ oI
(%, — ) — g1 (B %, = Big) + (p - 9)|’]
= (1% - al + s, = oI = 15+ (2 - )
+2p, (X, —u, + (p—q), Bi%, — B1q)
~u1||B.%, - Biq|’]

(1% = all* + s = I = 1% 0, + (P - @)

<

| =

+2/’l1 ”in —u, + (P - q)" "Blfn - qu" ] >
(74)

that is,

2 ~ 2 ~ 2
bl < 15, al =I5~ pmall

+ 2[41 “”?n —u, t (P - q)" "Blfn - qu” :

Utilizing (46), (73), and (75), we have

@, - p|*
= @, - p+w, - @’
< @, - pI” + 2 (5, — 1, %, — p)
< i, - pl* + 25, - @) |7, -
< llu, - pI” + 22,0, ol I, - pl
+2u, - a,| |, - pl
< %, - ql* - 1%, —u, + (p -9’
+ 24 | %, = uy + (p = Q)| B, %, - Bug

+ 2/\n(xn "P" "an - p” +2 "an - ﬁn“ “ﬁn - P”

13

<z =2l = lxu = %0 - (P - )
+ 24, |, = %, = (P~ @)|| | Box,, — Bap|
- %~ u,+ (p-q)I’
+ 24 | %, — u, + (p - q)|| |B, %, - By

+ 24,0, | pl i, = Pl + 2, - @, i, - ] -
(76)

Thus from (17) and (76) it follows that

%1 = I
=B, (s = ) + ¥ (= P) + 8, (S, - DI
< Bl = oI + (0 + 8,) Iy — 2l
= Bullu = 2 + (1= B) Iy — 2l
< Ballx - £l
+(1-B,) [oullQx, - pl* + (1 - 0,) [, - pI’]
< Bullxu = £l + aullQx, - oI
+(1-B,) @, - ol
< Bullxu = oI + aulQx, - oI
+(1=B) [ ol - = %= (- @)
+ 24 |, = %, = (p— @) |Box, — Bop|
% - u, + (p - )l
+ 24y | %, — u, + (p — Q)| |B,X, - Buq
+ 210, ol |17, - pl

+2 @, - 7, - pl |
(77)

which hence implies that
(1_/311) ["xn_kvn_(p_q)nz+||£n_un+(p_q)"2]
<[ = Pl = 01 = 2l + 0@, oI
+(1-B) 262 I~ - (p - @)] [Box, - Bapl

+ 2 [|%, —u, + (P~ )| |B,%, - By
+ ZAn“n "P" ”ﬁn - P”

+ 2@, -, |7, - ol ]
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< (I =l + %01 = 2l
x|, = %t | + 0, Qx, — pI
+ 24t %, = %, = (P~ @) | Bx, — Bl
+2p %, — u, + (p ~ )| |BiX, - By

+ ZAn“n "P“ “ﬁn - P" +2 "an - ﬁn” ”an - P" '
(78)

Since limsup, _, B, < L, {A,} ¢ [a,bl,, — 0,0, —
0, [|B,x, - Bypll — 0, [IB;X,, - Bigll — 0, |lu, -, — 0
and [x,.,; — x, — 0, it follows from the boundedness of
{x, b {x, 1w, (), and {w,,} that

nll_)IIéo "xn - fn - (p - q)“ =0,

(79)
nli_{réo "‘;én —U, t (p - q)“ =0.
Consequently, it immediately follows that
nleréo ||xn - un“ =0,
(80)

Tlim |x, - @] = 0.

This together with ||y, — u,ll < 0,1Qx, —u,| — 0 implies
that

lim x, - y,[ = 0. (81)
Since
"(Sn (Syn - xn)" < “xn+l - xn” T Vn "yn - xn" ’ (82)

it follows that

lim ||Sy, - x,| =0,

n— 00

lim Sy, - y,[| =0 (83)

n— 00
Step 5. limsup, , (Qx — X,x, — x) < 0 where x =

P Fix(S)naner-
Indeed, since {x,,} is bounded, there exists a subsequence
{xni} of {x,,} such that

lim sup (Qx - %, x, -~ %) = lim (Q¥-X,x, —X). (84)
n— 00 1= 00 !

Also, since H is reflexive and {y,} is bounded, without loss
of generality we may assume that y, — p weakly for some

p € C. First, it is clear from Lemma 15 that p € Fix(S). Now
let us show that p € E. We note that

“xn -G (xn)"
= ||xn - Pc [Pe (x, — #,B,x,,) — iy By Pe (%, — Hszxn)]"

:”xn_un“_>0 (n — co0),

(85)

where G : C — C is defined as such that in Lemma 4.
According to Lemma 15 we obtain p € E. Further, let us
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show that p € T. As a matter of fact, since |x, — u,|| —
0, @, ~u,ll - 0and|lx,-y,ll — 0,wededucethatx, — P
weakly and iz, — p weakly. Let

TU:{Vf(v)+NCv, ifveC, (86)

0, ifvecC,

where Nov = {w € ', : (v-u,w) 20, Yu € C}. Then, T is
maximal monotone and 0 € T if and only if v € VI(C, Vf);
see [40] for more details. Let (v, w) € Gph(T). Then, we have

w € Tv = Vf (v) + Nev, (87)
and hence
w - Vf (v) € Nev. (88)
So, we have
(v-u,w-Vf (@) =0, VueC. (89)
On the other hand, from
i, = P (u, - L,Vf, (u,)), veC, (90)
we have
(1, = A, Vfy, (1) = Ty, — 0) 20, (91)
and, hence,
<v 7, ﬁ"A_ Yy vy, (un)> > 0. (92)
Therefore, from
w—Vf (v) € Nev, 1, €C, (93)
we have

