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Let G be a semitopological semigroup, C a nonempty subset of a real Hilbert space H,
and I = {T; : t € G} a representation of G as asymptotically nonexpansive type map-
pings of C into itself. Let L(x) = {z € H : infscg sSup,cg || Tisx —zll = infreq | Trx — 2|}
for each x € C and L(J) =(),c¢ L(x). In this paper, we prove that (), conv{T;x :
t € G} L(J) is nonempty for each x € C if and only if there exists a unique
nonexpansive retraction P of C into L(J) such that PTy; = P for all s € G and
P(x) e conv{Tx : s € G} for every x € C. Moreover, we prove the ergodic conver-
gence theorem for a semitopological semigroup of non-Lipschitzian mappings without
convexity.

1. Introduction and preliminaries

Let H be a Hilbert space with norm | - | and inner product (-,-). Let G be a semi-
topological semigroup, that is, a semigroup with a Hausdorff topology such that for
each s € G the mappings s — s -t and s — ¢ -5 of G into itself are continuous. Let
C be a nonempty subset of H and let I = {T; : t € G} be a semigroup on C, that is,
Ts(x) =TTy (x) for all s, € G and x € C. Recall that a semigroup 3 is said to be

(a) nonexpansive if || Tyx —T;y|| < ||x —y|| for x,y e C and t € G.

(b) asymptotically nonexpansive [6] if there exists a function k : G — [0, c0) with
infseg sup;cg kis < 1 such that |Tix —T;y|| < k:|lx —y| forx,y e C andt € G.

(c) of asymptotically nonexpansive type [6] if for each x in C, there is a function
r(-,x) : G — [0,00) with infseg sup,cg7(ts,x) = 0 such that ||T;x — T;y|| < |lx —
yl|4+r(t,x) forallye C andt € G.

It is easily seen that (a)=(b)=(c) and that both the inclusions are proper
(cf. [6, page 112]).

Baillon [1] proved the first nonlinear mean ergodic theorem for nonexpansive map-
pings in a Hilbert space: let C be a nonempty closed convex subset of a Hilbert space
H and T a nonexpansive mapping of C into itself. If the set F'(T') of fixed points of T
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50 Nonlinear ergodic theorems

is nonempty, then for each x € C, the Cesdro means
1 n—1
Sp(x)==)Y T* 1.1
w0 =~ ;0 x (1.1)

converge weakly as n — oo to a point of F (7). In this case, putting y = Px for each
x € C, P is a nonexpansive retraction of C onto F(7) such that PT = TP = P and
Px econv{T"x :n=0,1,2,...} for each x € C, where convA is the closure of the
convex hull of A. The analogous results are given for nonexpansive semigroups on C by
Baillon [2] and Brezis-Browder [3]. In [10], Mizoguchi-Takahashi proved a nonlinear
ergodic retraction theorem for Lipschitzian semigroups by using the notion of submean.
Recently, Li and Ma [8, 9] proved the nonlinear ergodic retraction theorems for non-
Lipschitzian semigroups in a Banach space without using the notion of submean. Also,
in 1992, Takahashi [13] proved the ergodic theorem for nonexpansive semigroups on
condition that ﬂSGG conv{Tyx :t € G} C C for some x € C.

In this paper, without using the concept of submean, we prove nonlinear ergodic
theorem for semitopological semigroup of non-Lipschitzian mappings without convex-
ity in a Hilbert space. We first prove that if C is a nonempty subset of a Hilbert space
H, G a semitopological semigroup, and I = {T; : t € G} a representation of G as
asymptotically nonexpansive type mappings of C into itself, then (), conv{Tsx :
t € G} L() is nonempty for each x € C if and only if there exists a unique non-
expansive retraction P of C into L(S) such that PT; = P for all s € G and Px is
in the closed convex hull of {Tsx : s € G}, where L(x) = {z : infscg sup,cq | Trsx —
z|l = infre | Trx —z|I} and L(S) = () ¢ L(x). By using this result, we also prove
the ergodic convergence theorem for semitopological semigroup of non-Lipschitzian
mapping without convexity. Our results are generalizations and improvements of the
previously known results of Brézis-Browder [3], Hirano-Takahashi [4], Mizoguchi-
Takahashi [10], Takahashi-Zhang [14], and Takahashi [11, 12, 13] in many directions.
Further, it is safe to say that in the results [1, 2, 3,4, 5, 7, 10, 11, 12, 13, 14], many key
conditions are not necessary.

