NONLOCAL BOUNDARY VALUE PROBLEM
FOR SECOND ORDER ABSTRACT ELLIPTIC
DIFFERENTIAL EQUATION
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We establish conditions that guarantee Fredholm solvability in the Banach space L,
of nonlocal boundary value problems for elliptic abstract differential equations of the
second order in an interval. Moreover, in the space L, we prove in addition the coer-
cive solvability, and the completeness of root functions (eigenfunctions and associated
functions). The obtained results are then applied to the study of a nonlocal boundary
value problem for Laplace equations in a cylindrical domain.

1. Introduction

Fredholm property of boundary value problems is investigated in [1, 2, 3] for elliptic
partial differential equations, and in [4, 13, 14, 15] for abstract differential equations.

In this paper, we establish conditions guaranteeing that nonlocal boundary value
problems for elliptic partial differential equations of the second order in an interval are
Fredholm solvable in the Banach spaces L . For the solution of the considered problem
we prove the noncoercive estimates. But in the space L, we prove the coercive estimate
for both the variable space and spectral parameter, in contrast to [15, 16] where we have
a defect coerciveness for the spectral parameter. A coercive estimate, in the case when
the problem is regular elliptic, was proved in [2, 3]. The considered problem is not
regular, since the boundary value conditions are nonlocal and they do not belong to the
same class of boundary value conditions treated in [15, 16]. Moreover, we prove the
completeness of root functions. The completeness of root functions of regular boundary
value problems was proved in [1, 5, 7, 10, 13]. The obtained results are then applied to
the study of a nonlocal boundary value problem for Laplace equation in a cylindrical
domain.

2. Necessary notations and definitions

Let H be a Hilbert space, A a linear closed operator in H and D(A) its domain. We
denote by B(H) the space of bounded operators acting in H, with the usual operator
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norm, and by L,((0, 1), H) the Banach space of strongly measurable functions x
u(x):(0,1) > H, whose pth power is summable, with the norm

1
lally, = ey o1y, =/ lu() Il dx < oo, p € (1,00). @.1)
0
Now, introduce the L ,((0, 1), H) vector-valued Sobolev spaces

Wf,((o, 1),H(A),H)={u:u"€L,((0,1),H) and Au € L,((0,1),H)}, 02
||”||W[%((0,1),H(A),H) = ||Au||Lp((0,1),H)+ ||M//||L,,((O,1),H) < 00. .

We also set
_ . 2 _ 2 2
H(A) = {u € D(A); Nullzray = llullz + 1 Aullz < oo}, (2.3)

that is, H(A) is the domain of A with a Hilbert graph norm.

Let — A be the generator of the semigroup exp(—x A) analytic for x > 0, decreasing
at infinity, and strongly continuous for x > 0. We define the interpolation space [12,
page 96]

(H,H(A")),,

1 2.4)
= {u tueH, |ully, =/0 = A=OPr=1y A" exp(—t A)u || Pdt + |Ju||? <oo},

0<f6<l;neN, 1<p<ooand|-|g,p its norm.

Let H and H; be Hilbert spaces such that the continuous embedding H; C H is
fulfilled and H; = H. Then, (H, Hj)p 2 is a Hilbert space [12, page 142]. Denote
(H,Hy)p = (H, Hy)p,2. It is known that (H, H)g = H(S?%), where S is a selfadjoint
positive-definite operator in H [11, Chapter 1, Section 2.1].

Let Ff = (2m)~1/? fj;o €' f(x)dx be the Fourier transform.

Definition 2.1. The mapping 0 — T (0) : R — B(H) is said to be a Fourier multiplier
of the type (p, q) if for all f € L,(R, H) we have

|FT'TFf| gy < clf I @m for f e LyR,H). 2.5)
We get the following characterization for Fourier multipliers.

