MULTIPLICITY OF POSITIVE SOLUTIONS
TO SEMILINEAR ELLIPTIC BOUNDARY
VALUE PROBLEMS
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We study semilinear elliptic boundary value problems of one parameter dependence
where the number of positive solutions is discussed. Our main purpose is to characterize
the critical value given by the infimum of such parameters for which positive solutions
exist. Our approach is based on super- and sub-solutions, and relies on the topological
degree theory on the positive cones of ordered Banach spaces. A concrete example is
also presented.

1. Introduction

Let D be a bounded domain of Euclidean space RN, N > 2, with smooth boundary
dD. In this paper, we study the following semilinear elliptic boundary value problem:

Lu:=(—A+c(x)u=21f(u) inD,

1.1
Bu :=a(x)2—z+(1—a(x))u=0 on dD. (a-h

Here
(1) A denotes the usual Laplacian ij:l 82/ asz. in RV,
(2)ceC®(D)and ¢ > 0in D,
(3) A is a positive parameter,
(4) f is areal-valued, nonnegative C '_function on [0, 00),
(5) B is a degenerate boundary operator with coefficient a € C*° (9 D) satisfying

O0<a(x)<1 onadD, (1.2)

(6) n is the exterior unit normal to 0 D.

The degeneracy means that the so-called Shapiro-Lopatinskii condition breaks down
at x € 9D where a(x) =0 if a # 0 on 0 D. We note that our boundary condition is the
Dirichlet one if a = 0 on 9D and Neumann one if a = 1 on 9D.
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196  Semilinear elliptic boundary value problems

A function u € C%(D) is called a solution of (1.1) if it satisfies (1.1). A solution of
(1.1) which is positive everywhere in D is called positive.

In this paper, we consider the existence and multiplicity of positive solutions of (1.1).

Here we assume for nonlinear f that

f(©0)=0, (1.3)
0y =1. (1.4)

In addition to (1.3) and (1.4), if the condition
f@)<t, vt>0, (1.5)

is assumed, then Green’s formula gives us a necessary condition for the existence of a
positive solution as follows:

A> A (1.6)
Here A is the first eigenvalue of the eigenvalue problem

Lo=Xp inD,

Bp=0 ondD. (1.7)

It is known (see [4]) that A1 is positive and simple, and that the corresponding eigen-
function can be chosen to be positive in D. We denote by ¢; the positive eigenfunction
normalized as [|¢1]loo = 1, Where || - |0 is the maximum norm of space C(D) of
continuous functions over D.

In addition to (1.3), (1.4), and (1.5), if the concavity is given for f, more precisely, if
f(t)/t is strictly decreasing with respect to ¢ > 0, then the super-sub-solution method
leads to the assertion that if A € (A1, A1/«) where o = lim;_, », f(¢)/t, then problem
(1.1) has a unique positive solution, and otherwise, there is no positive solution of (1.1)
(see [7, Corollary 2]).

This paper is mainly concerned with the case where f is convex with respecttot > 0
small and sublinear, that is, there exists a constant 0 < 7y < 1 with the conditions

f@)>1t, Vie,1n], (1.8)
f()<t, Vtell/ty,o0). (1.9)

If f satisfies (1.3), (1.4), (1.8), and (1.9), then we denote by £, fso the constants given
respectively by

f:sug@, (1.10)
foozlitmsup@. (1.11)

Now, we can formulate our main results. The first one is the following existence and
multiplicity theorem for positive solutions of (1.1).
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THEOREM 1.1. Let conditions (1.3), (1.4), (1.8), and (1.9) be satisfied. Then there exists
a constant A € [71/ f, A1) such that problem (1.1) has at least one positive solution for
every h € [A, M/ fso) and no positive solution for any A € (0, A) and, moreover, there
exist at least two positive solutions of (1.1) for each A € (A, L1).