2. Ergodic convergence theorems

Throughout this paper, we assume that C is a nonempty subset of a real Hilbert space
H, G a semitopological semigroup, and I = {7} : t € G} an asymptotically nonexpan-
sive type semigroup on C. For each x € C, define L(x) and L(3) by

seG

L(x)={z:inf sup”T,sx—z”=inf”Ttx—z||}, L(;"s):ﬂL(x), 2.1
teG teG

xeC
respectively. We denote F(J) by the set {x € C : T;(x) = x for all s € G} of common

fixed point of J. We begin with the following lemma.

LEMMA 2.1. Let C be a nonempty subset of a Hilbert space H and S ={T; : t € G} an
asymptotically nonexpansive type semigroup on C. Then F(J) C L(3).
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Proof. Let x € C and f € F(J). Since J is asymptotically nonexpansive type, for an
arbitrary € > 0, there exists so € G such that forall t € G

r(tso, f) <e. (2.2)
Hence, for each a € G,

inf sup || T,Sx—f“ < sup || Tmoax—f“ < sup(|| Tax—f“ +r(tso, f))
seG teG teG teG (2‘3)

< HTax—fH—i-s.

Since ¢ > 0 is arbitrary, we have infscg sup;cg |Trsx — f Il <infseq |T;:x — f||. There-
fore, f € L(x). This completes the proof. O

Remark 2.2. It is not easy to prove that F(3) is nonempty when C is not a convex
subset. However, we can show that L(3) is nonempty under some conditions and it is
important for the ergodic convergence theorem.

The following proposition plays a crucial role in the proof of our main theorems in
this paper.

PROPOSITION 2.3. Let G be a semitopological semigroup, C a nonempty subset of a
Hilbert space H, and 3 = {T; : t € G} an asymptotically nonexpansive type semigroup
on C. Then, for every x € C, the set

[(conv{Tyex :t € G} (| L(x), (2.4)

seG

consists of at most one point.

Proof. Letu,v € ﬂseG conv{Tysx : t € G} L(x), without loss of generality, we as-
sume that ) )
inf || Tyx —u|” < inf | Trx —v|". (2.5)
teG teG

Now, for each ¢, s € G, since

i = o] +2(Trsx —ut, u—v) = | Togx —v|* = | Trsx —u%, (2.6)
we have
||u—v||2+2tig(f; (me—u,u—v) > tlél(f} ||T,Sx—v||2—tsgg ||7}sx—u||2 .
. 2 2 :
> inf | Tox —v]|" = sup [ Tosx —u "
From u € L(x), we have
llu—v||* +2supinf (Tjsx —u,u —v) > inf HT[x—vHZ— inf sup HTtsx—MHZ

seGteG teG GteG (2.8)

= inf | Tx —v]? — inf | Trx —u|® = 0.
teG teG
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Therefore, for &€ > 0 there is an s; € G such that
lu—vl* +2(Tisx —u,u—v) > —¢ vVt €G. (2.9)
From v € conv{T;, x : t € G}, we have
lu—v||>+2(v—u,u—v) > —¢. (2.10)

This inequality implies that |lu —v||> < &. Since & > 0 is arbitrary, we have u = v. This
completes the proof. O

Remark 2.4. In the Takahashi-Zhang’s result [14], it is assumed that C is a closed convex
subset, G a reversible semigroup, and J an asymptotically nonexpansive semigroup.
Proposition 2.3 shows those key conditions are not necessary.

Let m(G) be the Banach space of all bounded real-valued functions on a semi-
topological semigroup G with the supremum norm and let X be a subspace of m(G)
containing constants. Then, an element p of X™* (the dual space of X) is called a mean
on X if ||| = (1) = 1. Let u be ameanon X and f € X. Then, according to time and
circumstances, we use U, (f(¢)) instead of w(f). For each s € G and f € m(G), we
define elements /s f and rs f in m(G) given by (I; f)(¢) = f(st) and (rs f)(t) = f(ts)
for all t € G, respectively.