THEOREM 2.2 (Mikhlin-Schwartz [6, page 1181]). If the mapping T : R — B(H) :
o +— T (o) is continuously differentiable and the inequality

dT (o)
do

IT ()l <C, H 2.6)

‘ C
<—,
lo|

holds for all o € R, 0 # 0, then T (o) is a Fourier multiplier of type (p, p).
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LeEmmMA 2.3 (see [16, page 300]). Let A be a selfadjoint and positive-definite operator
in H. Then
(1) 3w > 0, ||A%exp[—x(A + 1D 2] < Cexp(—wx|A|Y/?) for all @ € R, x >
xo >0, |argA| < ¢ < 7, where C does not depend on x and A;
@) fo IA+AD expl—x(A+ADY2Ju|?dx < C(|| A%~V 4u|? + |22~ 12|ju)?)
foralla > 1/4, |argh| <o <m, u € D(A“_1/4), where C does not depend on
u and A;
B) IAYA+AD P < CUA+A)*P forall 0 <a < B, |arg)| < ¢ < 7, where
C does not depend on A.

3. Solvability of the principal problem

Consider in the Hilbert space H a boundary value problem in [0, 1] for the second order
elliptic differential-operator equation

Lk, D)u = —u"(x)+ Au(x) + By (x)u'(x) + Bo(X)u(x) +Au(x) = f(x), (3.1)

Liw = g™ 0) + Bru™ () + Y Taaw! (xx1j) + Y Trou(xroj) = fi.  (3.2)

J=<ni J<nko

k =1,2, where x, xkij € [0, 1]; my € {0, 1}; ag, Br are complex numbers; A, By(x),
B> (x), Ty; are, generally speaking, unbounded operators in H; D =d/dx.
First, consider the principal part of problem (3.1), (3.2)

Lo\, D)u = —u”(x)+(A +ADu(x) =0, (3.3)
Liou = au™(0) + gru™ (1) = fi, k=1,2. (3.4)

THEOREM 3.1. Let the following conditions be satisfied:
(1) A is a selfadjoint and positive-definite operator in H;
(2) 0 =(=D"a1pr—(=D"2azp1 #0.
Then, problem (3.3), (3.4) for fi € (H(A), H)g,,p, where O =my/2+1/2p, p €
(1, 00), and |\| sufficiently large such that |arg’| < ¢ < w has a unique solution that

belongs to the space Wg((O, 1), H(A), H), in addition for this solution we have the
noncoercive estimate

2
”u”HL,,((O,l),H) +lAulL, 1.1 = CO) Z | el (H(A).H)g,p’ 3-5)
k=1

where C()) does not depend on u.

Proof. We prove that any solution to (3.3), belonging to W%,((O, 1), H(A), H), has the
form

u(x) = exp[—x(A+kI)1/2]g1 +exp[— a —x)(A+u)1/2]g2, (3.6)
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where gr € (H(A), H)1/2p,p- To show this, let u € W%((O, 1), H(A), H) be a solution
to (3.3). Then, from (3.3) we have

[D—(A+AI)'/2] [D+(A+,\1)’/2]u(x) —0. (3.7)
Denote
v(x) = [D+(A+AI)1/2]u(x). (3.8)
Then, by virtue of Theorem 1.7 [13, page 168], v € W, ((0, 1), H(A'/?), H), and
[D—(A+)J)1/2]v(x) —0. (3.9)
Hence,
v(x) =exp[—(1—x)(A+u)1/2]v(1), (3.10)

where, in view of [12, page 441, v(1) € (H(A'Y?), H)1/p, . From (3.8) and (3.10),
we have

1(x) = exp [—x(A—HJ)l/z]u(O)
+/ exp [—(x —y)(A+u)1/2] exp [— a —y)(A+/\1)1/2]v(1)dy
0
:exp[—x(A+A1)1/2]u(O) G.11)
1
+§(A+AI)_‘/2{ exp [—(1 —x)(A+u)1/2]

—exp[—x(A+AI)1/2]exp[— (A+u)1/2]v(1)},

where, by virtue of [12, page 44], u(0) € (H(A), H)1,2p,p. In view of [12, page 101],
the operator AY2 s an isomorphism from (H(A), H)1/2p,p = (H, H(A))1-1,2p,p ODtO
(H, H(A))(p—1)/2p,p = (H, HAY))1_1/p.p = (H(AY?), H)1/p,p . Thus, (3.11) has
the desired form (3.6).