<v - ﬁni,w> > <v —u,,Vf (v)>
> <v —u,,Vf (v)>

- &y, <U - ﬁﬂi’ u”i>
= (v-17,,9f ) - Vf (&,))
o 58 () -9 (1)

ﬁn- — Uy,
—~ ;i ;i ~
- U_u"i’ A _(X”i <U_u"i’uni>
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Hence, we get

(v-p,w) >0, asi — co. (95)

Since T is maximal monotone, we have p € T~'0, and, hence,
p € VI(C,Vf). Thus it is clear that p € I. Therefore, p €
Fix(S) N E N T. Consequently, in terms of Proposition 8(i) we
obtain from (84) that

lim sup (Qx — X, x,, — X)
n— 0o

(96)
= lim (Qx-%x, -X) = (Qx-%p-X) <0.
Step 6. lim,, _, . lIx,, — x|l = 0.
Indeed, from (48) and (51) it follows that
I, - | < |u. - x| + 21,0, 171 |7, - |
, (97)
< x = %[ + 27,0, 17 |27, - X -
Note that
<an - E’)/n - f) = <an _E’xn - §>
+ <an - E’yn - xn)
= <an - QE’ Xy~ E>
+(Qx - X, x, - X) (98)

+ <an - X, Yn— xn>
< pllx, = %[ + (Qx - %, x, - %)

Qs == [y = -

Utilizing Lemmas 17 and 18, we obtain from (48) and the
convexity of || - II?

e = %[
= "ﬁn (xn - E) + Vu (yn - E) + 6n (Syn _E)"2
< /3n"xn - §"2

2

+ (yn + 8n) [Yn (yn - E) + 8n (Syn - E)]

1
Va6,
< ﬂn"xn - }"2 + (Yn + 611) ”yn - EHZ

< Bl -1 + (1 + 8 | (1= 0., - 5

+20, (Qx, — X, y, — X) ]
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< /3n||xn - 7"2

+ (yn + (Sn) (1 - Gn)

x (Il = =1 + 22,0, 11 18, - X))
+20, (Qx,, — X, ¥, — X) ]
= (1= (y, +9,)0,) |x, - %’
+ (yp +8,) 20, (Qx, — %, y, — %)
+ (y, + 8,) 2,00, % ||, - X
< (1= (y, +8,) 0,) 1%, = |’
+ (Y +8,) 20, (Qx,, = %, y, — X)
+2),, |7 |3, - %
< (1= (yu +8,) 0,) [P = %I + (v, +8,) 20,

x| o, - =17

+{Qx - % x, — %) +]|Qx, — X [y - . ]
+2),a, %] &, - %]
= [1=(1-2p) (y +8,) 0] |, = X" + (1, +8,,) 20,
x [(Qx - %, x, = %) +[|Qux, = X[ [y, - x.]
+2A,00, |1 ||, — ]|
= [1=(1-2p) (3, +8,) 0] [}, = %" + (1 - 2p)

o 2[(Qx - %, x, — %) + |Qx,, = X|| |y, — x,|]
" 1-2p

+ 20,0, I7] |7, - 7.
(99)

Note that liminf, , (1 — 2p)(y, + 6,) > 0. It follows that
Yo o(L=2p)(y, +6,)0, = co. Itis clear that

2 [(Q}_van _§> + “an _}” ||yn - xn“] <0
1-2p o

lim sup
n— 00

(100)

because lim sup,, _, . (Qx — X, x, —x) < 0andlim, _, [x, -
y,ll = 0. In addition, note also that {A,} C [a,b], Z;(:)o a, <
0o and {@,,} is bounded. Hence we get ¥ ) 2A,a, x|z, —
x|l < oco. Therefore, all conditions of Lemma 16 are satisfied.
Consequently, we immediately deduce that ||x,, — x|| — Oas
n — 00. This completes the proof. O

Corollary 20. Let C be a nonempty closed convex subset of a
real Hilbert space 7. Let A € B(# |, ;) and B; : C — Z,
be [3;-inverse strongly monotone fori = 1,2. LetS : C — C
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be a k-strictly pseudo-contractive mapping such that Fix (S) N
ENT #0. For fixed u € C and given x,, € C arbitrarily, let the
sequences {x,}, {u,}, {i1,} be generated iteratively by

U, = PC [PC (xn - nu2B2xn) - M1B1PC ('xn - MZBan)] >
ﬁn = PC (un - /\nvftx,, (un)) >
Yn =0,u + (1 - Un) PC (un - /\nvfan (ﬁn)) >

Vn=>0,

(101)

X1 = ﬁnxn TV t 8nSyn’

where p; € (0,2;) fori = 1,2, and the following conditions
hold for six sequences {e,,} C (0,00),{A,} € (0, 1/IAl?) and
{ou} {Bub {yah> 16, < [0, 1]:

(1) Zzio (xn < 005
(ii) B, + v, + 6, = Land (y, + S,k <y, foralln > 0;
0,=0and Y > 0, = 00;

(iii) lim, _, .,

(iv)0 < liminf,_ B, < limsup,_ B, < 1 and
lim inf, 8, >0;

(V) hmn—»oo(yn+l/(1 - [;n+1) - Vn/(l - ﬁ”)) = 0;
(vi) 0 < liminf, A, < limsup, A, < 1/|A|* and
lirnrt—><>o|/\n+1 - AnI =0.

Then the sequences {x,},{u,},{#i,} converge strongly to the
same point X = P s)ngnrtt if and only if lim,, _, v, —
u,ll = 0. Furthermore, (x,y) is a solution of the GSVI (14),
wherey = Po(x — 4, B,X).

