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We give the greatest values r,, 7, and the least values s, s, in (1/2,1) such that the double inequalities C(r,a+(1-r,)b, r;b+(1-r,)a) <
aA(a,b) + (1 - x)T(a,b) < C(s;a+ (1 —s))b,s;b+ (1 —s))a) and C(rya + (1 —r,)b, 1,b + (1 — 1ry)a) < aA(a,b) + (1 — a)M(a,b) <
C(sya+ (1 -5,)b,5,b+ (1 —s,)a) hold for any « € (0,1) and all a,b > 0 with a # b, where A(a,b), M(a,b), C(a,b), and T(a, b) are
the arithmetic, Neuman-Sandor, contraharmonic, and second Seiffert means of a and b, respectively.

1. Introduction

For a,b > 0 with a#b, the Neuman-Sandor mean M(a, b)
[1], second Seiffert mean T'(a, b) [2] are defined by

Mab)=—— 27° ,
2sinh™" ((a—b) /(a+ b)) "
a-b
T(a.b) = 2arctan ((a —b) / (a + b))’
respectively. Herein, sinh'(x) = log(x + V1 + x?) is the

inverse hyperbolic sine function.

Let H(a,b) = 2ab/(a + b), G(a,b) = Vab, L(a,b) =
(a-b)/(loga—-logb), P(a,b) = (a—b)/[4arctan( \a/b) -],
I(a,b) = 1/e®®/a®)"™ ), A(a,b) = (a + b)/2, Q(a,b) =

(a? + b?)/2, and C(a, b) = (a*+b*)/(a+Db) be the harmonic,
geometric, logarithmic, first Seiffert, identric, arithmetic,
quadratic, and contraharmonic means of two distinct positive

real numbers a and b, respectively. Then it is well known that
the inequalities
H (a,b) < G(a,b) < L(a,b) < P(a,b)
<1I(a,b) < A(a,b) < M (a,b)
< T(a,b) <Q(a,b) < C(a,b)
()
hold for all a,b > 0 with a #b.

Among means of two variables, the Neuman-Sandor,
contraharmonic, and second Seiffert means have attracted
the attention of several researchers. In particular, many
remarkable inequalities and applications for these means can
be found in the literature [3-15].

Neuman and Séndor [1, 16] proved that the inequalities

A(a,b)
log (1 + \/i) ’

gT(a,b) < M (a,b) <T(ab),

A(a,b) < M (a,b) <

M(a,b) < 2A(a,b);—Q(a,b))

P(a,b) M (a,b) < A*(a,b),




A(a,b)T (a,b) < M* (a,b)

. (A%(a,b) + T (a,b))
2

(3)

hold for all a,b > 0 with a # b.
LetO<a, b<1/2witha#b, a' =1-aandb’ =1-b.
Then the Ky Fan inequalities

G (a,b) L(a,b) P(a,b) A(a,b)
G(a',b') L(a.b) P(a.b)  A(aV)
(4)
< M (a,b) T (a,b)
M(a',b') T (a,V)

can be found in [1].
Li et al. [17] proved that the double inequality L s (a,b) <
M(a,b) < L,(a,b) holds for all a,b > 0 with a#b, where

L,(a,b) = [(b""" = a”)/((p + 1)(b - a)]'? (p# - 1,0),
Ly(a,b) = I(a,b) and L_,(a,b) = L(a,b) is the pth
generalized logarithmic mean of aand b, and p, = 1.843---is

the unique solution of the equation (p+1)"/? = 2log(1+V2).
In [18], Neuman proved that the inequalities

aQ(a,b)+ (1 -«a)A(a,b) < M(a,b)
<BQ(a,b)+(1-B)A(ab),
AC (a,b) + (1 — A1) A(a,b) < M (a,b)
<uC(a,b)+(1-u)A(a,b)
hold for all a,b > 0 with a#b if and only if &« < [1 —log(1 +
V2)1/1(V2 = Dlog(1 + V2)] = 0.3249---, A < [1 - log(1 +
V2)]/log(1 + V2) = 0.1345---, > 1/3 and u > 1/6.
Zhao et al. [19] found the least values «;, «,, 3 and the
greatest values f3;, 3,, 35 such that the double inequalities
o H (a,b) + (1 -a,)Q(a,b) < M (a,b)