Remark 1.2. By (1.8) we note B
f>1, (1.12)

and we find from (1.9) and the condition that f is nonnegative, that
0< foo <1 (1.13)
If foo =0, then it is understood in Theorem 1.1 that A /fs = oo.

If we restrict our consideration to the nondegenerate case where either a = 0 or
0 < a <1, then Lions [3, Theorem 1.4] studied the case fo, = 0, where a topological
degree argument is employed. We also refer to Ambrosetti, Brézis, and Cerami [2] for
a class of f which has concavity for small values ¢ > 0 and convexity for large values
t > 0, where the variational method is used as well as the super-sub-solution method.

However, our main interest here is to characterize the critical value A. Let e €
C> (D) be a unique solution of the problem

Lu=1 1in D,

1.14
Bu=0 onadD. ( )

It is known [5, Lemma 2.1] that the solution e satisfies

e>0 in D\Ty,

de (1.15)
— <0 onTYy,
on
where I'o ={x € 0D : a(x) = 0}.
Now the second main result of ours is the following.

THEOREM 1.3. Let B be the positive constant defined by (3.7). In addition to (1.3),
(1.4), (1.8), and (1.9), we suppose that f is nondecreasing with respect to t > 0. If f
satisfies the condition

= el
f> , (1.16)
p
then problem (1.1) has at least two positive solutions for every
1 1
fB llelloo
so that the critical value A given by Theorem 1.1 has the following estimate:
A 1
— <A<—. (1.18)
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Remark 1.4. The maximum principle ensures that 1/||e|lcoc < A1 < 1/8 (cf. [9, Lemma
4.2]). Moreover, we can show (see [10, Corollary 5.3]) that, under the Neumann con-
dition a = 1, we have

M=o (1.19)

Estimate (1.18) would be therefore optimal in this sense.

The rest of this paper is organized as follows: Section 2 is devoted to the proof of
Theorem 1.1. Our main tool for the discussion of the multiplicity of positive solutions
is the three fixed point existence theorem for compact, strongly increasing mappings
in ordered Banach spaces due to Amann [1, Theorem 14.2]. Section 3 contains the
proof of Theorem 1.3. For this we use Wiebers’ result [9, Lemma 4.4], based on the
topological degree theory on the positive cones of ordered Banach spaces. In Section 4
we give an example of f satisfying the assumption of Theorem 1.3 and discuss the
existence and multiplicity of positive solutions.

2. Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. First we reduce (1.1) to the equation
of a compact, strongly increasing mapping in the positive cone of an ordered Banach
space. For this we begin by recalling the following two existence and uniqueness the-
orems for the linear degenerate boundary value problem

Lu=h in D, )1
Bu=0 ondD. 21

THEOREM 2.1 (see [6, Theorem 1.1]). The mapping
(L,B): C**?(D) — C?(D) x C1*(aD), 02

u+— (Lu, Bu)

is an algebraic and topological isomorphism for 0 < 6 < 1. Here C™*?(D) denotes
the usual Holder space with norm || - ||cmiepy if m is a nonnegative integer, and

Ciw(aD) is an interpolation space associated with the boundary operator B in the
following sense:

CI D) = {p =api +(1—a)py : i € C* TP (@D}, (2.3)
We can verify that Ci"‘g (0D) is a Banach space with the norm

l@llc1+0 5 py = inf { leillci+eapy + ll@ollc2+o (5 py

> ivo (2.4)
ro =ap +(1—a)go, ¢; € C*7'(ID)}.
THEOREM 2.2 (see [8, Theorem 1]). The mapping
(L,B): WP (D) —s LP(D) x W)~ VPP 3Dy, 0s)

u+— (Lu, Bu)
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is an algebraic and topological isomorphism for 1 < p < oo. Here W™ P (D) denotes
the usual Sobolev space with norm || - |\wm.»(py if m is a nonnegative integer, LP (D) =

wO9%P(D), and W:f(l/p)’p((‘) D) is an interpolation space given by
WY POD) = g =agi +(1—a)gy s g e WP @D}, (2.6)
where W>~=(/P)-P(3 D) is a Banach space given by
w2 =P r@Dy ={p =ulyp :u e WP (D)}, i=0,1, 2.7
with the norm
||(P||W2—i—(l/p),p(ap) = inf{”“”W%i,p(D) ‘ue Wz_i’p(D)s ulyp = ¢}~ (2.8)
We can check that Wj‘“/”“’(a D) is a Banach space with the norm