Next, utilizing Corollary 20 we give the following
improvement and extension of the main result in [18] (i.e.,
[18, Theorem 3.1]).

Corollary 21. Let C be a nonempty closed convex subset of a
real Hilbert space # . Let A € B(#,,%,) andS : C — C
be a nonexpansive mapping such that Fix (S)NT # 0. For fixed
u € C and given x, € C arbitrarily, let the sequences {u,}, {ii, }
be generated iteratively by

ﬁn = PC (un - Anvfocn (un)) >
Upp = ﬂnun + (1 - ﬁn)

(102)
xS [anu +(1-0,) P

(”n A Ve, (ﬁn))] , VYn>0,

where the following conditions hold for four sequences {«,} C
(0,00), {A,} € (0, 1/I1AI*) and {0}, {B,} < [0,1]:
(i) Yoo &, < 005
(i) lim,,_, o0, = 0 and Y2 0, = 00;
(iil) 0 < liminf, _, B, <limsup, _, B, < L;

) ooy < limsup, | A, < 1/||A|* and
lim, , IA,.; — A, =0.

(iv) 0 < liminf

Then the sequences {u,},{l,} converge strongly to the same
point X = Py, (s)nrtt if and only if lim,, _, llu,,; —u,ll = 0.
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Proof. In Corollary 20, put B, = B, = 0 and y, = 0. Then,
E=C, B,+6, = 1foralln > 0, and the iterative scheme (101)
is equivalent to

n= X
u, =P (un - /\nvfzx,, (un)) >
Yn = 0uU + (1 - Gn) pC (un - /\nvf(xn (ﬁn)) >

Vn=>0.

(103)

Upi1 = ﬁnxn + 8nSyn’

This is is equivalent to (102). Since S is a nonexpansive
mapping, S must be a k-strictly pseudo-contractive mapping
with k = 0. In this case, it is easy to see that conditions (i)-
(vi) in Corollary 20 all are satisfied. Therefore, in terms of
Corollary 20, we obtain the desired result. O

Now, we are in a position to prove the strong convergence
of the sequences generated by the relaxed extragradient
iterative algorithm (18) with regularization.

Theorem 22. Let C be a nonempty closed convex subset of a
real Hilbert space #,. Let A € B(# |, ,) and B; : C — ¥,
be p;-inverse strongly monotone fori = 1,2. LetS: C — C be
a k-strictly pseudocontractive mapping such that Fix (S)NEN
F#0. Let Q : C — C be a p-contraction with p € [0,1/2).
For given x, € C arbitrarily, let the sequences {x,}, {y,}, {z,} be
generated by the relaxed extragradient iterative algorithm (18)
with regularization, where p; € (0,2f3;) fori = 1,2,{a,} C
(0,00), {A,} < (0, 1/IAI?) and {o,}, (.} {B,} ) 6, €
[0, 1] such that

(1) Zf;zo &y < 005
(i)o,+71,<1,B,+y,+68, =1and (y, +3,)k <y, for
alln > 0;
(iii) lim,, _, ,,0, = 0 and Y. 0, = 00;

(iv)0 < liminf,_ 7, < limsup,_ .7, < 1 and

hmn—»oolrnﬂ - Tnl =0;
(v) 0 < liminf,_ B, <
liminf,_, 8, > 0;
(Vl) hmn%oo()}wrl/(l - ﬁnJrl) - Yn/(l - /jn)) =0;
(vii) 0 < liminf,_, A, < limsup, A, < 1/|IAl* and
lim, oo JA g~ A,| = 0.

limsup, , B, < 1 and

Then the sequences {x,},{y,},{z,} converge strongly to the
same point X = Py 5)nznrQX if and only if lim, _, |z, —
z,ll = 0. Furthermore, (X,7y) is a solution of the GSVI (14),
wherey = Po(x — 4, B,X).

Proof. First, taking into account 0 < liminf, | A, <
limsup, _, A, < 1/ || AJI%, without loss of generality we may
assume that {A,} < [a,b] for some a,b ¢ 0, 1/IAl%).
Repeating the same argument as that in the proof of The-
orem 19, we can show that P-(I — AVf,) is {-averaged for
each A € (0,2/(« + || A*)), where { = (2 + Ma + [ A]*))/4.
Further, repeating the same argument as that in the proof
of Theorem 19, we can also show that for each integer n >
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0,Pc(I — A, Vf, ) is (,-averaged with {, = (2 + A, (a, +

IAI%)/4 € (0, 1).
Next we divide the remainder of the proof into several
steps.

Step 1. {x,} is bounded.
Indeed, take p € Fix(S) N E N T arbitrarily. Then Sp =

P, Po(I = AVf)p = p for A € (0,2/]|All*), and

p=Pc[Pc(p—mB,p) — B Pc(p - m,Byp)].  (104)

Utilizing the arguments similar to those of (45) and (46) in
the proof of Theorem 19, from (18) we can obtain

Iz, - pll < %, = pll + Auet 2] (105)

Iz = I < %0 - I + 20,0, ] |20 - P . (106)

For simplicity, we write ¢ = P-(p — 4,B,p), Z, = Po(z, -
#B,z,)
u, = PC' [PC (Zn - AMZBZZH)
_n"llBlPC (zn - ”ZBZZn)] > (107)

an = PC (xn - /\nvfzx,, (Zn)) >

foreachn > 0. Then y, = 0,,Qx,,+7,u,+(1-0,—7,)u, for each
n > 0.Since B; : C — ', is B;-inverse strongly monotone
and 0 < y; < 23; fori = 1,2, utilizing the argument similar
to that of (48) in the proof of Theorem 19, we can obtain that
foralln >0,