Let us now prove the converse, that is, the function u(x) of the form (3.6), where
gk € (H(A), H)1/2p, p, belongs to the space W%((O, 1), H(A), H). Using the properties
of the interpolation spaces [12, page 96], and from (3.6) we have

fluell W2((0,1),H(A),H)

: 1/p
§(||A(A+/\I)—1||+1){(/O H(AJ”U)CXP[_X(A+/\I)”2]g1dex)

1 1/p
+(/O H(A-i-xl)eXp[—(l—x)(A"'“)l/z]&”pdx) }

< C(Ilgl (7 (A+0), H)1p2p, + IIgzll(H(A+u),H)1/2p,p)

< C()»)<||gl (), H)1p2p, + ”gZH(H(A),H)]/zp.p)-
(3.12)
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A function u(x) of the form (3.6) satisfies the boundary condition (3.4) if

(—1)" {ak + Brexp [— (A —|—M)'/2] }(A D)™ 2y,
(3.13)
+ lak exp [— (A+u)1/2] +/3k}(A+u)'"k/2v2 — fi. k=12

Denote
vi=(A+AD"%g1,  va= (A1) g, (3.14)

where m = max{m,m3}. Then, (3.13) gives

(—1)" {ozk + Brexp [ —(A +,\1)1/2] }(A ATy 2,

+{akexp[—(A+u)1/2]+ﬂk}(A+/\1)’"k/2—’"/2v2=fk, k=T72.
(3.15)

All coefficients in system (3.15) are linear combinations of the bounded operators I,
(A+1D7", exp[—(A+AD'?], and (A+ A1)~ exp[—(A + AT)'/?] which commute
with one another. Therefore system (3.15) can be solved as in the scalar case. By virtue
of Lemma 2.3, the determinant of the system (3.15) has the form

D(A) = 0(A+AT)™/2Hm/2=m [ 4+ R3], (3.16)

where R(A) = Crexp[—(A + A1)Y/?] + Crexp[—2(A + AI)!/?], then by virtue of
Lemma 2.3 ||R(A)|| — O, for |argA| < ¢ < 7 and |A| — oo. Then the second condition
in our hypothesis implies that system (3.15) has a unique solution for |argA| < ¢ <x
and || is sufficiently large, and the solution can be expressed in the form

v = [Clk(A+M)m/27m1/2+R1k()\)]f1

. (3.17)
+Cauann P Ry )| o k=T12,
where Cj; are complex numbers and [|Rx(A)[| — 0, |A] — oo. Consequently,
g = [CuA+AD ™24 (A+2D ™" Ry f
(3.18)

+[CuA+ D4 A+ AD TP RAM) | o k=T2.
Since fr € (H(A), H)mj2+1/2p,p and the operator (A + A1)™/2 is an isomor-

phism from the space (H(A), H)1/2p,p = (H,H(A))1-1/2p,p onto the space (H,

HA1—myj2—-1/2p,p = (H(A), H)pyj2+1/2p,p- We have g € (H(A), H)1/2p,p-
Hence from (3.18) we have the estimate

n
gk | (H(A).H)1jppp = C()‘)Z | fi (H(A),H)gp° (3.19)
k=1

Substituting (3.19) in (3.12), we obtain the noncoercive estimate (3.5). O
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Consider now the principal part of problem (3.1), (3.2) for a nonhomogeneous equa-
tion and with a parameter

Lo(x, Dyu = —u" (x) + (A+1Du(x) = f(x), (3.20)

Liou = ae™) 0) + Bu™ (1) = fi, k=T,2. (3.21)

THEOREM 3.2. Let the conditions of Theorem 3.1 be satisfied. Then, the operator
u — (Lo(X, D)u, Ligu, Loou) for largh| < ¢ < m and |\| sufficiently large is an
isomorphism from the space W%((O, 1), H(A), H) onto the space L,((0,1),H) @

(H(A), H)g,,p ®(H(A), H)g,,p, where O =my/24+1/2p, k =1,2, p € (1,00), and
for this solution we have the noncoercive estimate

2
[[u” HL,,((O,I),H) +llAullL,0.1).5) < C()»)<||f||L,,((0,1),H) +Z I fil (H(A),H)ek,p>’
k=1
(3.22)
where C (X)) does not depend on u.