< ByH (@,b)+ (1~ B,)Q(a,b),

,G(a,b) + (1 - ) Q(a,b) < M (a,b)
(6)
<B,G(a,b)+(1-,)Q(ab),

o;H (a,b) + (1 - a3) C(a,b) < M (a,b)

< BsH (a,b) + (1 - ;) C(a,b)

hold for all a,b > 0 with a # b.
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In [20, 21], the authors proved that the double inequalities
o, T (a,b) +(1-a;)G(a,b) < A(a,b)
< BT (a,b)+(1-p,)G(ab),

,Q(a,b)+ (1 -a,) A(a,b) < T (a,b)

(7)
< B,Q(a,b)+(1-B,) A(ab),

Q% (a,b) A" (a,b) < T (a, b)

< QP (a,b) AP (a,b)

hold for all a,b > 0 with a#b if and only of a; < 3/5, 3, >
4/m, ay < (4 - /(N2 - D], B, = 2/3, &y < 2/3, and
B5 > 4-2logmn/log2.

Fora, B, A, u € (1/2,1), Chuetal. [22, 23] proved that the
inequalities

Claa+(1-a)b,ab+ (1 -«)a) < T (a,b)
<C(Ba+(1-B)b,pb+(1-B)a),
QAa+(1-A)b,Ab+(1-A)a)<T(a,b)

<Q(ua+(1-p)bub+(1-p)a)

hold for all a,b > 0 with a#b if and only if & < (1 +

Va/m-1)/2, B = 3+ V3)/6, A < (1 + /16/m* - 1)/2 and
u=>(3+6)/6.

The aim of this paper is to find the greatest values r,, 1,
and the least values sy, s, such that the double inequalities

C(rha+(1-r)bnrb+(1-r)a)
< aA(a,b)+(1-a)T (ab) )
<C(s;a+(1-s)bsb+(1-5s))a),
C(rha+(1-r)brb+(1-r,)a)
< aA(a,b) + (1 - ) M (a,b) (10)
<C(s,a+(1-s)bs,b+(1-s,)a)

hold for any « € (0,1) and alla,b > 0 with a #b.

2. Lemmas

In order to prove our main results, we need three lemmas,
which we present in this section.

Lemma 1 (see [24, Theorem 1.25]). For —0co < a < b < +00,
let f,g: [a,b] — R be continuous on [a, b] and differentiable
on (a,b), let g'(x)#O on (a,b). Iff'(x)/g'(x) is increasing
(decreasing) on (a, b), then so are

fx)-f(a)
g(x)-g(a)’

f&x) - 1)
gx)-g®)’

(11)
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If f'(x)/g'(x) is strictly monotone, then the monotonicity in

the conclusion is also strict.

Lemma 2. Let u,« € (0, 1) and
Sua (x) = ux* —(1- oc)(

Then f, ,(x) > 0 for all x € (0,1) ifand only ifu > (1 - «a)/3

and f,, ,(x) <0 forallx € (0,1) ifand only ifu < (1-a)(4/m—
1).

* —1). (12)

arctan x

Proof. From (12), one has

fua (07) =0, (13)

_ 4
fua ) =u=(=a) (5 -1), (14)
flo(x) = 2x [u— hTag(x)], (15)

where

2 —
(1 + X )arctanx X 16)

x) = .
() x (1 + x?) (arctan x)*
Let g, (x) = arctan x—x/(1+x%) and g,(x) = x(arctan x)?,
then

_ % (x)

() 92 (x)’

91(0) =g,(0) =0, (17)

91, (x)
92' (x)

2x*

2x (1 + x2) arctan x + (1 + x2)’(arctan x)?

