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This paper proves that any nonregular nonparametric saddle surface in a three-
dimensional space of nonzero constant curvature «, which is bounded by a recti-
fiable curve, is a space of curvature not greater than x in the sense of Aleksandrov.
This generalizes a classical theorem by Shefel’ on saddle surfaces in E°.

1. Introduction

The class of saddle surfaces is dual to the class of convex surfaces. A surface
in a Euclidean n-space is said to be a saddle surface if it is impossible to cut
off a crust by any hyperplane. In contrast to the theory of convex surfaces, the
results in the theory of saddle surfaces are in many respects far from complete.
One of the central problems in this area is the study of the intrinsic geometry.
Although it is known that the Gaussian curvature of a regular saddle surface in
E" is nonpositive, it remains an open question whether the intrinsic curvature
of any nonregular saddle surface in E” is nonpositive. An affirmative answer has
been given by Shefel’ [4, 7] when #n = 2 (for any simply connected saddle surface),
and when n = 3 (for any nonparametric saddle surface). The answer is still not
known for n > 3.

In order to describe our results on saddle surfaces, first we need to intro-
duce some terminology. The n-dimensional x-space S (x-plane for n = 2) is the
hyperbolic space H for « < 0, the Euclidean space E” for x = 0, and the upper
open hemisphere S” (x™1/2) of E**! of radius x~/? with the induced metric, when
x > 0. Every SI is a Riemannian simply connected manifold of constant sectional
curvature x such that any pair of points can be joined by a unique geodesic seg-
ment. Notice that S is a complete space only if k¥ < 0.

A nonparametric surface in the Beltrami-Klein model of H? is a continuous
function z = f(x, y), provided x* + y* + z> < —1/k. A nonparametric surface in
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S3 (x71/2) is a surface represented in the form r(x, y) = (x/a, y/a, f (x,y)/a, k" V?/a),
where a = (1+xx? +xy?> +xf2(x, y))"? and f is a continuous function of two
variables. The principal result of this work is the following.

TueoreM 1.1. If a nonparametric saddle surface in S3 (k # 0) is bounded by a
rectifiable curve, then it is a space of curvature bounded from above by x in the
sense of Aleksandrov.

The converse of Theorem 1.1 does not hold as Example 6.1 shows. The proof
of Theorem 1.1 is based on the possibility of approximating a nonparametric
saddle surface in S} by saddle polyhedra (Lemma 5.2) and on a characterization
of spaces of curvature bounded from above in the sense of Aleksandrov due to
Reshetnyak (Lemma 5.1). In higher dimensions the possibility of such an ap-
proximation is still not known even in the Euclidean case (see [4, page 59]).

Saddle surfaces in S} (k # 0) can be defined in a similar way as in E?, that
is, by means of the operation of cutting off crusts by x-planes. Instead of this
definition, we introduce an equivalent coordinate-free definition using only the
geodesic structure of S3.

In Section 2, we review the definition of a metric space of curvature bounded
from above in the sense of Aleksandrov. In Section 3, we present the general-
ized definition of a saddle surface in an arbitrary geodesically connected space
(Definition 3.1, Theorem 3.4). In Section 4, we determine the curvature condi-
tion that a saddle polyhedron in S? satisfies Proposition 4.4 and in Section 5, we
give the proof of Theorem 1.1.

2. Metric spaces of curvature bounded from above in the sense
of Aleksandrov

A notion of curvature of metric spaces can be defined by comparing triangles
in a metric space with the corresponding model triangles in the x-plane with
sides of the same length. The definition is due to Aleksandrov [1] and the curva-
ture is usually referred to as the curvature in the sense of Aleksandrov. Aleksan-
drov’s spaces are a natural generalization of Riemannian manifolds but they are
of much more general nature. For more details, see [2, 3].

An R, domain, abbreviated by Ry, is a metric space satisfying the following
axioms.

Axiom 1. Any two points in JR, can be joined by a geodesic segment.
Axiom 2. If x >0, then the perimeter of each triangle in R, is less than 27//%.