Proof. By Theorem 3.1, we get the unicity. Now, let us define f(x) = f(x) if x €
[0,1] and f(x) =0 if x ¢ [0,1]. We now show that a solution to problem (3.20),
(3.21) belonging to W%((O, 1), H(A), H) can be represented as a sum of the form
u(x) = uj(x)+uz(x), where uj(x) is the restriction on [0, 1] of the solution i (x) to
the equation

Lo(x, D)y = f(x), x€eR, (3.23)

and u>(x) is a solution to the problem
Lo(A, D)uz =0, Lkouz = fx — Lrour, k=1,2. (3.24)
The solution to (3.23) is given by the formula
() = —— / M Lo(h,ip) T F f(n)du (3.25)
V2 JR ’ ’
where F f is the Fourier transform of the function f (x), Lo(A, S) is a characteristic
operator pencil of (3.23), that is,
Lo(A, S) = —S?I+ A+Al. (3.26)

From (3.25), it follows that

~//

| HW%(R,H(A),H) = ”I’NlIHLP(R,H(A))+ | HLP(IR,H)
< |F'LoGu i)™ FFD |, @ a)
+HFT Lo im T EF | gy (3.27)
< |FAL i F I oy

+[F G Loh, i) T F f(p) “LP(R,H)'
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Let us show that the functions
e N2k 41—k .oy —1 a7
Tiv1 (A, ) = ()" A" Lo(x, i)™, k=0,1, (3.28)

are Fourier multipliers in the space L, (R, H). By virtue of Lemma 2.3, for |argA| <
¢ < m, |A| sufficiently large and p € R we have

[LoGuiw ™ = |(a+ar+220) " | s c(+ ) =clu 2 (329)
[ALoGiw ™| = |A(a+ar+21) | <. (3.30)

From (3.29) and (3.30), we get
H (2, ”B(H) = CHALO()" i~ ” s =G (3.3D)
[ 7200 0] gy < Cl | LoGes i)™ | gy < € (3.32)

Since

9 2kt 1o -
STt O ) = 26 AT Lo, g™
® (3.33)

. _ o, @ . o
— i 2R ATR Lo (i) lﬁLo(K,lu)Lo(K,lu) h

then,

d
Ha_Tk+1()wM) H <|nl™n (3.34)
m

Applying the Michlin-Schwartz Theorem 2.2, it follows from (3.31), (3.32), and (3.34)
that the functions u — Tjy1(A, ) are Fourier multipliers in the space L, (R, H). Then,
using (3.27), we obtain

| ”W[z,(R,H(A),H) =C| h ”LP(R,H)' (3.35)

So, uy € Wf,((O, 1), H(A), H). By virtue of [12, page 44] and inequality (3.35), we
have uTk (0) € (H(A), H)myj2+1/2p,p- Hence, Lrouy € (H(A), H)g,, . Then by virtue
of Theorem 3.1, problem (3.20), (3.21) has a unique solution u;(x) that belongs to

W%((O, 1), H(A), H). And, again, by Theorem 3.1 and estimate (3.35), we obtain the
inequality (3.22). O

4. Fredholm solvability of general problem

Consider problem (3.1), (3.2). Now we can find conditions for the Fredholm solvabil-
ity of problem (3.1), (3.2). It is convenient to formulate the theorem in terms of the
Fredholmness of some unbounded operator which acts from one Banach space into
another.
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Let us set the operator L. from Wf,((O, 1),H(A),H) into L,((0,1),H) &
(H(A), H)g,,p ®(H(A), H)g,, p, by the equalities

DIL)={u/ue Wf,((o, 1), H(A), H), L(D)u € L,((0,1), H),
Lkue(H(A),H)elyp,kzl,Z}, 4.1)

Lu = (L(D)u,Llu,Lzu),

where
L(D)u = —u"(x)+ Au(x)+ B1 (x)u' (x) + Ba(x)u(x), (4.2)

L1 and L, have been defined by equalities (3.2).

THEOREM 4.1. Suppose that in addition to conditions (1), (2) stated in Theorem 3.1,
the following conditions are also satisfied:

(1) the embedding H(A) C H is compact;
(2) linear operators By(x) from H (A*'2) into H act compactly for almost all
x € [0, 1]; for any ¢ > 0 and for almost all x € [0, 1],

| Bxou| < e| A¥2u|| +c(e)lull, ue D(A*?); (4.3)

for each u € D(A*/?), the function By (x)u is measurable on [0,1] in H;
(3) the linear operators Ty; from (H(A), H)ip41)2p,p into (H(A), H)g, , are
compact, where Oy =my/2+1/2p, p € (1,00).