@l -1, ) = inf {letllwi-a/m.e )+ 190l w2-a/m.03 )

. (2.9)
o =ap+(1—a)gy, i € W=D}
Let
C29(D) = {u e C**?(D): Bu=0o0n dD}. (2.10)

By Theorem 2.1, there exists the resolvent K : C?(D) — C?G(D) for (2.1), meaning

that K/ is a unique solution of (2.1) for any 4 € C?(D). By the well-known argument,

Theorem 2.2 allows K to be extended uniquely to the space LP(D),1 < p < oo.

Especially, K maps C(D) compactly into C'(D) thanks to the Sobolev imbedding

theorem. Furthermore, we can show (see [5, Lemma 2.1]) that K is strictly positive,

that is, K/ has property (1.15) forany 2 € P\ {0} where P = {u € C(D):u>0on D).
Let

C, (f)) = {u € C(E) : there exists a constant ¢ > 0 such that —ce < u < ce on D},
(2.11)
where e is the unique positive solution of (1.14). It is easily seen that C.(D) is a Banach
space with the norm

lulle =inf {c > 0: —ce <u < ce on D}. (2.12)

Letting B
PeZPmCe(D), (2.13)
we see that P, has nonempty interior. We can, moreover, show (see [5, Proposition 2.2])

that K is strongly positive, that is, K h is an interior point of P,, denoted by Kh € P,,
for any h € P\ {0}.

The standard regularity argument due to Theorems 2.1 and 2.2 shows that problem
(1.1) is equivalent to the equation

u=FQO,u):=AKfu) inC(D). (2.14)
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Here we see that F : (0,00) x P — P is compact, since K is compact and strictly
positive, and since f is nonnegative. Since f € C!([0, 00)), for any #; > 0 there exists
a constant k > 0 such that f(¢) 4kt is strictly increasing in ¢ € [0, #1]. This shows that

Fr (X, u) :=kKk(f(u)+ku), (M, u) € (0,00) x P (2.15)
is strongly increasing in u € P;, where

P={ueP:u<tonD}, >0, (2.16)

which means that Fi (A, u) — Fi (A, v) € P, for any u, v € P, satisfyingu—v € P\{0}.
Here K is the resolvent for the problem

(L+ku=h in D,

Bu=0 ondD. @17)
Summing up, we see that problem (1.1) is equivalent to the equation
u=Fy(:,u) inC(D), (2.18)
and also we can verify that problem (1.1) is equivalent to the equation
u=Fy(\,u) inC.(D). (2.19)

We remark here that the condition that Fy is strongly increasing in C,. (D) plays a crucial
role in the discussion of the multiplicity of positive solutions of (1.1).

Now we prove Theorem 1.1. By use of the local bifurcation theory from simple
eigenvalues in the degenerate case [4], condition (1.8) shows that there exists a positive
solution of (1.1) for every A € (A — 8, A1) with some § > O small. So, let A be the
positive constant defined as

A =inf {A <A;: (1.1) has at least one positive solution}. (2.20)

Here we assert that

Al
A>—, (2.21)
f
where f is given by (1.10). Indeed, Green’s formula shows
0 a
/ (Lu-(pl —u~L(p1)dx = / (ﬂu - —ugo])da (2.22)
D aD on on

for any positive solution u of (1.1). Here do is the surface element of d D. From the
boundary conditions

ou
a—+(1—-au=0 ondD,

83“ (2.23)
e L (1—a)p; =0 ondD,
on
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we note that

u

— u

on V= (%) onop. (2.24)
— o

on

Since (a, 1 —a) # (0,0) on 9D, we necessarily obtain

BRI ou

—u——¢; =0 oD. 2.25
o am? on (2.25)
Consequently,
/ (Lu Q1 —U- Lgol)dx =0. (2.26)
D
Meanwhile, we obtain
0=/ (Lu-(pl—u~L(p1)dx§(Af—A1)/ updx, 2.27)
D D

which implies assertion (2.21).