””n - P"2 < "Zn - P"2 — i, (2B, — 1) “BZZn - BzP”2

—ty (2B — ) "Blzn - 31‘1"2 < "Zn - P"z-
(108)

Furthermore, utilizing Proposition 8(i)-(ii) and the argument
similar to that of (51) in the proof of Theorem 19, from (105)
we obtain

5. - ol
< |xu - oI + 20,0, 12l 12, -
2
+ (A2, +1AP) = 1) |, - 2,

2

< lw = oI + 2,0, o 12 - e

< Joeu = I + 22500, ol Ul = I+ Ay 1]
< [ = oI + 4hsen, [l I, = ol + 40 ol

= (I = pll+ 22,0, 1),

17

Hence it follows from (105), (108), and (109) that
Iyl
= o, (Qx, - p)
5, (= )+ (1-0,-5,) (4~ )]
< 0, 10%, - pll + 5, 7, - ol
F(1=0,- 1) sy 1l
<0, (p|x, - pl +|Qp - )
el = ol + (1=, -5 e ol
<0, (pllx, ol +[2p - )
o1l pl 20,00, )
- (1=0,-5) (I - £l 1,0, [ol)
= (1= (1= pa) s, ol + QP - ]
25+ (1=~ 5] e Il
<(1-(-p)a) .~ pl
+0,1Qp - pll + 24,0, | ]
(== ol
ra-po 20
< man s, -l 22 o .
(110)

Since (y, + 8,)k < v, for all n > 0, utilizing Lemma 17 we
obtain from (110)

%1 = 2l
= 1By (%0 = P) + ¥ (9 = ) + 8, (S = P
< Bullxn = Pl + 174 (5 = P) + 8, (7. = P
< Bullxn = 2l + (v + 82) [y - £
< Bullx. - 2l

v 60 [max - o SL 2 o |
< B, "xn - P”

Qp-p
v o mas s, -l 122 o )

Q_
< max{ b, - o S22 2

(111)
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Repeating the same argument as that of (54) in the proof of
Theorem 19, by induction we can prove that

||xn+1—pnsmax{||x0—p|| - ””} 2]p ||za
112)

Thus, {x,} is bounded. Since P, Vf, , B, and B, are Lipschitz
continuous, it is easy to see that {z,, } {u Lin,} {y,}, and {Z,,}
are bounded, where Z,, = P-(z,, — 4, B,z,,) for alln > 0.

Step 2. lim,, _, %, — %, = 0.

Indeed, define x,,,; = B,x, + (1 - B, )w, foralln > 0.
Then, utilizing the arguments similar to those of (58)-(61) in
the proof of Theorem 19, we can obtain that

w1 —w, = Ll 1 — ynl) b §n+1 (SYs1 = Sy)
1
(5 - )
) < P ) - (13)
1=Bu 1-B,
1V G = 9) + 8 (S¥ia = Syl
< (Pt + 8s) [Yr = 2l
(due to Lemma 17)
lznis = Zall < ler = all + s = A VS (x0)] m
 r@ur = M| ]
s =l
< |Pc (241~ #2B2201) ~Pc (Zn—Mszzn)llz
=1 (2B = 1) |BiPc (2441 = #2B22011)
- B\ Pc (2, - P‘szzn)"2
< (2ur1 = toBszn1) — (20 — 1:B,2,) |
<o -l
— 2 2By — 1) | Bozir — Bzzn||2
Sy T—
115)
So, we have
[

= ||PC (xﬂJrl - AnJrlvfocn,,l (zn+1))
-Fe (xn - /\nvf(xn (zn))"

An+1vfan+1 (Zn+l)) - (xn - /\nvfocn (zn))"

< [t -
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= e = %0 = At [V, (at) = Vo, (20)]
~ MV, (2) = 2V, (20)]]

< e = Xl + A |V, (2ot) -
+ MV, (20) = 2, (24)]

< s = %all + Ar (@ + 1AIP) 201 = 2
it (@uan + VF) 2, = Ay (0] + VF) 2,

< %t = %) + At (@ + DAIP) |20 — 20

Vo (2)]

 Pr@air = Aol |20l + [Air = Aal VS (20)]
< Jxs = xall + 20 = 2l
i@ = Aatta] 20 + [Asr = Aal VS (20)])-
(116)
This together with (114) implies that
1901 = 32
= lower (Qapar = thsr) + Ta By + (1= Ty
—0, (Qx,, —u,) = 7,8, = (1 - 7,) |
< N twiatnes = Tt + |1 = T1) thpr = (1= 7)) 4,

*+ Opt1 “an+1 - un+1|| + 0o, “an - un“
| T+l Tn| ”ﬁn+l || + T, "ﬁn+1 - ﬁn"
| T+l Tn| ||un+1” + (1 - Tn) ”un+1 - un"

+ 00 [ Qi1 = thy]| + 0, [Qx, — 1, |

%] 2

# P = M1V @] + (0= 7)o = 2

< 5 [ s = 2l + e = 2l + P = 2,

* |7ne = 7l ([ | + s )

+ Opi1 “anﬂ - un+1|| + 0y “an - un“

S ||Xn+1 - xn" + "zn+1 - Zn"
+ |An+l‘xn+1 - An(xn' "Z ||
+ |An+1 - /\n| "Vf (zn ” | Tar1 l (HE”HH * “unH“)

+ 001 Q1 = thy| + 0, [ Qx, = 14,

17)
Hence it follows from (113), and (117) that
w1 = wy]

- yn) + 8n+1 (syn+l - Syn)"