Axiom 3. Each triangle in R, has nonpositive k-excess, that is, for the angles
a, 3,y of a triangle ABC

a+B+y—(ae+fetyc) <0, 2.1)
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where «y, B, Y« are the corresponding angles of a triangle A“B*C* on the x-plane
with sides of the same length as ABC.

Another term for an R, domain is a CAT (k) space. It is evident that any «-
space is an PR, domain. A space of curvature bounded by x from above in the
sense of Aleksandrov is a metric space, each point of which is contained in some
neighborhood of the original space, which is an 2%, domain.

3. Saddle surfaces

Nonregular saddle surfaces in E”. A (parametrized) surface f in E" is any con-
tinuous mapping f : D — E”, where D denotes the closed unit disk on the plane.
We say that a hyperplane P with equation a;x; + -+ +a,x, = b cuts off a crust
from the surface f if among the connected components (maximal connected
subsets) of f~!(f(D) \ P) there is one with positive distance from the boundary
of D. It is clear that if U is such a component, then U is an open set and the
set f(U), which is called a crust, is contained in one of the two open half-spaces
that the hyperplane P defines. We always assume that f(U) Cc P* and f(dU) C P,
where P* is the half-space determined by a;x; +---+a,x, > b.

A surface f in E” is said to be a saddle surface if it is impossible to cut off
a crust from it by any hyperplane (see [4]). Notice that saddle surfaces are, by
definition, compact surfaces. The class of C? saddle surfaces in [E* coincides with
the class of surfaces of nonpositive Gaussian curvature.

Nonregular saddle surfaces in metric spaces. Let (M, d) be a geodesically con-
nected metric space, and D the closed unit disk on the plane. A (parametrized)
surface f in a metric space M is any continuous mapping f : D — M. The con-
vex hull of a subset A, denoted by conv(A), is defined as the union of all sets
G (A), with G (A) = A, GV (A) is the union of all geodesic segments between
points of A, and G (A) = GV(G"V(A)) for any n > 1.

Definition 3.1. A surface f in a geodesically connected space M is said to be a
saddle surface if

f(inty) c conv (f(y)) (3.1)

for every Jordan curve y C D having positive distance from the unit circle.

Theorem 3.4 below shows the equivalence of Definition 3.1 with the classical
one in the case of a Euclidean space. In order to prove it we need the following
two elementary lemmas.

LeMMA 3.2. Let Dy,..., Dy, be closed disks in the plane such that \J!', D; is a con-
nected set. Then given an € > 0, there exists a Jordan plane curve y with the follow-
ing properties:
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(a) y consists of a finite number of circular arcs each of which is a part of the
boundary of some D;, (i = 1,...,m), where D is a closed disk with the same
center as D; and its radius is (1+ ;) times the radius of D,, where 0 <A; < &

(b) U, D; c U, D, ity

We sketch the proof of Lemma 3.2. The claim is obvious for m = 1. Suppose
that the claim is true for some m > 1. Let ¢ > 0 and Dy,...,D,,, D;yy1 be m+
1 closed disks in the plane with [J?I' D; a connected set. We group the disks
Dy, ..., Dy, into k groups so that the union of each such group is a connected set.
Then we apply the inductive assumption for each one of these groups and we get
k Jordan curves y1, ..., yx and m new closed disks D',..., D;,. If D, touches any
one of the disks D, ..., D,,, then we slightly enlarge D,,, to anew one D), _, that
does not touch any one of them. Then the desired Jordan curve is the boundary
of the unbounded component of E?\ (inty; U---UintysUD!, , ).

Let § > 0. The closure of a bounded connected set in the plane can be covered
by a finite number of open disks of radius §/4 the union of which is a con-
nected set. Therefore, the Jordan plane curve that Lemma 3.2 ensures for the
corresponding closed disks and for the positive number & = §/4 satisfies the two

conditions of the following lemma.

LemMa 3.3. Let U be a bounded, connected set in the plane and let § be a positive
number. Then there exists a Jordan plane curve y such that (i) y C U} D(y,6),

yedU

and (i) U C inty, where D(y, 8) denotes the open disk of radius & centered at y.
The following theorem justifies our definition of a saddle surface.