Throughout the rest of this section, let X be a subspace of m (G) containing constants
invariant under /; and rg for each s € G. Furthermore, suppose that for each x € C and
y € H, afunction f(t) = ||T,x —y||?is in X. For u € X*, we define the value u; (Tjx, y)
of p at this function. By Riesz theorem, there exists a unique element J,x in X such
that

/Lt(T,x,y)z(Sﬂx,y) Vy e H. (2.11)
LEMMA 2.5. Suppose that X has an invariant mean u. Then we have

(conv{Tisx :t € G} (| L(x) = {Jux} foreveryxeC. 2.12)
seG

Further, if T; is continuous for each t € G and (\;cgconv{Tyx :t € G} C C for some
x € C, then I x € F(3).

Proof. Since p is an invariant mean, it is easy to show that J,x € (,c; conv{Tysx :
t € G} for each x € C. By Proposition 2.3, it is enough to prove that I, x € L(x) for
each x € C. To this end, let ¢ > 0, since J is an asymptotically nonexpansive type
semigroup, for each ¢t € G there is an i, € G such that for each i € G,

r(hh,, T,x) <e. (2.13)
Put M =sup, ;. | Trx — Tsx||, then we have
[Tn,x =3 = o = x| = s (| T = Tox[* = | o = T )

= tts (T x = Tin,sx |* = | Tox = Tox ) 219
<2Me foreachh eG.
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Hence, we have

inf sup | Thsx —3,x|* < | Tix —3ux > +2Ms Vi€ G. 2.15)
s€G heG

Since & > 0 is arbitrary, we have J,x € L(x). Finally, suppose that (), conv{Tx :
t € G} C C and each T; is continuous from C into itself. Then, we can easily prove
that J,x € (), conv{Tyx : t € G} and hence we have J,.x € C. For each € G and
¢ € (0,1), there exists 0 < § < ¢ such that || Ty — T, S,x|| < & whenever y € C and
ly —Sux|| < 8. Since I is an asymptotically nonexpansive type semigroup, there is
5o € G such that

r(ts0, x)<;52 VieG (2.16)
O = My + 1) ’ '

where M = sup; g lIT;x — 3, x||. Then for each ¢, s € G, we have

” TysgSpx —Jpx ”2 +2(fo =X, X — Tm%ux)
= [T Toag = [ T = 3y
— o = ot = [T = 3 = Trger = Trg P+ [ ot = T |

=< 82— ” Tysgrx — TogySpux “2 =+ ” Tix — TssoSpux ||2

(2.17)
It follows that
| TosoSpux = x| <8 Vs eG. (2.18)
This implies that
T3S x = Spx|| < | TwSpx = TnTosgSpx || 4 || ThssoSpx — x| <26, (2.19)
Since ¢ > 0 is arbitrary, we have 7,3, x = I, x. This completes the proof. ]

Now, we prove a nonlinear ergodic theorem for asymptotically nonexpansive type
semigroups without convexity. Before doing this, we give a definition concerning
means. Let {uy : @ € A} be a net of means on X, where A is a directed set. Then
{e @ € A} is said to be asymptotically invariant if for each f € X and s € G,

Ma(f)_ﬂa(lsf)ﬁov Ma(f)_/vba(rsf)—>0. (2.20)

THEOREM 2.6. Let C be a nonempty subset of a Hilbert space H, X an invariant
subspace of m(G) containing constants, and S = {T; : t € G} an asymptotically non-
expansive type semigroup on C. If for each x € C and y € H, the function f on G
defined by f(t) = ||Tyx — y||* belong to X, then for an asymptotically invariant net
{a 1 @ € A} on X, the net {I,,x}qeca converges weakly to an element xo € L(x).
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Further, if T; is continuous for each t € G and (\;cgconv{Tyx :t € G} C C, then
xg € F(J).