To show the existence of a positive solution of (1.1) for A € (A, A1/fs), WeE uSE
the super-sub-solution method. However we consider only the case fo, > 0. The case
foo = 0 can be verified in the same manner with a minor modification. A nonnegative
function ¥ € C%(D) is said to be a super-solution of (1.1) if we have

Ly =Af(y) inD,

By >0 ondD. (2.28)

A nonnegative function ¢ € C 2(D) is said to be a sub-solution of (1.1) if we have

Lo <Xrf(¢) inD,

Bp <0 ondD. (2.29)

A super-solution which is not a solution is called strict. Strict sub-solutions are defined
similarly.
For any A € (A, A1/fx), there exists a constant &1 > 0 such that

M fooe1) < A1, (2.30)
and, from (1.11), we can choose a constant d; > 0 such that
A @) <M(footer)t+di, t>0. (2.31)

To construct super- and sub-solutions, we prove the following lemma.

LEMMA 2.3. Let A € (A, A/fxo), and let €1, d| be the constants given by (2.30) and
(2.31), respectively. Then the linear nonhomogeneous problem

Lu=M(foote1)u+di inD,

(2.32)
Bu=0 onoD
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has exactly one positive solution ¥ ()) € C 2(D). Furthermore, the positive solution
Y (X) is a strict super-solution of (1.1), satisfying

u<y@) inD (2.33)
Sfor any positive solution u of (1.1) with parameter |1 € [A, L).

Proof. Thanks to the positivity lemma [7, Lemma], condition (2.30) shows that prob-
lem (2.32) has exactly one positive solution. It follows from (2.31) that the positive
solution yr(1) is a strict super-solution of (1.1). For any positive solution u of (1.1)
with parameter i € [A, A), we obtain

L(¥y () —u) > A(foote1)(¥ (W) —u) in D,

B(y(\)—u) =0 ondD, (2.34)

where we have used (2.31) and the fact that f is nonnegative. Using the positivity
lemma again, we have (2.33) and the proof of Lemma 2.3 is complete. O

From the definition of A it follows that, for any A € (A, A1/fx), there exists a
w € [A, X) such that problem (1.1) with parameter u has a positive solution u,. Since
f is nonnegative, we see that u,, is a sub-solution of (1.1). By (2.33) we obtain that
u, < Y (A) on D. The super-sub-solution method [6, Theorem 1] shows that problem
(1.1) has at least one positive solution.

Next, we verify the existence of a positive solution of (1.1) for A = A. By the
definition of A, we can choose functions u; € C 2(D) such that u j 1s a positive solution
of (1.1) with parameter v ; where i ; |, A as j — oo. It follows that ||u j || is uniformly
bounded. Indeed, we may assume

MA+A
2 9

np <y := (2.35)
and then, for the positive solution v/ (y) to (2.32) with A =y, we have u; < ¥ (y) on
D for any j > 1, by virtue of (2.33).

By the regularity argument, [|u || -2+0 is also uniformly bounded. Thanks to Ascoli-
Arzeld’s theorem, we may assert, without loss of generality, that there is a function
i € C%(D) such that .

u; — i in C*(D), (2.36)
which implies that
Li=Af(u) inD,
#>0 inD, (2.37)
Bi=0 onadD.