TueoreM 3.4. If f is a surface in E" then the following are equivalent:

(a) it is impossible to cut off a crust from f by any hyperplane,
(b) f(inty) C conv(f(y)) for every Jordan curve y C D which has a positive
distance from the unit circle.

Proof. (a)=(b). Suppose, contrary to the claim, that there exist a Jordan curve
y € D having a positive distance from the unit circle, and a point a € int(y) so
that f(a) ¢ conv(f(y)). We can separate the convex set conv(f(y)) from the
point f(a) by a hyperplane P with f(a) € P* and conv(f(y)) C P~, where P*
and P~ are the two open half-spaces the hyperplane P defines. If V is the con-
nected component of f~!(P") that contains the point a € int(y), then V does
not intersect the curve y since f(y) C P~. So V C int(y) and therefore the dis-
tance of V from the unit circle is positive. Thus, the hyperplane P cuts off a crust
from f, a contradiction.

(b)=(a). Suppose that a hyperplane P cuts off a crust from f. Then f(U) C
P* and f(dU) c P for some open connected subset U of D having positive
distance from the unit circle. Let ¢ = max{dist(x,P) : x € f(U)} > 0. Since f
is a uniformly continuous function, there is a §; > 0 such that f(D(y,6)) C
B(f(y),&/2) for all § € (0,6,) with D(y,8) C D, where B(f(y),¢/2) denotes the
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n-dimensional ball of radius /2 centered at f(y). Since the distance of U from
the unit circle is positive, choose & € (0, §;) so that UMU D(y,8) c D. Then

fycf (UD(M)> c U f(D(y,)

yeau yeoU

€ €
C U B(f(y), §> C UB<Z, §>
yeou z€eP
Therefore, f(y) C {p+tn:p e Pand —&/2 <t <&/2}, where n is a unit normal
vector to the hyperplane P. So f(inty) C conv(f(y)) C{p+tn:pePand-&/2<
t < &/2} therefore, by Lemma 3.3(ii), f(U) C{pt+tn:pePand —&/2<t<e/2}
which contradicts the choice of €. O

Definition 3.5. Let M, M, be two metric spaces. The mapping ¢ : M; — M, is
called a geodesic mapping if the image of any geodesic segment in M; under ¢ is
a geodesic segment in M,.

Example 3.6. For any x € R there exists a mapping ¢ : S — E? such that both ¢
and ¢! are geodesic mappings.

Proof. The assertion is trivial when x = 0. When « < 0 consider the Beltrami-
Klein model of H2. Since geodesic segments in the Beltrami-Klein model of H?
coincide with the Euclidean line segments, the inclusion mapping ¢ : H2 — E3
with @(x) = x and its inverse are geodesic mappings. In the case when x > 0
consider the central projection ¢ : S3 (x™/?) — E* defined by

@ (x1,%2, X3, %4) = K2 <ﬂ, ﬂ, ﬁ) (3.3)
X4 X4 X4

The central projection takes a point x on S3(x7/?) to the intersection of the

hyperplane {x; = x*/2} = E? with the straight line through the point x and the

origin of E*. Under the mapping ¢ great circles go to straight lines and vice versa.

Therefore, both ¢ and ¢! are geodesic mappings. O

ProposITION 3.7. Let My, M, be two metric spaces, ¢ : My — M, be a geodesic
mapping, and f : D — M, be a saddle surface in M,. Then @o f is a saddle surface
in Mz.

Proof. Tt follows directly by the definition of saddle surfaces and convex hull. O

4. Curvature of saddle polyhedra in S}

In order to determine the curvature condition that saddle polyhedra in S? sat-
isfy, we need to estimate the total angle at any point of such a polyhedron. All
arguments in this section can be trivially generalized to higher dimensions.

A surface in S}, defined over a domain in the Euclidean plane bounded by a
simple closed polygonal line, is called a polyhedron if it can be partitioned into
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a finite number of x-plane triangles intersected only at the boundaries. In order
to estimate the total angle at a point of a saddle polyhedron in S}, we need the
following two lemmas.