Proof. Let W be the set of all weak limit points of subnet of the net {J,, x : o € A}.
By Proposition 2.3, it is enough to prove that

W C [eonv{Tyx 1t € G} L(x). (2.21)
seG

To show this, let z € W and let {‘Suaﬁx} be a subnet of {J,, x} such that {S,Wﬂx}
converges weakly to z. Now, without loss of generality, we can suppose that {3 Maﬁx}
converges weakly* to u € X ™. Itis easily seen that u is an invariant mean on X and then
Lemma 2.5 implies that z = J,x € (e conv{T;sx : t € G}( ) L(x). This completes
the proof. (|

Let C(G) be the Banach space of all bounded continuous real-valued functions on
G and let RUC(G) be the space of all bounded right uniformly continuous functions on
G, thatis, all f € C(G) such that the mapping s > rs f is continuous. Then RUC(G)
is a closed subalgebra of C(G) containing constants and invariant under /; and r;.

As a direct consequence of Theorem 2.6, we obtain the following corollary.

COROLLAFRY 2.7 (see [13]). Let C be a nonempty subset of a Hilbert space H and
let G be a semitopological semigroup such that RUC(G) has an invariant mean. Let
I ={T; : t € G} be a nonexpansive semigroup on C such that {T;x : t € G} is bounded
and (\yegconv{Tyx : t € G} C C for some x € C. Then, F(J) # @. Further, for
an asymptotically invariant net {lig}oca of means on RUC(G), the net {3, }aca,
converges weakly to an element x¢ € F (3).

Remark 2.8. For the proof of Corollary 2.7, Takahashi [13] used the condition (),
conv{Tsx : t € G} C C. But, from Theorem 2.6, we can prove the result without this
condition except proving the fact that the weak limit of {J,,x} is in F(3).

3. Nonexpansive retractions

In this section, we prove an ergodic retraction theorem for a semitopological semigroup
of asymptotically nonexpansive type mappings without convexity.

THEOREM 3.1. Let C be a nonempty subset of a Hilbert space H and let I = {T; : t € G}
be a semitopological semigroup of asymptotically nonexpansive type mappings on C
such that L(J) # . Then the following statements are equivalent:

(@) (Nyeg conv{Tisx it € G} L(J) # @ for each x € C.

(b) There is a unique nonexpansive retraction P of C into L(3) such that PT, = P
for every t € G and Px e conv{T;x : t € G} for every x € C.

Proof. (b)=>(a). Let x € C, then Px € L(J). Also Px € [ ),cgconv{Tix :t € G}. In
fact, for each s € G, Px = PT3x e conv{T;Tsx :t € G} =conv{Tssx : t € G}.
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(a)=(b). Let x € C. Then by Proposition 2.3, (.o conv{T;sx : t € G}[L(Q)
contains exactly one point Px. For each a € G, we have

{PT,x} = () conv{Tysax : 1 € G}[ | L(3)
seG

> (eonv{Tix 1 € G} (L) = {Px}

seG

3.1)

and hence we have PT, = P for every a € G.
Finally, we have to show that P is nonexpansive. Let x,y € C and 0 < A < 1. Then
for any € > 0, there exists s; € G such that

sup ||Ttslx— Py || < inf || T;x — Py H +e, (3.2)
teG teG

from Py € L(3). Hence, we have

|2 Tig,x + (1 =2) Px— Py
= | M(Trssyx = Py) + (1 =) (Px — Py) |
= || Tissyx = Py |+ (A=) | Px = Pyl> = A(1 = )| Trssyx — Px|
< 2| Tapx = Py[[ +-6)”+ (1= 1) Px = Py|l* =2(1 =) inf | Tox = P,
(3.3)

for each ¢, s,a,b € G. Since ¢ > 0 is arbitrary, this implies

inf sup | ATy + (1 =) Px — Py’
seGteG

< | Tapx = Py[*+ (1= 2) 1 Px = Py|P = A(1 =) inf | Tox — P[]

= |2 Tupx+(1=2) Px—Py| > +A(1 =) | Tupx — Px|* = 2(1 =) inf | 7.x — P I

(3.4)
Then it is easily seen that
inf sup ||)»T,Yx +(1—A)Px— Py || —A(1=2) 1nf sup || T.px — Px ||
seGteG (35)
< sup inf ||kTabx+(1 —A)Px— Py ” —A(1=2) 1r1f || Tix — Px ||
beGaeG