It is known (see [1, Theorem 18.1]) that A is an eigenvalue of (1.7) with a positive
eigenfunction if A is a bifurcation point from the line of the trivial solutions. Since
A < A1, we obtain that i # 0. Hence the strong maximum principle shows

i>0 inD. (2.38)
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Finally we consider the multiplicity of (1.1) for A € (A, A1). We recall that for any
A € (A, Ap) there exists a constant i € [A, A) such that problem (1.1) with parameter
w admits a positive solution u,,. We see that u,, is a strict sub-solution of (1.1). For
positive constants ¢, we have

L(ep1) —1f (e1) = (M —A%>8<pl in D. (2.39)

By (1.3) and (1.4), there exists a constant &, > 0 such that

(Al —AM> >0 inD,

&2¢1

g1 <uy, inD.

(2.40)

This implies that e>¢; is a strict super-solution of (1.1).
Summing up, we have constructed a strict sub-solution u,, a strict super-solution
&2¢1, and a strict super-solution ¥ (1) of (1.1). Furthermore, assertion (2.33) gives

0 <&@ <uy <y() inD, (2.41)

where u = 0 is a sub-solution of (1.1). If we use Amann’s three fixed point existence
theorem [ 1, Theorem 14.2] to solve (1.1) in the framework of (2.19), then the strong in-
crease of Fy, ensures the existence of at least two distinct nonnegative, nonzero solutions
of (1.1) and then, they are positive in D by the strong maximum principle.

The proof of Theorem 1.1 is now complete. O

3. Proof of Theorem 1.3

This section is devoted to the estimate for the critical value A. We prove here that
problem (1.1) has at least two distinct positive solutions in the open interval given
by (1.17).

Our proof relies on the following lemma, which ensures the existence of at least
three fixed points for equations of compact, nonnegative mappings in ordered Banach
spaces (see [9, Lemma 4.4]).

LEmMMA 3.1. Let X be an ordered Banach space with norm || - || and the positive cone Q
having nonempty interior, let n : Q — [0, 00) be a continuous, concave functional and
let G be a compact mapping of Q; :={w € Q : ||w|| < t} into Q for some constant
T > 0 such that

IGw)|| <t, YweodQ:. (3.1)

Assume that there exist constants 0 < § < t and o > 0 such that

W:{weé,:n(w)>a} 32)



204  Semilinear elliptic boundary value problems

is not empty, and that

IG(w)|| <8, Ywe€adQs, (3.3)
n(w) <o, Ywe Qs, (3.4
n(G(w)) >0, VYw e Q; satisfying n(w) =o. 3.5

Then the mapping G has at least three distinct fixed points in Q.

Let Q be a sub-domain of D with smooth boundary such that Q C D. We put

Cqo = inf K xq, (3.6)
xeQ

where x4 denotes the characteristic function of a subset A of D, and put

B = sngQ. (3.7

Here we note that g is a positive constant because of the strict positivity of K.
Now we apply Lemma 3.1 to the case
X =c(D),
Q0=P={ueC(D):u(x)>0in D},
G()=F(,) =2Kf(), 3-8)
1 1
— <A< .
B llelloo
In this situation we verify (3.1), (3.3), (3.4), and (3.5). By the definitions of 8 and f

(see (1.10) and (3.7)), there exist a smooth sub-domain €2 of D satisfying Q C D, and
a constant #; > 0 such that

1
2 _r 3.9
” 7 0)Ca G2

for any A satisfying (1.17). Setting

n(u) = inf u(x), (3.10)
xeR

we find that 7 is a nonnegative, continuous and concave functional on P. Since f is
nonnegative and nondecreasing, we have

inf 2K f(u) = inf K(f)xe) = Af () inf Kxo > 1 (3.11)

for any u € P satisfying that inf,cq u(x) = #;. Hence condition (3.5) has been verified
foro =1.
Since foo < 1, we obtain
1

< -
Joollelloo

(3.12)
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By (1.11), we can choose #; € (f1, 00) large such that

1) 1
A< : . (3.13)
f(@) el
This implies that if u € 9 P;,, then we have
IAKf)lloo < 12, (3.14)

since f is nondecreasing. Here we have used the fact that e = K'1. Hence condition
(3.1) has been verified for T =1, and also, it is easily seen that the set

W:={wePt2:;2gw>z1} (3.15)

is nonempty, since tp > f1.