1- Bnﬂ

< HYn+1 (yn+1
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PYn+1 Yn
+l—— - ——|Vn
‘1_Bn+1 l_ﬁn ”y ”
6n+1 (Sn I
| Sy,
‘l_ﬁrﬁl l_ﬁn ”y”
n + 871
< B oyl
n+1
Yus1 Yn
t|— L+ 1Sy,
2 - 2 l+ Il
_ _ Ynt1 _ Vn
=l =2l + |25 — = 72 | Ul < Isnb)

< ”xn+l - xn" + ||Zn+1 - Zn"
- Ano‘rtl "Zn" + |/\n+1 - Anl ”Vf (Zn)"

+ |Tn+1 - Tnl (”ﬁrHl“ + “urHln)

+ |An+1(xn+1

+ 0,41 “an+1 - un+1” +0, "an - un“

Yn+1 n
Il (Il + 1Syl -
Pl = | Ul + D)

(118)

Since {x,}, {y,}, {z,}, {u,,}, and {u,} are bounded, it follows
from conditions (i), (iii), (iv), (vi), and (vii) that

lim sup (|w,.; — W] = %01 — %4
n—00

< lim sup { l2wer = 2l + Psrtuss = Aacta] 2

+ Mn+1 - /\n| va (zn)”
+ lTn+1 - Tnl (”ﬁnﬂ" + "un+1")
+ 0,4 "an+1 - un+1|| +0, "an - un"

VYn+1

Yn
e L (I | <o

(119)

Hence by Lemma 14 we get lim,, _,  llw,, — x,,| = 0. Thus,

nlg%o ”‘xn+1 - xn" = lim (1 - ﬁn) "wﬂ - x"” =0.

n— 00

(120)
Step 3.lim, _, ,lIB,z, — B,pll = 0, lim, _, I1B,Z, — Biqll = 0,
and lim,, _, . llx,, — z,| = 0, where g = Po(p — 1, B, p).

Indeed, utilizing Lemma 17 and the convexity of || - 1%, we
obtain from (18) and (106)-(109) that

%1 = I
= ||ﬁn (xn _P) + Vu (yn _P) +8n (Syn _p)"2

2

X yn+6n [Yn(yn_p)"'an (Syn_p)]
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< Bullxa = 2" + (0 + 8,) Iy — 2I°
< Bl = oI + (1 +6,)
x [0 Qe pI +7 pI +(1-0,-5,) [, I
< Bullx, = pl* + 0@, - oI
+ (pu + 8,) [l = pI” + (1= 7) = I
< Bullew = pI* + ol Qx, = ol + (1, +6,)
x {5, [ = £ + 20,05, ol L2, - £
+ (A2 (0 + 1AP) = 1) |, - 2,7
+ (12, [l Pl -2 (282 -s) [Bo2, - Bapl
0 (o, - ) [B,2, - Bual’] |
< Ballx = pI + 0, = pI + (3 + 8,)
x {5 [, - 21 + 2,0, ] |2, - o]
+ (2, +141) = 1) |, - 2, ]
+(1=7) [ - 27 + 20,0, 2l 2, - o]
~ 1, 2B~ ) |B,2, ~ Bopl’
(s - ) B2, - Bal’] |
= Bullea— oI + 0, I + (3 +5,)
xfl - oI + 20,0, 121 . - 2
1 (1= 22, +1AI) ) o, - 2 - (1= 7,)
x 12 (2B, = ) | B,z — Bopl
v (s - ) |B.Z, - Bial’] |
<%, = oI + 0,0Qx, = oI + 20,05, Pl |2, o]
= O+ 8) {5 (1= M2 + 141)) I, - 27
+(1-17,) [, 2B, - ) |B,2, - B,pl°

+iy (2B~ ) ||315n-31q||2] } :
(121)

Therefore,
(yn + 8,,) {rn (1 - Ai((xn + ||A||2)2) “xn - Zn||2

+(1-1,) [P‘z (2B, - ) | Boz,, — BzP”2
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+iy (2B, — ) “Blzn - qu||2] }

S i L
+ 0, |Qx, = plI* + 20,0, 2] 12, - 2l
= (”xn - P" + ”xnﬂ - P") "xn - xnﬂ"

+ Un"an - P"2 + ZAn“n ”P" "Zn - P" :
(122)

Since,, — 0,0, — 0,[lx, — x| — 0,liminf, , (y, +
8,) > 0,{A,} c [a,b],and 0 < lim inf <limsup,_,
T, < 1, it follows that

n—»ooTn

lim ||B,Z, - B,q|| = 0,

n— 00

nleréo ||xn - zn|| =0,
(123)
Tim_ B2z, - Bop] 0.

Step 4. lim, _, ISy, — v,/ = 0.
Indeed, observe that

”an - Zn" = ”PC (xn - /\nvf(xn (Zn)) - PC (xn - Anvfan (xn))“
< ”('xﬂ - Anvftxn (Zn)) - (xn - Anvfocn (Xn))“
= /\n ”Vf(x,, (zn) - Vfoc,, (xn)

< Ay (0, + A1) |12, = %,

(124)
This together with ||z, — x,,| — 0 implies that lim,, , [l%, -
z,| = 0 and hence lim, _, llu, — x,| = 0. Utilizing the

arguments similar to those of (73) and (75) in the proof of
Theorem 19 we can prove that

12, - all” < Iz = 2I* - |z =2 - (P - )|
+ 2[”2 “zn - 2n - (P - q)” ||B2Z11 - BZP” >
"un - P"2 £ ||5n - ‘1”2 - ||5n —U, + (P - q)"2

+2¢1 |2, — uy + (p — 9)| | B1Z, ~ B1q] -
(125)