Since Px € L(3), we have

inf sup | ATyx + (1 —3) Px — Py|” <sup1nf |ATx+ (1= Px—Py|>.  (3.6)
seGteG
Let

h(%) = inf sup | ATisx +(1—2) Px— Py|. (3.7)
seGteG
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Then for any ¢ > 0, there exists so € G such that for all ¢ € G,
|2 Tiyx + (1 =2 Px — Py|> <h() +¢ (3.8)
and hence
(ATysyx+(1—2) Px— Py, Px — Py) < (h(\) +¢) /> | Px—Py| VreG. (3.9)
From Px e conv{T;s,x :t € G}, we have
(APx+(1—2)Px— Py, Px—Py) < (h(\)+¢)'/*| Px = Py]. (3.10)

Since ¢ > 0 is arbitrary, this yields that

| Px — Pyll* < h(}). (3.11)
That is,
IPx— Py||? < inf sup |2 T;sx 4+ (1—2) Px — Py|’. (3.12)
seGteG

Now, one can choose an s3 € G such that || T, x — Px|| < M for all t € G, where
M = 1+inf,cg || Ttx — Px||. Then, we have

|2 Tigssx + (1 =2) Px— Py
= [ (Tiar— P2)+ (P — Py

(3.13)
2
= 22| Tiss;x — Px|"+ || Px — Py||* +2A(Ti55,x — Px, Px — Py)
< M*2*+ || Px — Py||* +2x(Tis5,x — Px, Px — PY).
It then follows from (3.6) and (3.12) that
2X sup inf (T,Sx —Px, Px— Py)
seGteG
> 2 sup inf (Tyg5x — Px, Px — Py)
seGteG
> sup inf [ATygx +(1—A)Px— Py ||2 —||Px— Py|> — M?)?
seGteG i (3.14)
= sup inf | AT;s Tyyx + (1 —A) PToyx — Py||* — | Px — Py || > — M?)2
seGteG
2
> | PTy,x — Py|” = | Px — Py||* — M?)?
= —M?)2.
Hence, we have
1
sup inf (Tysx — Px, Px — Py) > —=M?j. (3.15)
seGteG 2
Letting A — 0, then we have
sup inf (Ty3x — Px, Px — Py) > 0. (3.16)

seGteG
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Let £ > 0, then there is s4 € G such that

r(IS4,x) <e Vtegd. (3.17)
For such an s4 € G, from (3.16), we have
sup inf (TysTy,x — PTy,x, PTy,x — Py) >0 (3.18)
seGteG

and hence there is s5 € G such that
tiél(f;(TtSS Ty,x — PTyx, PTy,x — Py) > —¢. (3.19)

Then, from PT,,x = Px, we have
inf (Tysssx — Px, Px — Py) > —¢. (3.20)

Similarly, from (3.16), we also have

sup inf (T35 Tys5,y — PTys5, Y, PTys5,y — Px) >0, (3.21)
seGteG

and there exists sg € G such that

tlgg (Tts6s5s4y - PTS5s4y, PT35S4Y - Px) > =&, (3.22)
that is,
tlgg (Py—T,36S5S4y, Px—Py) > —e¢. (3.23)

On the other hand, from (3.20)

ing (T,S()S5s4x —Px,Px— Py) > —&. (3.24)
te

Combining (3.23) and (3.24), we have

—2e < (TIS().Y5S4X_TISGS5S4)’7 Px—Py)_ ||Px—Py||2

= ” Tisgs554X — TtS(,SSMy” NPx—=Pyl—l1Px— Py“2 (3.25)
< (r(tsesssa, x) +llx —yl) - | Px — Py| — | Px— Pyl

< (e+Ilx—yl)-IIPx =Pyl — [ Px—Py|*.
Since ¢ > 0 is arbitrary, this implies || Px — Py|| < ||x —y||. The proofis completed. [

Using Lemma 2.1, we have the following ergodic retraction theorem for asymptoti-
cally nonexpansive type semigroups.

THEOREM 3.2. Let C be a nonempty subset of a real Hilbert space H and let 3 =
{T; : t € G} be a semitopological semigroup of asymptotically nonexpansive type map-
pings on C such that F(3J) # (0. Then the following statements are equivalent:

(@) (Nyegconv{Tisx : t € G} F(J) # @ for each x € C.

