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We present a new reversed version of a generalized sharp Holder’s inequality which is due to Wu and then give a new refinement
of Holder’s inequality. Moreover, the obtained result is used to improve the well-known Popoviciu-Vasi¢ inequality. Finally, we

establish the time scales version of Beckenbach-type inequality.

1. Introduction

\%

The classical Holder’s inequality states that if ;, > 0, b,
0(k=12,...,n),p>1l,and 1/p+1/q =1, then

n n p /s 4 1/q
S acb < (Za,f) (yg) | W
k=1 k=1 k=1

The inequality is reversed for p < 1 (p#0), (for p < 0, we
assume that a;, b, > 0).

As is well known, Holder’s inequality plays an important
role in different branches of modern mathematics such as
classical real and complex analysis, probability and statistics,
numerical analysis, and qualitative theory of differential
equations and their applications. Various refinements, gen-
eralizations, and applications of inequality (1) and its series
analogues in different areas of mathematics have appeared
in the literature. For example, Abramovich et al. [1] pre-
sented a new generalization of Holder’s inequality and its
reversed version in discrete and integral forms. Ivankovi¢ et
al. [2] presented the properties of several mappings which
have arisen from the Minkowski inequality and then gave
some refinements of the Holder inequality. Liu [3] obtained
Holder’s inequality in fuzzy set theory and rough set theory.
Nikolova and Varo$anec [4] obtained some new refinements
of the classical Holder inequality by using a convex function.

For detailed expositions, the interested reader may consult [1-
18] and the references therein.

Among various refinements of (1), Hu in [9] established
the following interesting sharpness of Holder’s inequality.

Theorem A. Letp > g > 0,1/p+1/qg=1,1let A,,B, >0,
Y, AP <0o,andy, Bl < 0o, andlet1-e,+e,, >0, le,| <
00. Then,

1/g-1/p
Y A,B, < (ZBZ)

n
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In 2007, Wu [18] presented the generalization of Hu’s
result as follows.
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Theorem B. Let A, > 0,B, >0 (r = 1,2,...
e, >0(r,s=12,...
1/g,1}. Then,

,n), letl —e, +
,n), and let p > g > 0, u = min{1/p +

(3)

Theorem C. Let f(x), g(x), and e(x) be integrable functions
defined on [a,b] and f(x) >0, g(x) > 0,1 —e(x) +e(y) 20
forallx,y € [a,b], andlet p > q>0,1/p+1/q < 1. Then,

b
J £(x) g (x)dx

b l/qfl/p
<(b- a)l_l/P_l/q<J g1 (x) dx)

b b 2
% [(I gq(x)dxj fP(x)dx)

b b
—(J gq(x)e(x)dxj P (x)dx

b b 271/2p
= j gq(x)dxj fp(x)e(x)dx) :| )
(4)

Recently, Tian in [13] proved the following reversed
versions of inequalities (3) and (4).
Theorem D. Let A, > 0,B, > 0(r = 1,2,...,n), let 1 —

e, +e, >20(r,s=12,...,n),andletq < 0,1/p+1/q 20,
p=max{l/p+1/g,1}, A = max{l/q, -1}. Then,

©)

2qA/2
x [1 _ ( Z’::l ArBrer _ ZZ:] Bger ) :|
2:121 ArBr ZL B?

Theorem E. Let f(x), g(x), and e(x) be integrable func-
tions defined on [a,b] and f(x) > 0, g(x) > 0, and
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l-e(x)+e(y)=0forallx,y € [a,b], and letq < 0, 1/p +
1/g = 1, A = max{-1,1/g}. Then,

b
J f(x)gx)dx= (b—a) /P

b Up /s b 1/q
x(J fp(x)dx> (J gq(x)dx)

X|:l_<J:f(x)g(x)e(x)dx

[7F (0 g(x)dx
A2
j: gl (x)e(x)dx ’
f; g1(x)dx
(6)

The aim of this paper is to give new reversed versions of
(3) and (4). Moreover, two applications of the obtained results
are presented. The rest of this paper is organized as follows.
In Section 2, we present reversed versions of (3) and (4).
Moreover, we give a new refinement of Holder’s inequality.
In Section 3, we apply the obtained result to improve the
Popoviciu-Vasi¢ inequality. Furthermore, we establish the
time scales version of Beckenbach-type inequality.