Utilizing (106), (109), (125), we have

Iy, - oI’
= ||0n (an - P) +7, (ﬁn - p) + (1 — 0, Tn) (un - P)“Z
< Gnllen - p"2 + Tn“ﬁn - p”2 + (1 —0,— Tn) "un - p”2

< anllen - P||2 + Tn“ﬁn - P||2
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+(1-7,) Ju, - p|’
< a,JQx, - pI
7, ([l = oI + 2200, o) 20— ) + (1 - 7,)
x[I12, = al” =12, = u, + (p - )’
+2u; |2, - u, + (p - 9)|| |B,Z, - By4l]
< a,|Qx, - |
7, (s = oI + 22,00, o) 20— ) + (1 - 7,)
<{lz = 2I” =2 -2, - (P - I’
+ 2t |2, = Z, = (P — 9)| | B2, — B
-z, - w. + (p- 9|’
+24 |2, — s + (p = 9)|| |B.Z, - Buqll }
<a,Qx, - pl’
7, (I, = 2I° + 20,0, ol 2 - ) + (1 - 7,)
x{lx, = pl* + 22X, ol 2, - Pl
2. -z, - (p- 9’
+ 2t |2, = Z, = (P — 9)| | B2, — B
-z, - w,+ (p- )|’
+2¢1 |2, —u, + (p ~ 9)|| |B.Z, — Biq}
< x, = oI + 0@, - pl* + 21,0, | o] |2, - 2
+ 2 2, — 2, (p - @)l |B,2, - Bp
+ 2|2, u, + (p - 9)| |B.Z, - By

- (1-1,) (lew=Zu=(p - DI’ +[Zs—un+ (p-0)[) .

Thus from (18) and (126) it follows that

%01 = I
= 1Bs (5a = ) + ¥ (5 = P) + 8, (S, - DI
< Ballxa = ol* + (v + 8,) Iy - 2l
= Bullxw = oI + (1= B) Iy = 2l
< Bl ="+ (1-5,)
{Ix, - plI* + 0 x, - oI
+ 24,0, | |12, - Pl
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+2u, |2, — Z, - (p - )| |B,2, - B.p]|
+ 24, |2, = u, + (P - 9)]| |B:Z, - B.q]|
-(1-7) (| -2, - (p-9)I’
+z, - u, + (p-9)|)}
< %, = oI + ol Qx, - pI* + 21,0, 2] 12 - P
+ 2t |2, = Z, = (p — 9)|| | Bz, — B
+2u |2, —u, + (p - q)|| | B.Z, - B4
-(1-B)(1-1,)
% (l20 =2~ (= DI + |20~ + (P - I).

(127)
which hence implies that
(1-B)(1-1,)
x (20 =2, = (p = QI + 12— wn + (P - D)
< = 2I° = %0 - 2l
+0,]Qx, = plI* +2A,0, 1] |2, - p
+ 24, |2, —Z, - (p - )| |B,2, - B.p]|
+ 24, |2, = u, + (p - 9)| |B,Z, - B,
< (e = 2l + %1 = 21 1% = %l
+0,|Qx, - pl* + 24,0, ol 12, - Pl
+ 23 ||z, = 2, — (P~ )| | B,z — B.pl|
+2u, |2, — u + (p~ 9)|| |B.Z, — Bua -
(128)
Since limsup, B, < 1 limsup, .7, < L {A] c

[a) b]) @, — 0, o, — 0, "Bzzn - BZP" - 0, "Blzn -
Bgl — 0and |x,,, — x, — 0, it follows from the
boundedness of {x,}, {u,}, {z,}, and {Z,} that

lim "Zn - 2n - (P - q)" =0,

n—00

N (129)
nango "Zn —U, t (P - q)” =0.
Consequently, it immediately follows that
nango ”zn - un" =0, ,}H%O ”un - an“ =0. (130)

Also, note that

"yn - ﬁn” <0y ”an - an“ + (1 —0n— Tn) "un - ﬁn" — 0.
(131)

This together with |x,, — u,| — 0 implies that

Jim |x, - y,[ = 0. (132)
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Since
"6n (Syn - xn)" < “an - xn” *+ Vu "yn - xn" > (133)
it follows that
Jim Sy, x| =0, lim ISy, - y,[=0.  (134)

Step 5. limsup, ,  (QX — X,x, — X) < 0 where X =
Prix(s)nznr QX.
Indeed, since {x,,} is bounded, there exists a subsequence

{xni} of {x,} such that
lim sup (Qx - X, x, - X) = lim (Qx-X,x, —X). (135)

Also, since H is reflexive and {x,,} is bounded, without loss of
generality we may assume that x,, — p weakly for some p €
C. Taking into account that ||lx,,— y,I| — Oand |x,—z,] — 0
asn — 0o, we deduce that y, — pweaklyandz, — p
weakly.

First, it is clear from Lemma 15 and [|Sy, — v, — 0 that
D € Fix(S). Now let us show that p € E. Note that

”Zn -G (Zn)“

= ||Zn - Pc[Pc (2, = t2By2,) — B P (2, - Mszzn)]"

=z, —u,| — 0 (n— o0),

(136)

where G : C — C is defined as that in Lemma 4. According
to Lemma 15 we get p € Z. Further, let us show that p € T. As
a matter of fact, define

(137)

Ty = Vf (v) + Nev, ifv e C,
v- 0, ifv ¢ C,

where Nov = {w € #, : (v—u,w) >0, Yu € C}. Then, T is
maximal monotone and 0 € Tv if and only if v € VI(C, Vf);
see [40] for more details. Let (v, w) € Gph(T). Then, we have

(v-u,w-Vf (@) =0, VueC. (138)

Observe that
Zn:PC(xn_/‘anan (xn))’ veC.