Then,
(1) for any function u(x) € Wf, ((0, 1), H(A), H), we have the noncoercive estimate

1
H” ||Lp((0,1),H)+”A””Lp((O»U»H)
2 “4.4)
< CO) (ILDullL, 0.1+ Y Littl gy, + 1L, 00.) )
k=1

where C (L) does not depend on u;
(2) the operator L : u — (L(D)u, Liu, Lou), from W%((O, 1), H(A), H) into
L,((0,1),H)®(H(A),H)y,, p,®(H(A), H)g,,p, is Fredholm.

Proof. (1) Letu(x) be a solution to problem L(D)u = f, Lyu = fi,k = 1,2, belonging
to Wé((O, 1), H(A), H). Then, u(x) is a solution to the problem

Lo(x, Dyu = f(x)+ru(x)— B (x)u'(x) = Bo(x)u(x),

Liou = fir— Z Tiau' (xx15) — Z Trou(xroj): k=1,2, (4.5)

J=<ni J=nko
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where Lo(A, D) and Lo have been defined by (3.20) and (3.21). By virtue of Theorem
3.2, for some Ag, we have the estimate

”“NHLP((O,]),H) +AullL,©0.1).H)

=< C()‘-O) H f() +)\Ou() - B ()u/() - BZ()M() ”Lp((o»l),H)

2

2

k=1

Sie— Z Tiau' (xx1j) — Z Trou(xko;)

J=ngi J=nko

(H(A).H)g.p
(4.6)

By virtue of Theorem 5.1.7 [13, page 168], the operator u — u® (x) from the space
W%((O, 1), H(A), H) into the space L,((0, 1), H(A'"'/2)) is bounded. Then, by con-
dition (2) of Theorem 4.1 and Lemma 5.1.2 [13, page 162], the operator

u —> Aou— B (x)u'(x) — Ba(x)ua(x) 4.7

from W%((O, 1), H(A), H) into the space L,((0,1), H) is compact. Consequently, by
Lemma 2.2.7 [13, page 53], for any ¢ > 0 we have

| £ O +aou() = Bi' () = B2 OO 0.1,y
= C()"O) I:”f”LP((O, 1),H) +8(Hu// H L,,((O, 1),H) + ”AM”LP((Q l),H)) (48)

+C@lull .0, -

By virtue of [12, page 44], we have the operator u +> u®(xg) from W%,((O, 1),
H(A), H) into (H(A), H)py1)/2p,p is bounded. Then, by virtue of condition (3),
the operator u +— Z/S”kl Tk]u/(xk]j)+2j§nko Trou(xio;) from W%((O, 1), H(A), H)
into (H(A), H)g,,p is compact. Consequently, by [13], for any & > 0 we have

2
k=1

Sie— Z i (xx1j) — Z Trou(xko;)
J=nii J=<nko
2

= [Z | /il HAYH,, T O, © 1,8 (4.9)
k=1

(H(A).H)g.p

+8<Hu//”L,,((o,l),H) + ||AM||LP((O,1),H)>:| :

Substituting (4.8) and (4.9) into (4.6) we have (4.4).
(2) The operator L can be rewritten in the form L. = o) +1L,, where

Losu = (Lo(x, D)u, Liou, Lyou), (4.10)
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Lo(X, D)u, Ligu, Lygu have been defined by equalities (3.20) and (3.21) and

L= (—)LM(X)+Bl()€)u’(x)+32(x)u(x)’ Tiu, Tzu), 4.11)
where
Tiu = Z Tiau' (xi1;) + Z Trou(xkoj), k=1,2. (4.12)
J=ni j=nko

Conditions (2) and (3) imply that D(IL) = D(ILg;). We can conclude, from Theorem 3.2,
that the operator L, from Wf,((O, 1),H(A),H)into L,((0,1), H)® (H(A), H)g, p®
(H(A), H)g,,p has an inverse for A is sufficiently large. It follows from the proof
of part (1) that the operator Lj, from W%((O, 1),H(A),H) into L,((0,1),H) @
(H(A), H)g,,p ®(H(A), H)y,,, is compact. By applying the perturbation theorem of
Fredholm operators [9, page 238] to the operator L, we end the proof. O