2. A New Reversed Version of a Generalized
Sharp Hélder’s Inequality

In order to prove the main results, we need the following
lemmas.

Lemma 1 (see, e.g., [11, page 12]). Let A > 0 (G =
L2,...omk =12...,n), Y7, 1/p; < L.Ifp; >0, p; <
0(j=2,3,...,m), then

nom m n o1 1/p;
Sfiacfi(34) - o
Lemma 2 (see [19, page 12]). Ifx > -1, a > 1, or a < 0, then
1+x)">1+ax. (8)

The inequality is reversed for 0 < & < 1.

Lemma 3 (see [7, page 27]). Ifx; 20,4, > 0,i=1,2,...,n,
and 0 < p < 1, then

n n I-p /4 p
YAl < <ZA,-> (ZA,.x,.) . )
i=1 i=1 i=1

The inequality is reversed for p > 1 or p < 0.

Next, we give a reversed version of inequality (3) as
follows.
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Theorem 4. Let A,
e, >0 (r,s=12,...
1/g,1}. Then,

>0,B,>0(r=12,...,n),letl—e, +
,n), andletq < 0, p >0, p=max{l/p+

(10)
| () (37)
r=1 r=1
» » 1/2q
(E) (]|
r=1 r=1
Proof. We first consider the case (I)1/p + 1/q < 1. On one
hand, performing some simple computations, we have
ZArBrZAsBs (1 —e + es)
r=1 s=1
=Y YABAB-Y Z .B.A Be,
s=1r=1 s=1r
(1)

n n
+Y Y A,B.ABe,
s=1

—1r=1

On the other hand, by using inequality (9), we have

n n
1/p+1/
ZArB,ZASBS(l —e, +e) Tt
r=1 s=1
n n
=3 Y A,BAB(1-e +e)
n n 1-1/p-1/q
< <Z ZArB,ASBS)
n n 1/p+l/q
X (Z Y ABAB (1-¢, + e5)>
non 1-1/p-1/q
= (z ZArBrAsBS>
n n n n
x (Z Y ABAB. - Y A.BABe,
s=1

r=1s=1 r=1s=

n o n 1/p+1/q
+y ZArBrASBSeS)

r=1s=1

<Z i 1-1/p-1/q
= A,B,ASBS)

r=1s=1

n n 1/p+l/q
x (Z ZA B.A.B >

r=1s
n n 2
=Y Y A,BAB = (ZA,BJ .
r=1

r=1s=1
(12)
By using inequality (7), we have
Y ABYAB(l-e + e,)!/PrH
r=1 s=1
n n 1/p
> ZA,Br(ZAIS’ (1-e + es))
r=1 s=1
n 1/q
x(ZBZ(l—e + e )
s=1
(13)

r=1

n 1/p-1/q
(ZAPAP (1-e, +e))

s=1

Consequently, according to (1/p - 1/q) + 1/q+ 1/q < 1,
by using inequality (7) on the right side of (13), we observe
that

5(1 —e + es)l/P+1/q

r=1 s=1



X
/N
M=

b

R llac]
M=

o]
“R

|
M=
||M:

ZAPS 1B )

r=1
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=1 r=1 s=1

(14)

Combining inequalities (12) and (14) leads to inequality (10)
immediately.

Secondly, we consider the case (II) 1/p + 1/q > 1. Let
1/p+1/q =t (t > 1), which implies that 1/pt + 1/qt = 1.
From Holder’s inequality and (7), we have

n

n
r I’ZASBS (1 —e + es)
s=1

r=1

I
nMs

n
Z l—e " S)l/pt+1/qt
s=1
n 1/pt
(ZAIs)t (1 —e+ es))
s=1
n 1/qt
X (ZB? (1-e, + es)) ]
s=1

n 1/pt-1/qt
(Sarara-ee))

s=1

n 1/qt
X (ZBftAPt —e, + es)>
s=1

n 1/qt
t t
( AP'BT (1-e, + es)> ]
§=

n n 1/pt-1/qt
> (Z ZAftAPt —e, + 65)>

r=1s=1

x<§

r=1

n o n 1/qt
x(ZZ AP'BT (1 e,+es)) :
=1 521

Additionally, using Lemma 3 together with ¢ > 1, we find

n n 1/pt-1/qt
(Z Y AP AR (1-¢, + es))

r=1s=1

%
N
B

.
I
—

r=1

(15)