Utilizing the arguments similar to those of Step 5 in the proof
of Theorem 19 we can prove that

(139)

(v-p,w) >0. (140)

Since T is maximal monotone, we have p € T~'0, and, hence,
D € VI(C,Vf). Thus it is clear that p € TI. Therefore, p €
Fix(S) N ENT. Consequently, in terms of Proposition 8 (i) we
obtain from (135) that

lim sup (Qx - X, x,, — x) = lim <Q§—§, X, —§>
n—0o e (141)
=(Qx-x,p-Xx)<0.
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Step 6. lim,,_, llx, — x| = 0.
Indeed, observe that

<an - X Yn — %>
= <an _§>xn _E> + <an _E’yn - xn>
= <an - Qx, Xn — f)
(142)
+ <Q§_E’xn _E> + <an _E’yn - xn)
< pllx, - x| + (Qx - %, x, - %)
o[-}

Utilizing Lemmas 17 and 18, we obtain from (106)-(109) and
the convexity of | - I? that

i
= “ﬁn (xn - }) T Vu (yn - }) + an (Syn - %)”2

= :Bn“xn - EHZ

e IO A TS |
< Bl ~ 31+ 0+ 8,) I - 5
< Bullx, = x| + (v + 8,)

[l =) + (1= 0y - 1) s, - 9

+20,(Qx, - %, y, — %) |
< Bullxw =% + (v, +6,)
x [zl = %" + (1 - 0, = 7,) s, = I
+20,, (Qx, ~ X, y, — %) |
< Bullxw =% + (v, +8,)
x [zl = %" + (1 -0, = 7)) |2, = %I
+20, (Qx,, = %, y, = X)|
< Bullxw = *I" + (3, +6,)
x 7 (= 717 + 24,0, 151 |2, - )
+(1-0,-1,)
x ([l = =" + 22,00, I1%1 |12, = X )
+20, (Qx,, = X, ¥, — X) ]

= ﬁn“xn - EHZ + (Yn + 6n)

% [(1=0,) (|, = =] + 24,0, Il |2, - =)
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+20, (Qx, — %, 3, - %) |
= (1= (y, +9,) 0,) 1%, = %I’
+ (ya +8,) (1= 0,) 20,0, %] |2, — %]
+ (Yo +6,) 20, (Qx, = X, y, = %)
< (1= (1 +8,) ) %, = %" + (v, + 8,) 20,
x [plx, = %[’
+{(Qx - %, x, = %) + | Qx, — %] 7, — %l ]
+ 20,0, 1% ||z, - x|
= [1-(1-2p) (y, +8,) 0, |}, - x|
+(1-2p) (v, +0,) 0,

y 2[(Qx - %, x, — %) + |Qx,, = x| |y — x.|]
1-2p

+2A,0, %] ||zn - §|| .
(143)

Note that liminf, , (1 — 2p)(y, + 6,) > 0. It follows that
Yo o(L=2p)(y, +6,)0, = co. Itis clear that

2[(Q% %%, - %) +Qx, ~F Iy, -l _

lim sup
1-2p

n— 00

(144)

because limsup,, _, . (QXx — %, x,, — %) < 0andlim, _, |x, -
¥, = 0. In addition, note also that {A,} < [a,b], Yoo, <
0o and {z,} is bounded. Hence we get > > 2\, o, [x]lllz, —
x|l < oco. Therefore, all conditions of Lemma 16 are satisfied.
Consequently, we immediately deduce that |lx, — x| — 0
asn — 00. In the meantime, taking into account that ||x,, —

vy, = O0and ||x, —z,ll = 0asn — oo, we infer that

Aim [y, = %[ = lim |z, -] = 0. (145)
This completes the proof. O

Corollary 23. Let C be a nonempty closed convex subset of a
real Hilbert space # . Let A € B(Z'\, % ,) and let B, : C —
H | be f;-inverse strongly monotone fori = 1,2. LetS : C — C
be a k-strictly pseudocontractive mapping such that Fix(S) N
ENT#0. For fixed u € C and given x, € C arbitrarily, let the
sequences {x,},1y,}, 1z,} be generated iteratively by

z, =P (xn - /\anan (xn)) >
Y = O+ TP (%, = L,Vfy, (2,))
+(l1-0,-1,)
x P [Pc (2, = 3 By2,) = i By Pe (2, = 1,B,2,)] 5

xn+1 = ﬁnxn + Ynyn + 8nSyn’ Vn 2 0’

(146)
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where y; € (0,2f3;) fori = 1,2,{a,} < (0,00),{A,} <
(0, 1/11AIP) and {o,,}, {T,}, (B} (v} 18,} < [0, 1] such that

(i) 2;1“;0 (xn < 005

(i)o,+71,<1,B,+y,+68, =1and (y, + 3,k <y, for

alln > 0;
(iii) lim,, _, ,,0, =0 and .2, 0, = 00;
(iv)0 < liminf, 7, < limsup,_ 7, < 1 and

hmnaoo"rnJrl - Tnl = 0’
(v) 0 < liminf, B, <
liminf, | &, > 0;
(Vi) hmn—»oo(ynﬂ/(l - /3n+1) - Vn/(l - ﬁn)) =0;
(vii) 0 < liminf, |, A, < limsup,_ A, < 1/||A|]*> and
lim, _, IA,. — Al =0.

< limsup, B, < 1 and

Then the sequences {x,},{y,},{z,} converge strongly to the
same point X = Pyiy(s)nanrtt if and only iflim,, _, 12,1 —2,[ =
0. Furthermore, (x,y) is a solution of the GSVI (14), where
¥y = Po(x — u,B,x).