1

((1 + x2) arctan x/x) + (1/2) [(1 + x2) arctan x/x]
(18)

It is not difficult to verify that the function (1 + x%)
arctan x/x is strictly increasing on (0, 1). Then (17) and (18)
together with Lemmal lead to the conclusion that g(x)
is strictly decreasing on (0, 1). Moreover, making use of
L'Hopital’s rule, we get

=2
g9(0") =3, (19)
g(1) = 4(7;—2_2) (20)

We divide the proof into four cases.

Case I. u > (1 — «)/3. Then from (15) and (19) together with
the monotonicity of g(x), we clearly see that f, ,(x) is strictly
increasing on (0, 1). Therefore, f, ,(x) > 0 for all x € (0,1)
follows from (13) and the monotonicity of f, ,(x).

Case 2. u < 2(1 — a)(;r — 2)/7%. Then from (15) and (20)
together with the monotonicity of g(x), we clearly see that

Sua(x) is strictly decreasing on (0, 1). Therefore, f, ,(x) < 0
for all x € (0, 1) follows from (13) and the monotonicity of

Jua).

Case 3. 2(1 — a)(r - 2)/m® < u < (1 - a)(4/m — 1). Then (14)
leads to

fua(17) <0. (1)

From (15), (19), and (20) together with the monotonicity
of g(x), we clearly see that there exists unique x, € (0,1)
such that f, ,(x) is strictly decreasing on (0, x,] and strictly
increasing on [x,,1). Therefore, f,,(x) < 0 for all x €
(0,1) follows from (13) and (21) together with the piecewise
monotonicity of f, ,(x).

Case4. (1 —a)(4/mr—1) <u < (1 -a)/3. Then (14) leads to

fua (17) > 0. (22)

It follows from (15), (19), and (20) together with the
monotonicity of g(x), there exists unique x, € (0, 1) such that
Sua(x) is strictly decreasing on (0, x,] and strictly increasing
on [x;, 1). Equation (13) and inequality (22) together with the
piecewise monotonicity of f, ,(x) lead to the conclusion that
there exists x, € (x,1) such that f, ,(x) < 0 for x € (0,x,)
and f, ,(x) > 0 for x € (x,, 1). O

Lemma3. Let A, € (0,1) and

Pro (X) = Ax" = (1 - ) ( (23)

)
—_— —1.
sinh™ (x)

Then @, ,(x) > 0 for all x € (0,1) ifand only if A > (1 — &)/6
and @, ,(x) < 0 forall x € (0,1) if and only if A < (1 - a)(1 -
log(1 + v2))/log(1 + V2).

Proof. From (23) we get

¢ (07) =0, (24)
B (l—oc)[l—log(1+\/§)]
= A- ,
(P/\,oc (1 ) 10g<1 + \/§> (25)
¢l (%) = 2x [A - I_T“w(x)] , (26)

where

sinh™ (x) - x/V1 + x2

(x) =
v x(sinh_1 (x))2 27)

Let y,(x) = sinh '(x) — x/VI+x% and y,(x) =
x(sinh ™' (x))?, then

1 (0) =y, (0) = 0,



= x% x <(1 + 3c2)3/2(sinh_1 (x))2
+2x (1 +x° ) sinh™ (x) )71

= <((1 + x2)3/45inh71 (x) /x>2

1

+ 2(1+x2)1/4 ((1+x2)3/431nh_1 (x) /x)) )

(28)

It is not difficult to verify that the function (1 + x2)3/ 4
sinh ™' (x)/x is strictly increasing on (0, 1). Then (28) together
with Lemmal leads to the conclusion that y(x) is strictly

decreasing on (0, 1). Moreover, making use of CHopital’s rule,
we have

v (%)= 3, (29)
N \/Elog(1+\/§)—l
y(17) = Vo (1 3) (30)

We divide the proof into four cases.

Case 1. A > (1 — «0)/6. Then from (26) and (29) together with
the monotonicity of y(x), we clearly see that ¢, ,(x) is strictly
increasing on (0, 1). Therefore, ¢, ,(x) > 0 for all x € (0,1)
follows from (24) and the monotonicity of ¢, ,(x).