M:

1/qt
BTAP (1-e, +es)>
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—
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n n 1/qt
Z ZBftAft (1-e, + es))
n o n 1/qt
Y Y APBY (1-e¢, + es))

>(1—t)(1/pt—1/qt>

2(&&(1—@%5)

+ ZBqZAP )Uq

r=1 s=1

n n n n
x( BIY A7 - S Bl Y A2
1 r=1 s=1
n n n n n n 1/q
x(ZMZ%—Z&@Z%+ZMZ%q>
r=1 s=1 r=1 s=1 r=1 s=1
2/p-2/q
= 20-1/p-1/9) (ZAP>
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Combining inequalities (11), (15), and (16) leads to
inequality (10) immediately.
The proof of Theorem 4 is completed. O

From Theorem 4 and Lemma 2, we obtain the refinement
of Holder’s inequality (1) as follows.

Corollary 5. Let A, > 0,B, > 0 (r = 1,2,...,n), let 1 —

e,+e > 0(r,s =1,2,...,n),andletqg < 0, p > 0, and
p = max{l/p + 1/q, 1}. Then,

n n p /s n 1/q
sz(3) (2)
r= r= r=

17)
2
[1 _ _( Y1 Ble, Z?:l A‘Ir)er>
Y1 B Yr AT
Proof. Since
Yoo Ble, Yo, Abe,
e | < 1, (18)
ZkZl BT Zr:l AT
by using Lemma 2 and Theorem 4, we obtain the assertion of
the corollary. The proof of Corollary 5 is completed. O

Now, we give a reversed version of inequality (4) as
follows.

Theorem 6. Let f(x), g(x), ande(x) be integrable functions

defined on [a,b] and f(x), g(x) > 0, 1 —e(x) + e(y) = 0 for
allx,y € [a,b], and letq < 0, 1/p + 1/q > 1. Then,

b
J f(x)g(x)dx

b 1/p-1/q
> (b- a)l‘l/P‘”‘f(J 77 (x) dx)

b b 2
x [(J- fp(x)de. gq(x)dx)

b b
—(J fp(x)e(x)dxj g (x) dx
b b 271/29
- J fP(x)de gq(x)e(x)dx) ]
(19)

Proof. For any positive integer n, we choose an equidistant
partition of [a, b] as follows:

-<a+b_—a(n—1)<b,
n
(20)
k=0,1,2,...,n

-a b-a
a<at—<---<a+—k<--
n n

b-

n

xk:a+

ak, Axk = b__a)
n

Applying Theorem 4, we obtain the following inequality:

> 7 () (=)

" 1/p-1/q
> nl_l/P_l/q< pr (xk)>
k=1

() o]
[(green)(gens)
(rw)

2 1/2q
. (zg (s ))] } ,

(21)

equivalently

> ) a e

n 1/p-1/q
> (b- a)l‘”"‘”q<2fp () —— “)
k=1

Bt ooz
- Kkifp (x) e (x) b—Ta> <§,9q (%) b—7a>
- <§f‘” () ”—)
: 5,1 1/24
<(Foreoet )] } .

In view of the hypotheses that f(x), g(x), and e(x) are
positive Riemann integrable functions on [a, b], we conclude
that f(x), g%(x), and g?(x)e(x) are also integrable on [a, b].
Passing the limit as n — o0 in both sides of inequality
(22), we obtain inequality (19). The proof of Theorem 6 is
completed. O

(22)



Remark 7. Making similar technique as in the proof of
Corollary 5, from Theorem 6 we obtain

b
J f(x)g(x)dx

b 1p/ b 1/q
2(b—a)1_1/p_l/q(J fp(x)dx) (j gq(x)dx>

a

1

2
([ @emdr [l gt x)edx

24\ [ frdx [0 97 (x) dx
(33)

3. Applications

In this section, we show two applications of the inequalities
newly obtained in Section 2.

Firstly, we provide an application of the obtained result to
improve the Popoviciu-Vasi¢ inequality. In 1956, Aczél [20]
established the following inequality.