5. Coercive solvability in L,((0, 1), H)
Consider a particular case of problem (3.20), (3.21) in L,((0, 1), H)
L, D)u=—u"(x)+Au(x)+iu(x) = f(x), (5.1)
Liu = o™ (0) + Bru™ (1) = fir, k=1,2. (5.2)

THEOREM 5.1. Let the following conditions be satisfied:
(1) A is a selfadjoint and positive-definite operator in a Hilbert space H;

(2) (=D)™a1pr—(=1)"a2p1 # 0.
Then, problem (5.1), (5.2) for f € L2((0, 1), H), fi € D(A34+m/2) for |arga| <
¢ < mw and |\| is sufficiently large has a unique solution that belongs to the space
W%((O, 1), H(A), H) and for this solution we have the coercive estimate

Mol 0,1y, 1) + || Ly(0.1). 1y T 1A% Ly0.1). 1)

2
(5.3)
< c(nfan((o,l),H) + 30 (A g a2 g H)),
k=1

where C does not depend on u, f, fi, and A.

Proof. We seek a solution in the form u = u| +u», where u is the restriction on [0, 1] of
the solution i (x) to (3.23) and u> is a solution of problem (3.24). From Theorem 3.1,
we have

Uy (x) = {[C1 VA+AD) ™™ 4 (A+11)~"/2Ry, (x)] exp [ —x(A +u)‘/2]
n [Clz(A D2 4 (A —I—M)_’"/lez(A)] exp [— (1—x)(A +u)1/2] }f1
+ { [Czl(A D)2 (A +A1)_m/2R21(A)] exp [ —x(A +u)1/2]

+[C22(A+“)7m2/2+(A+“)7m/2Rzz(/\)]e><p[— (1—x)(A+M)1/2]}f2.
(5.4)
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Then, for |argA| < ¢ < 7 and |)| is sufficiently large, we have

2] ”“2 ” Lyo.ny.m T ””/2/” Lyo.ny.m T ||A”2” Ly((0,1),H)

2
(5.5)
< c(nfuLz«o,l),H) YA p | e a T g 1|).
k=1

From (3.25) and the Plancherel equality, we have

Al ””1 ||L2((0,1),H) + ”“/1/ ”Lz((O,l),H) + “A“l HLQ((O,I),H)
< [l ”LZ(R,H) + ”ﬁ/l/HLZ(R,H) + | Ady ”LZ(R,H)
=M Lo i)™ (F P 1y + G0 Lo O i) ™ (F Y | ey

+ ”ALO(A, in)”! (Ff)(ﬂ) H Ly(R,H)'
(5.6)

From condition (1) of Theorem 5.1, for |argA| < ¢ < 7 and |A| is sufficiently large,
we have

M| LoO i)™ = M| (A4 AT+ 2D~ < clrl(1+]r+43]) " < €,
1P| Lo i ™! | = | (A ar +20) 7| s eulP(1+1+62) " =€ 57)
HALO(,\,I'M)—lu - HA(A +“+“21)_1H <c.
Then, from (5.6), it follows that
A [l “Lz((o,l),H)"‘ | ||L2((0,1),H)+ | Ay ||L2<(0,1),H) =cllflin.m- -8
From [12, page 44], we have

“A_mk/2+3/4“(1mk)(0) H = Clutlws o, w0, = 1 a0 .00, )

we also use the inequality [11, Chapter 1, Section 3.2]
[P Oy = (B lwa o mar. i +h lanmn)s (510
where 0 < j <1,0<h < ho,x =j+(1/2)/2. Then

TR0 ) || < A (h““”k/“‘/“||u||w;,<<o,1),H<A>,H>

(5.11)
+h_mk/2_1/4||M||L2((0,1),H)>,
by taking h = |A|~!, and so from (5.8) and (5.9), we have
L e R O = C<||“||wf,<<o,1),H(A),H> + |)~|||“||Lz<<0,1),H)> 5.12)

< fllL,00,1),H)-
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From (5.6), (5.9), and (5.12) we get

Al H”ZH Ly, T H“/z/ ” Lyo.y.m) T ”A“2 H Ly((0,1),H)

<C (22: (HA—mk/2+3/4fk H 4 ATk /2H3/4 H f H)) . (5.13)

Hence, (5.3) follows from (5.8) and (5.13). O
Consider in L»((0, 1), H), the following problem:

LA, D)u = u(x)—u"(x)+ Au(x)+ B(x)u = f(x), (5.14)

Liu = au™ (0) + Bru ™ (1) = fi, k=1,2. (5.15)

THEOREM 5.2. Let the following conditions be satisfied:

(1) A is a selfadjoint and positive-definite operator in a Hilbert space H;
(2) the embedding H(A) C H is compact;
3) (=D™a1fo— (=)™ a2 p1 #0;
@) l1BullLy0.1),H5) = el AullLy0.1), 1) +C (@) lullLy0.1), H)-
Then, problem (5.14), (5.15) for f € L»((0,1), H), fi € D(A™/?3/%) for |argA| <
@ < mw and |\ is sufficiently large has a unique solution that belongs to the space
W%((O, 1), H(A), H) and for this solution we have the coercive estimate

Il 0,1y, 1) + ||| Lo,y T IA# Ly 0.1). 1)

2
(5.16)
< C<||f||L2((0,1),H) —{—Z (HA—mk/2+3/4fk H + |)\|—mk/2+3/4 ” fi “)),
k=1

where C does not depend on u, f, fi, and A.

Proof. Letu € W%,((O, 1), H(A), H) be a solution to problem (5.14), (5.15). Then, by
virtue of Theorem 5.1, we have

el 0,1y, 1) + || 1 ”Lz((O,l),H) + 1 AullLy0.1). 1)

2
< C(”f — BM||L2((O,1),H) —i—Z (HA—mk/Z-i-3/4fk ” + |)»|_mk/2+3/4 H fi H))’
k=1
5.17)

using condition (4) of Theorem 5.2, we have

(I =C-CE)lullyn.m + w01y + A= C - AullLy0.1),1)

2
(5.18)
< c(ufan((o,l),H) 20 (A e g ||)),
k=1

by choosing ¢ such that C-¢ < 1, (5.16) is easily obtained from (5.18). O
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6. Completeness of root functions

We define the operator & by

Pu=—u"()+Au(x), DL =W((0,1); HA), H, Liu =0,k =1,2), (6.1)

LEMMA 6.1. Suppose that S;(I, H(A), H) ~ Cj™4, then

S; (1, W3((0,1), H(A), H), L2((0, 1), H)) ~ Cj~V//2+1/a), (6.2)

Proof. Consider the operator Sy defined in L, (0, 1) such that S| = Si" > y21 ,D(S)) =
H(S)) = W%(O, 1). From [11, Chapter 1, Section 2.1], we know that if H C H,
H, = H, then there exists S = §* such that D(S;) = H;. And let the operator S,
in H be defined by S = S5 > yzl, D(S2) = H(A). If we define the operator S on
Ly(0,1)® H = L»((0,1), H) by

S=851®9hL+11®5,, (6.3)

where [ (respectively, I7) is the identity operator in L, (0, 1) (respectively, in H), we
have

Si(S77 L2(0,1), La(0, 1)) ~ S;(1; H(S1), L2(0, 1)) ~ Cj 2,

1 (6.4)
Si(Sy'sH,H)~S;(I; H(A),H) ~Cj™4,
and so, from [8], we obtain
S;(s7h) ~ cn~ V24 ), (6.5)
This ends the proof. O

THEOREM 6.2. Let conditions (1) and (3) of Theorem 5.2 hold along with Al e
o4(H),q > 0. Then, the system of root functions of operator & is complete in
Ly ((0, 1), H).

Proof. From Theorem 5.2, we have |R(A,%)| < C|r|~! for |argA| < ¢ < 7 and
|| is sufficiently large. Using Lemma 6.1, we have R(A,¥) € 0,(L2(0,1), H), for
p > 1/2+1/q, so, for the operator £, all conditions of Theorem 2.3 [13, page 50] have
been checked. This completes the proof of the theorem. (|