(b) There is a unique nonexpansive retraction P of C onto F(S) such that PT; =
T; P = P for everyt € G and Px € conv{T;x : t € G} for every x € C.
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We denote by B(G) the Banach space of all bounded real-valued functions on G with
supremum norm. Let X be a subspace of B(G) containing constants. Then, according
to Mizoguchi-Takahashi [10], a real-valued function i on X is called a submean on X
if the following conditions are satisfied:

(D) n(f+8) < u(f)+un(g) forevery f,g € X;
) p(af) =au(f) forevery f € X and @ > 0;
(3) for f,g € X, f < g implies u(f) < n(g);
(4) n(c) = c for every constant c.

The following corollaries are immediately deduced from Theorem 3.2.

COROLLAFRY 3.3 (see [10]). Let C be a closed convex subset of a Hilbert space H
and let X be an rg-invariant subspace of B(G) containing constants which has a
right invariant submean. Let S = {T; : t € G} be a Lipschitzian semigroup on C with
inf, sup, ktzs < 1 and F(3I) # @, where k; is the Lipschitzian constants. If for each

x,y € C, the function f on G defined by
fO=|Tx—y|> VieG (3.26)
and the function g on G defined by
g)y=k? VieG (3.27)

belong to X, then the following statements are equivalent:

(@) (Nyeg conV{Tisx it € G} F(J) # @ for each x € C.

(b) There is a nonexpansive retraction P of C onto F () such that PT; =T;P = P
for every t € G and Px € conv{T;x : t € G} for every x € C.

COROLLAFRY 3.4 (see [7]). Let C be a nonempty closed convex subset of a Hilbert
space H and let 3 = {T; : t € G} be a continuous representation of a semitopological
semigroup as nonexpansive mappings from C into itself. If for each x € C, the set
(seq ConV{Tisx 1t € G} F () # W, then there exists a nonexpansive retraction P of
C onto F(3) such that PT; = T; P = P for everyt € G and Px € conv{T;x :t € G}
for every x € C.

Remark 3.5. By Theorem 3.2, many key conditions, in Corollaries 3.3 and 3.4, such
as C is convex closed subset and J is continuous Lipschitzian semigroup, are not
necessary.

Acknowledgement

The authors wish to acknowledge the financial support of the Korea Research Founda-
tion made in the program year of 1998.



G.Liand J. K. Kim 59

References

(1]

(2]

(3]

(4]

(3]

(6]
(7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

J.-B. Baillon, Un théoréme de type ergodique pour les contractions non linéaires dans un es-
pace de Hilbert, C. R. Acad. Sci. Paris Sér. A-B 280 (1975), no. 22, 1511-1514 (French).
MR 51#11205. Zbl 307.47006.

, Quelques propriétés de convergence asymptotique pour les semi-groupes de con-
tractions impaires, C. R. Acad. Sci. Paris Sér. A-B 283 (1976), no. 3, 75-78 (French).
MR 54#13655. Zbl 339.47028.

H. Brézis and F. E. Browder, Remarks on nonlinear ergodic theory, Advances in Math. 25
(1977), no. 2, 165-177. MR 57#1218. Zbl 399.47058.

N. Hirano and W. Takahashi, Nonlinear ergodic theorems for nonexpansive mappings
in Hilbert spaces, Kodai Math. J. 2 (1979), no. 1, 11-25 (English). MR 80j:47064.
Zbl 404.47031.

H. Ishihara and W. Takahashi, A nonlinear ergodic theorem for a reversible semigroup of
Lipschitzian mappings in a Hilbert space, Proc. Amer. Math. Soc. 104 (1988), no. 2,
431-436 (English). MR 90g:47120. Zbl 692.47010.

W. A. Kirk and R. Torrején, Asymptotically nonexpansive semigroups in Banach spaces,
Nonlinear Anal. 3 (1979), no. 1, 111-121 (English). MR 82a:47062. Zbl 411.47035.

A. T. M. Lau, K. Nishiura, and W. Takahashi, Nonlinear ergodic theorems for semigroups
of nonexpansive mappings and left ideals, Nonlinear Anal. 26 (1996), no. 8, 1411-1427
(English). MR 97b:47074. Zbl 880.47048.