Corollary 24. Let C be a nonempty closed convex subset of a
real Hilbert space . Let A € B(Z'|, % ,) and let B; : C —
| be [3;-inverse strongly monotone fori = 1,2. Let S : C —
C be a nonexpansive mapping such that Fix(S) N E N T #40.
Let Q : C — C be a p-contraction with p € [0,1/2). For
given x, € C arbitrarily, let the sequences {x,},1y,},1z,} be
generated iteratively by

Zy = pC (xn - Anvfocn (xn)) >

Yn = Gann + TnPC (xn - /\nvf(xn (zn))
+ (1 ~O0p— Tn)

x Pe [P (2, — yB,2,) — B, Pc (2, — 11,B,2,)] »

Xp+1 = ﬁnxn TVt 57,5)/”, Vn >0,

(147)

where y; € (0,2f3;) fori = 1,2,{a,} < (0,00),{A,} <
(0, 1/11AIP) and {o,,}, {T,}, {B.} (v} 18,} < [0, 1] such that

(i) Yoo &, < 005
(i)o,+71, <L B, +y,+96, =1and(y,+38,)k <y, for
alln > 0;

(iii) lim,, _, ,,0, =0 and .2, 0, = 00;
(iv)0 < liminf, 7, < limsup,_ 7, < 1 and

hmnaoo|Tn+l - Tnl =0;

(v) 0 < liminf,_, B, < limsup, B, < 1 and

lim inf 8, > 0;

(Vi) hmn%oo()}nﬂ/(l - ﬂT’H’l) - Vn/(l - ﬁn)) =0;

(vii) 0 < liminf, |, A, < limsup,_ A, < 1/IA|]* and
lirnn—>c>o|/\n+1 - AnI =0.

Then the sequences {x,},{y,},{z,} converge strongly to the
same point X = Py 5)nznrQX if and only if lim, _, ,lz,,; —
z,| = 0. Furthermore, (X, y) is a solution of the GSVI (14),
wherey = Po(x — 4, B,X).
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Next, utilizing Corollary 23 one gives the following
improvement and extension of the main result in [18] (i.e.,
[18, Theorem 3.1]).

Corollary 25. Let C be a nonempty closed convex subset of a
real Hilbert space 7 . Let A € B(#'|, ;) andletS: C — C
be a nonexpansive mapping such that Fix (S)NT # 0. For fixed
u € C and given x,, € C arbitrarily, let the sequences {x,}, {z,}
be generated iteratively by

2, = Po (%, ~ A, (x,)),
Xp+1 = ﬁnxn + (1 - ﬁ")
x S[ou +1,Pc (x, - A, VL, (2,))

+(1—crn—rn)zn], vn >0,

(148)

where {a,} € (0,00),{A,,} < (0,1/1Al*) and {o,}, {z,}, {B,} <
[0, 1] such that
(i) Yoo &, < 005
(ii) o, + T, < 1 foralln > 0;
(iii) lim,, _, ,,0, = 0 and Y., 0, = 00;

(iv)0 < liminf, 7, < < 1 and

lim -7,l =0;

limsup, _, 7,
n— 00 ITn+1

(v) 0 <liminf,_, B, <limsup,_, B, <L

(vi) 0 < liminf,_ A, < limsup, A, < 1/|Al* and

lim, , A, — Al =0.

Then the sequences {x,},{z,} converge strongly to the same
POi”tE = PFix(S)ﬁru ifand Oi’lly lflimnﬂoo"znﬂ - zn" =0.

Proof. In Corollary 23, put B; = B, = 0and y,, = 0. Then, E =
G, ﬁn+6n = 1’PC[PC(Zn_[’lZBZZn)_HlBIPC(ZVL_AMZBZZn)] =Zy
and the iterative scheme (146) is equivalent to

2y = PC (xn - Anvfotn (xn)) >

Y, = 0+ 1,Pc (xn - Vfa (zn)) +(1-0,-1,) 2,
Xpi1 = BuXy + 6,8y, VYn=0.
(149)

This is equivalent to (148). Since S is a nonexpansive mapping,
S must be a k-strictly pseudocontractive mapping with k =
0. In this case, it is easy to see that conditions (i)-(vii)
in Corollary 23 all are satisfied. Therefore, in terms of
Corollary 23, we obtain the desired result. O

Remark 26. Our Theorems 19 and 22 improve, extend, and
develop [6, Theorem 5.7], [18, Theorem 3.1], and [33, Theo-
rem 3.1] in the following aspects.

(i) Because both [6, Theorem 5.7] and [18, Theorem 3.1]
are weak convergence results for solving the SFP,
beyond question, our Theorems 19 and 22 as strong
convergence results are very interesting and quite
valuable.



24

(ii) The problem of finding an element of Fix(S) N ENT
in our Theorems 19 and 22 is more general than the
corresponding problems in [6, Theorem 5.7] and [18,
Theorem 3.1], respectively.

(iii) The relaxed extragradient iterative method for finding
an element of Fix(S) N E N VI(C, A) in [33, The-
orem 3.1] is extended to develop the relaxed extra-
gradient method with regularization for finding an
element of Fix(S) N £ N T in our Theorem 19.

(iv) The proof of our Theorems 19 and 22 is very different
from that of [33, Theorem 3.1] because our argument
technique depends on Lemma 16, the restriction on
the regularization parameter sequence {«,}, and the
properties of the averaged mappings Po(I - A, Vf, )
to a great extent.

(v) Because our iterative schemes (17) and (18) involve
a contractive self-mapping Q, a k-strictly pseudo-
contractive self-mapping S, and several parameter
sequences, they are more flexible and more subtle
than the corresponding ones in [6, Theorem 5.7] and
[18, Theorem 3.1], respectively.
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