Theorem F. Ifa;, b, (i = 1,2,...,n) are positive numbers such
thata; = Y",a’ > 0orb} - Y1, b’ > 0, then

n n g 2
(6-5) (- 537) s (o -Fon )
i=2 i=2 i=2

Inequality (24) is the well-known Aczél’s inequality,
which has many applications in the theory of functional
equations in non-Euclidean geometry. Due to the impor-
tance of Aczéls inequality, this inequality has been given
considerable attention by mathematicians and has motivated
a large number of research papers involving different proofs,
various generalizations, improvements and applications (see,
e.g., [21-24] and the references therein).

One of the most important results in the references
mentioned above is the exponential generalization of (24)
asserted by Theorem G.

Theorem G. Let p and q be real numbers such that p, q#0
and 1/p+1/q = 1, and let a;, b, (i = 1,2,...,n) be positive
numbers such that a’ — Y7 af > 0 and b! - ¥ b1 > 0.
Then, for p > 1, one has

n 1/p n 1/q n
(af - Zaf) <b1q - Zbiq> <ab - Zaibi. (25)
iz i=2 i=2
If p <1 (p#0), one has the reverse inequality.
Remark 8. The case p > 1 of Theorem G was proved by
Popoviciu [21]. The case p < 1 was given in [24] by Vasi¢

and Pecari¢.

Now, we give a refinement of inequality (25) by
Theorem 4 and Theorem B.
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Theorem9. Leta, b, > 0,af -Y", af >0, andb!-Y", b1 >

0,let1—e¢; +e;20(@,j=12,...,n) and let y = min{1/p +
1/g,1}, p = max{1/p + 1/q,1}. Then, for p > q > 0, one has

n 1/p n 1/q
p p 9 q
i=2 i=2
<n' ™ x b P
X {bfqafp

n (26)
—Lﬁ@k+zw@—m)

i=2

- bl <a‘fel +iaf (ei—e1)>] }

1/2q

Ifg <0, p>0, one has

n 1/p n 1/q
i=2 i=2

1-p/q
1

2py2q
X <|a1 b

n (27)
-{w(ﬁq+z£@ﬁq0

i=2

, 27 1/2g
-af (bfel + be (e; - el)>] }
i

>n'"Pxa

Proof. By substituting

n n
Aﬂ’—>af—2af, B?—>blq—2biq,

i=2 i=2 (28)
A; — a,

Bi—)bi (i:2,3,...,1’l)>

in (3) and (10), respectively, we get Theorem 9. O
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Remark 10. Leta, #0,b, #0,andlet1/p+1/g=1.1fp>g>
0, then we conclude from Theorem 9:

n 1/p n 1/q
i=2 i=2

<ab {1 _ (bfel +Z?_Z:’? (ei—e))
1

1/2q

p
ay

2
_ aivel + Z?:z a{p (e; _‘31)) }

(29)
Inequality (29) is reversed for g < 0.

Next, we are to establish the time scales version of
Beckenbach-type inequality which is due to Wang [25]. In
1983, Wang [25] established the following Beckenbach-type
inequality.

Theorem H. Let f(x), and g(x) be positive integrable func-
tions defined on [s,t], and let 1/p + 1/q = 1. If0 < p < 1,
then, for any of the positive numbers: a, b, or ¢, the inequality

t 1/p t 1/p
(a+cfS kp(x)dx) N <a+cL fp(x)dx)

> (30)
b+cj:k(x)g(x)dx b+cj:f(x)g(x)dx

holds, where k(x) = (ag(x)/b)q/p. The sign of inequality in (30)
is reversed if p > 1.

In order to present the time scales version of (30), we
recall the following concepts related to the notion of time
scales. A time scale T is an arbitrary nonempty closed subset
of the real numbers R. The forward jump operator and the
backward jump operator are defined by

o(t):=inf{seT:s>t}, p(t):=supf{seT:s<t},

31

(supplemented by inf @ = sup T and sup@ = inf T). A point
t € T is called right scattered, right dense, left scattered, and
left dense if o(t) > t, o(t) = t, p(t) < t, and p(t) = t hold,
respectively.

A function f: T — R issaid to be rd-continuous if it is
continuous at each right dense point and if the left-sided limit
exists at every left dense point. The set of all rd-continuous
functions is denoted by C4[T, R].