G. Li, Weak convergence and non-linear ergodic theorems for reversible semigroups of
non-Lipschitzian mappings, J. Math. Anal. Appl. 206 (1997), no. 2, 451-464 (English).
MR 98k:47139. Zbl 888.47046.

G. Li and J. Ma, Nonlinear ergodic theorem for semitopological semigroups of non-
Lipschitzian mappings in Banach spaces, Chinese Sci. Bull. 42 (1997), no. 1, 8-11
(English). MR 98e:47110. Zbl 904.47063.

N. Mizoguchi and W. Takahashi, On the existence of fixed points and ergodic retractions
for Lipschitzian semigroups in Hilbert spaces, Nonlinear Anal. 14 (1990), no. 1, 69-80
(English). MR 91h:47071. Zbl 695.47063.

W. Takahashi, A nonlinear ergodic theorem for an amenable semigroup of nonexpansive
mappings in a Hilbert space, Proc. Amer. Math. Soc. 81 (1981), no. 2, 253-256 (English).
MR 82£:47079. Zbl 456.47054.

, A nonlinear ergodic theorem for a reversible semigroup of nonexpansive mappings

in a Hilbert space, Proc. Amer. Math. Soc. 97 (1986), no. 1, 55-58. MR 88f:47051.

, Fixed point theorem and nonlinear ergodic theorem for nonexpansive semigroups
without convexity, Canad. J. Math. 44 (1992), no. 4, 880-887 (English). MR 93j:47091.
Zbl 786.47047.

W. Takahashi and P.-J. Zhang, Asymptotic behavior of almost-orbits of reversible semigroups
of Lipschitzian mappings, J. Math. Anal. Appl. 142 (1989), no. 1, 242-249 (English).
MR 90g:47121. Zbl 695.47062.

G. L1: DEPARTMENT OF MATHEMATICS, YANGZHOU UNIVERSITY, YANGZHOU 225002, CHINA
E-mail address: ligang@cimsl.yzu.edu.cn

J. K. KiM: DEPARTMENT OF MATHEMATICS, KYUNGNAM UNIVERSITY, MASAN, KYUNGNAM 631-
701, KOREA
E-mail address: jongkyuk @kyungnam.ac.kr


http://www.ams.org/mathscinet-getitem?mr=51:11205
http://www.emis.de/cgi-bin/MATH-item?307.47006
http://www.ams.org/mathscinet-getitem?mr=54:13655
http://www.emis.de/cgi-bin/MATH-item?339.47028
http://www.ams.org/mathscinet-getitem?mr=57:1218
http://www.emis.de/cgi-bin/MATH-item?399.47058
http://www.ams.org/mathscinet-getitem?mr=80j:47064
http://www.emis.de/cgi-bin/MATH-item?404.47031
http://www.ams.org/mathscinet-getitem?mr=90g:47120
http://www.emis.de/cgi-bin/MATH-item?692.47010
http://www.ams.org/mathscinet-getitem?mr=82a:47062
http://www.emis.de/cgi-bin/MATH-item?411.47035
http://www.ams.org/mathscinet-getitem?mr=97b:47074
http://www.emis.de/cgi-bin/MATH-item?880.47048
http://www.ams.org/mathscinet-getitem?mr=98k:47139
http://www.emis.de/cgi-bin/MATH-item?888.47046
http://www.ams.org/mathscinet-getitem?mr=98e:47110
http://www.emis.de/cgi-bin/MATH-item?904.47063
http://www.ams.org/mathscinet-getitem?mr=91h:47071
http://www.emis.de/cgi-bin/MATH-item?695.47063
http://www.ams.org/mathscinet-getitem?mr=82f:47079
http://www.emis.de/cgi-bin/MATH-item?456.47054
http://www.ams.org/mathscinet-getitem?mr=88f:47051
http://www.ams.org/mathscinet-getitem?mr=93j:47091
http://www.emis.de/cgi-bin/MATH-item?786.47047
http://www.ams.org/mathscinet-getitem?mr=90g:47121
http://www.emis.de/cgi-bin/MATH-item?695.47062
mailto:ligang@cims1.yzu.edu.cn
mailto:jongkyuk@kyungnam.ac.kr