THEOREM 6.3. Suppose that the conditions of Theorem 6.2 are satisfied, as well as the
condition D(B(x)) D D(A), and for all ¢ >0

| B(x)ull <ellAull+C(e)llull, ue D(A), (6.6)
then the system of root functions of operator £+ B is complete in L,((0,1), H).
Proof. We consider in the space L,((0, 1), H) the operator B defined by
(Bu)(x) = B(x)u(x), D(B) = Ly((0,1), H(A)). (6.7)
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It is clear that
| BullL,©.1), 1) < el AullL,y 0.1y, 1)+ C @) llullL,0.1). H), (6.8)
since by Theorem 5.2, we have
lAullLy0.1).8) < CILf Lo0.1).5) = I(E—=ADullL,0.1). H), (6.9)
hence,
| BullL,©0,1). 1) < el (E=ADullL,0.1), 1)+ C @)l Ly0.1). B (6.10)

and so, for |A| sufficiently large, and |argA| <¢ <7, then R(A, £+B) €0, (L2(0,1), H),
and from Theorem 5.2, |R(A, £+ By)|| < C|A|~! for |argA| < ¢ < 7 and |A]| is suffi-
ciently large. The system of root functions is complete in L,((0, 1), H) . O

7. Application

We consider in the cylindrical domain = [0, 1] x G, where G C R” is a bounded
domain, nonlocal boundary value problems for the Laplace equation with a parameter

LMW)u = Au(x,y)—Au(x,y)+b(x,yu(x,y) = f(x,y), (x,y) €, (7.1)
Liu = au™ (0, )+ fru™ (1, y) = fi(»). yeG, k=12, (12)
Pu = u(x, y/) =0, (x, y’) e[0,1]xT, (7.3)

where oy, B are complex numbers, y = (y1, ..., yr), and I' = dG is the boundary of G.
A number A is called an eigenvalue of problem (7.1), (7.2), and (7.3) if the problem

Lgpu=0, Liu=0, Lu=0 Pu=0 (7.4)

has a nontrivial solution that belongs to WZZ(Q). The nontrivial solution ug(x, y) of
problem (7.4) that belongs to W22(§2) is called eigenfunction of problem (7.1), (7.2),
and (7.3) and corresponds to the eigenvalue Ag. A solution u (x) to the problem

L(ko)uk—i-uk_] =0, Lu,=0, Lu;=0, Pu,=0, (7.5)

belongs to WZZ(Q), and is called an associated function of the kth rank to the eigen-
function ug(x) of problem (7.1), (7.2), and (7.3).

Eigenfunctions and associated functions of problem (7.1), (7.2), and (7.3) are gath-
ered under the general name, root functions of problem (7.1), (7.2), and (7.3).

THEOREM 7.1. Let b(x, y) € Wo(Q), (=)™ a1 s — (—1)™ a2y £ 0, T € C2. Then,
(1) Problem (7.1), (7.2), and (7.3) for f € W' (Q; Pu = 0), fy € W, ™/*7/*(G;

Pu = 0) for |argr| < ¢ < w and |\| is sufficiently large has a unique solution that

belongs to the space WZZ(Q), and for this solution we have the coercive estimate

2
Ml o + 2@y < € (1 Nea + 30 (el yomrzesn + 17252 1)),
k=1

(7.6)
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where the constant C is independent of u and .
(2) Root functions of problem (7.1), (7.2), and (7.3) are complete in the space L (S2).

Proof. Consider in the space H = L7(G) operators A, B(x) defined by

Au = —Au(y)+rou(y), D(A) = W}(G; Pu=0),

7.7

B@x)u = b(x, y)u(y) —rou(y), D(B(x)) = W5(G; Pu=0,m =0). 7
Then, problem (7.1), (7.2), and (7.3) can be rewritten in the form

Au(x)—u" (x)+ Au(x) + B1(x)u' (x) + Bo(x)u = f(x), (7.8)

aru ™ 0) + B (1) = fr, k=1,2. (7.9)

We have the compact embedding [12, page 258] WZZ(Q) C L»(£2). On the other hand,
(cf. [12, page 350])
Si(1; W3 (), La()) ~ j~2 D, (7.10)

By virtue of Lemma 3.1 [13, page 60]
Sj(I; H(A),LQ(SZ)) = Sj(A_l; LZ(Q),LZ(Q)). (7.11)
Since H(A) C W22(S2), then, from (7.10), (7.11), and Lemma 3.3 [13, page 61], it

follows that
r+1

A7 €0y (La(Q), La(R)), p> - (7.12)
From (7.6) it follows that
HR(}», A) || < C|A|_1, largh| <@ <m, |A]is sufficiently large. (7.13)
So, all conditions of Theorem 6.3 have been checked. This ends the proof of the
theorem. (]
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