Let

T* {'I]' —m, if T has left scattered point in M,

32
T, otherwise. (32)

Let f be a function defined on R. Then f is called differen-
tiable at t € T, with (delta) derivative f A if given € > 0;
there exists a neighbourhood N of ¢ such that

[fle®)-fO-fAO@®)-s)|<elo®-s (33
forall s € N.

Remark 11. If T = R, then fA(t) becomes the usual
derivative; that is, f*(t) = f'(t). If T = Z, then f*(t) reduces
to the usual forward difference; that is, f A = A (8).

A function F : T — R is called an antiderivative of f :
T — R provided that FA = f(t) holds for all t € T. In this
case, we define the integral of f by

Jt f(@) At =F () - F(s), (34)
where s, t € T.

Remark 12. If T = R, then the time scale integral is an
ordinary integral. If T = Z, then the time-scale integral is
a sum.

For more details on time scales theory, the readers may
consult [26-29] and the references therein. Now, we present
the time scales version of (30) by using Corollary 5.

Theorem 13. Let f(x), g(x), and h(x) € C,;([s, 1], [0, +00)),
where C,;([s,t],[0,+00)) denotes the set of rd-continuous
functions defined by C,4([s,t],[0,+00)) = {a | & : [s,t] —
[0, +00) and «(t) is an rd-continuous function} and let 1/p +
1/q = 1.If p > 1, then, for any of the positive numbers a, b, or
¢, the inequality

(a tc .Lt h(x) kP (x) Ax)l/P

bt h(x)k(x)g(x)Ax
t 1/p
(a +c L h(x) f? (x) Ax)
<
b+ h(x) f(x)g(x)Ax

X 1 c .[: h(x) f? (x) Ax
>< —_——
2q a+c'[;h(x)f1’ (x) Ax

. 2
CL h(x) g? (x) Ax > jl

a~1/Phd + ¢ Lt h(x) g1 (x) Ax

(35)

holds, where k(x) = (ag(x)/b)q/p. The sign of inequality in (35)
is reversed if 0 < p < 1.

Proof. We only consider the case 0 < p < 1. Noting that 1 +
q/p = g, the left-hand side of (35) becomes

[a +c Lt h(x) (ag (x) /b)qAx]l/p

b+c [ h(x)(ag (x) /6)"" g (x) Ax

(a/b)q/p[a(b/a)q +c Lt h(x) g% (x) Ax} i (36)
(@) [bb/a)? + [ h(x) g7 (x) Ax]

t -1/q
- <a*‘1/f’b‘1+cj h(x) g (%) Ax) .



On the other hand, by using Hélder’s inequality and inequal-
ity (17) fore; = 0, e, = 1, we obtain

b+thh(x)f(x)g(x)Ax
>b+c (Lt h(x) f? (x) Ax>up
t 1/q
x (L h(x) g? (x) Ax) (37)
=ql/? (bail/p) + (c J-: h(x) f? (x) Ax)l/p
X (c Lt h(x) g7 (x) Ax)l/q

> (a +c Lt h(x) ff (x) Ax)l/P

t 1/q
x (a_q/pbq + CJ h(x) g7 (x) Ax)

X

1 thh(x) fP(x) Ax
29\ a+c f: h(x) fP(x)Ax

t 2

c L h(x) g? (x) Ax
a~1/Phd + ¢ f: h(x) g1 (x) Ax

(38)

Combining inequalities (36) and (38) yields inequality

(35). The proof of Theorem 13 is completed. O

In (35), taking ¢ j: h(x) fP(x)Ax/(a + ¢ j:h(x) fP(x)Ax)

= ¢ J: h(x)gq(x)Ax/(a_q/qu + ¢ Lt h(x)g1(x)Ax), from
Theorem 13 we obtain the time scales version of Beckenbach-
type inequality as follows.

Corollary14. Let f(x), g(x),and h(x) € C,4([s, 1], [0, +00)),
andlet 1/p + 1/q = 1. If p > 1, then, for any of the positive
numbers a, b, or c, the inequality

<a+c [[h () K (x) Ax)l/P (a+c ['h) £ () Ax)l/P
<

b+cfsth(x)k(x)g(x)Ax b+c'[sth(x)f(x)g(x)Ax

(39)

holds, where k(x) = (ag(x) /b)q/ P The sign of inequality in (39)
is reversed if 0 < p < 1.
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