From the condition |

llelloo”

conditions (1.3) and (1.4) ensure the existence of #3 € (0, #;) small such that

(3.16)

13 1

< —" . (3.17)
f(B3) llelloo
In the same way as above, we have
LK f)lloo <13 (3.18)
for any u € d P;. Hence condition (3.3) has been verified for § = 13.
Finally, we observe that if u € Py;, then
inf u(x) < |lulloo <t3 <1ty. (3.19)
xe

Hence condition (3.4) has been verified.

As a consequence of Lemma 3.1, we therefore conclude that (2.14) has at least three
distinct fixed points in P;,. The same argument in Section 2 completes the proof of
Theorem 1.3. [l

4. Examples

In this section, we give an example of nonlinearity f satisfying the assumption of
Theorem 1.3. Let m be a positive constant and define f;, of the form

tant, 0 <t <arctanm,
arctanm

Jm(t) = 4.1

m + (arctanm) (1 +m2)<1 - ), t > arctanm.

Then we easily see that f;, is continuously differentiable with respect to # > 0 and
satisfies (1.3), (1.4), (1.8), and (1.9) with

(fin) o =0. 4.2)



206  Semilinear elliptic boundary value problems

It can be checked that f;, is strictly increasing with respect to ¢ > 0 and then, we have

3 S (@) Sm(/2) fm (arctanm) 2m
pIi > > =

= . 4.3
Jm=sup == 72 72 - 4-3)
This implies that if
- 77”3”00’ (4.4)
28
then condition (1.16) holds for f;,,.
Now we consider the solvability of the semilinear Neumann problem
(—A+0)u=if() inD,

du 4.5)

— =0 onadD.
on
Here c is a positive constant and f;, is given by (4.1).
To describe precisely the number of the positive solutions, the following lemma is
proved, which gives an estimate for 8 in the Neumann or Robin case.

LEMMA 4.1. Assume
O<a(x)<1 onodD. (4.6)

Then we obtain
1 1 1
<-<—. @.7)
lelloo — B~ minge

Proof. In [10, Lemma 5.1] we can see that

! < l 4.8)
lelloc — B
It remains to show that | |
B~ minje’ (4.9)

To do so, we choose a sequence {£2;} of relatively compact subdomains of D, with
smooth boundary, such that ; 1 D as j — oo. Let

we; = Kxq;. (4.10)
Thanks to the Sobolev imbedding theorem, Theorem 2.2 gives
||ij—e||oo—>0 as j — oo. “4.11)
In case (4.6), wg; and e are both strictly positive on D and we obtain

. XQ;
infwg; =sup — =sup ,
£ Q; WQ; D Wg;

(4.12)

mine = infe = sup —.
D D D €
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However, condition (4.11) gives

Q 1
”X’—— — 0 asj— oo, (4.13)
we, €l
so that
Q; 1 )
sup —> sup— as j —> oo. (4.14)
D ij D €

In view of assertion (4.12), this implies

infwgzj —> mine as j — oo. 4.15)
Qj D

Therefore the desired inequality (4.9) follows from (4.15), since we have

inf wq; < sup inf wg = . (4.16)
2 Gcp

The proof of Lemma 4.1 is complete. O

Now we have the following existence and multiplicity theorem for (4.5).

THEOREM 4.2. If m > m/2, then there exists at least one positive solution of (4.5)
for each

A> = 4.17)
and no positive solution for any

0<i<—. (4.18)

m

Moreover, problem (4.5) has at least two positive solutions for every

£ cr<e (4.19)

m

Proof. We first recall (1.19). Since e = 1/c in this case, assertion (4.7) shows 1/8 = c.
In view of (4.4), Theorem 4.2 follows as a consequence of Theorems 1.1 and 1.3.
The proof of Theorem 4.2 is now complete. O
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