Case 2. A < (1 - &)[V2log(1 + V2) — 1]/[2V2log*(1 + V2)].
Then from (26) and (30) together with the monotonicity of
y(x), we clearly see that ¢, , (x) is strictly decreasing on (0, 1).
Therefore, ¢, ,(x) < 0 for all x € (0, 1) follows from (24) and
the monotonicity of ¢, ., (x).

Case 3. (1 - a)[V2log(1 + V2) - 1]/2\/510g2(1 +12)) <A<
(1 = a)[1 - log(1 + V2)]/log(1 + V2)). Then (25) leads to

Pra(17) <0. 31)

From (26), (29), and (30) together with the monotonicity
of y(x), we clearly see that there exists x; € (0, 1) such that
@) (%) is strictly decreasing on (0, x;] and strictly increasing
on [x3,1). Therefore, ¢, ,(x) < 0 for all x € (0, 1) follows
from (24) and (31) together with the piecewise monotonicity
of @) 4(x).

Case4. (1-a)[1-log(1+V2)]/log(1+V2)) < A < ((1-a)/6).
Then (25) leads to

Pra(17)>0. (32)

It follows from (26), (29), and (30) together with the
monotonicity of y(x), there exists x, € (0,1) such that
@) (%) is strictly decreasing on (0, x,] and strictly increasing
on [x,, 1). Equation (24) and inequality (32) together with the
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piecewise monotonicity of ¢, ,(x) lead to the conclusion that
there exists x5 € (x4, 1) such that ¢, ,(x) < 0 for x € (0, x5)
and ¢, ,(x) > 0 for x € (x5, 1). O
3. Main Results

Theorem 4. Ifa € (0,1) and ry, s, € (1/2,1), then the double
inequality

C(rna+(1-r)brb+(1-r)a)
<aA(a,b)+(1-a)T (a,b) (33)
<C(s;a+(1-s))bs;b+(1-5))a)

holds for all a,b > 0 with a+b if and only if r| < [1 +

VA -a)4—-n)/n]/2and s; = [1 + /(1 — «)/3]/2.

Proof. Since A(a, b), T(a,b), and C(a, b) are symmetric and
homogeneous of degree one, without loss of generality, we
assume thata > b. Let p € (1/2,1) and x = (a — b)/(a + b),
then x € (0,1) and

C(pa+(1-p)b,pb+(1-p)a)
—[aA(a,b)+ (1 - «) T (a,b)]

_ 2 2 X
= A@b)[(2p-1)x _(1_a)<arctanx_l)]'
(34)

Therefore, Theorem 4 follows easily from Lemma 2 and
(34). O

Theorem 5. Ifa € (0,1) and r,,s, € (1/2,1), then the double
inequality

C(ra+(1-r)bnrb+(1-1))a)
<aA(a,b) + (1 —a)M(a,b) (35)
<C(s,a+(l-s)bsb+(1-5,)a)

holds for all a,b > 0 with a+b if and only
if s, > [1 + (1-w)/6]/2 and r, < [1 +

\/(1 - a)(1 -log(1 + v2))/log(1 + V2)]/2.

Proof. Since A(a,b), M(a,b), and C(a, b) are symmetric and
homogeneous of degree one, without loss of generality, we
assume thata > b. Letq € (1/2,1) and x = (a - b)/(a + b),
then x € (0,1) and

C(qa+(1-q)b,qgb+(1-g)a)
— [aA(a,b) + (1 — &) M (a, b)]

i ERTY RPN S
=Aab)|(29-1)x"-( “)(sinhl(x) 1>]
(36)

Therefore, Theorem 5 follows easily from Lemma 3 and
(36). O
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Remark 6. If « = 0, then Theorem 4 reduces to the first
double inequality in (8).
Corollary 7. If A, u € (1/2,1), then the double inequality
Cla+(1-M1)b,Ab+(1-1)a)
(37)
<M(a,b)<C(pa+(1-pu)bub+(1-u)a)

holds for all a,b > 0 with a+b if and only if A < [1 +
\1/log(1 + V2) - 11/2 and u > (6 + \/6)/12.

Proof. Corollary 7 follows easily from Theorem 5 with & =
0. O
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