LemMma 4.1. If Ay, Ay, As, Ay, and O are points in' S such that O belongs to the
convex hull of Ay, Ay, As, and Ay, then

ALOA, +A,0A; +A;0A, + A,0A, > 2. (4.1)

Proof. Firstletx=0.0 € conv{A,, A;, A3, A4} implies that there exists a point D
on the line segment A3A, and a point B on the line segment A; D such that O lies
on the line segment A, B. Because of triangle inequality and since A;, A,, and D
are coplanar, we have

mz +m3 +@4 +m1

= 4,04, + (A,0A;+A;0D) + (DOA, + A, 0A,) )

> A,0A,+A,0D+DOA,

=27I.

Since in the Beltrami-Klein model of H geodesic segments are Euclidean line
segments, the proof in the hyperbolic case is exactly the same as in the Euclidean
case. In the hemisphere S? (k71/2) we follow the same steps as in the Euclidean
case. Equality (4.2) holds because the images of A;, A,, and D under exp; are
coplanar. O

LEMMA 4.2, Let O, B, and Ay, A,, ..., Ag be points in S2. If B belongs to the convex
hull of A1, As, ..., Ag, then

AOB+BOC < AOA, +A,0A, +---+ A OA + A OC (4.3)
forany A,CinS2.
Proof. Apply induction on k and the angle triangle inequality. O

ProposITION 4.3. The total angle at any point of a saddle polyhedron in S} is
greater than or equal to 271.

Proof. Let O be a point on a saddle polyhedron in S2. Then, by Definition 3.1,
there are points A;,A,,...,Ax on the polyhedron such that O € conv{A,,
Ay, ..., A }. We will prove that

ALOA,+A,OAs +---+Ar 1 OAL +ALOA, > 271, (4.4)

If k = 3 then relation (4.4) obviously holds as an equality. Let k > 3, then there
exists a point B € conv{As,...,Ax_1} such that O € conv{A,,A,, B, A;}. By
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Lemma 4.2
A,0B+BOA; < AyOA3 +A;0A +---+ Ay, OAr_ + A OA, (4.5)

and, by Lemma 4.1,

A,OA,+A,0B+BOA, + AL OA, > 2. (4.6)

Therefore,
ALOA,+A,0A; +---+ A OA, + ALOA, > 271. (4.7)
O

ProrosiTioN 4.4. Any saddle polyhedron in a space of constant curvature x is a
space of curvature bounded from above by « in the sense of Aleksandrov.

Proof. A necessary and sufficient condition for a locally geodesically connected
space M with intrinsic metric to be a space of curvature < x in the sense of
Aleksandrov is

Kin(p) <k VpeM (4.8)

with xint(p) to be the intrinsic curvature of M at p, defined by

o
() = T g 3. (4.9
The limit is taken over all nondegenerate geodesic triangles I in M the vertices
of which approach the point p. §(7) is the excess of 7, thatis, §(J) = a+f+y—-7
with a, 3, y the angles of I, and S(9) denotes the area of J. This characteriza-
tion of spaces of curvature bounded from above is due to Aleksandrov [1].
Let P be a polyhedron in a space of constant curvature x and p be a point on
P. If the point p is not a vertex, then by the Gauss-Bonnett formula,

o) :ﬂngS:KS(g) (4.10)

s0 Kint(p) = k. Let p be a vertex of P which belongs to the interior of the triangle
I . Suppose that the edges of P, starting at the vertex p, intersect the sides of I
into N points. Joining p with these N points and the three vertices of the triangle
I, we can construct N +3 triangles each of which lies on only one face of P with
the singleton {p} to be their intersection. Applying the Gauss-Bonnett formula
to each of them, we have (7 1)+ 6(T,)+---+8(T n13) = kS(9) and therefore, if
a, 3, y are the three angles of 7, then

a+fB+y—(N+3)m+[total angle at p] + N7 = «S(7F). (4.11)

Hence, 6(J) = xS(J) + [27 — total angle at p]. But, by Proposition 4.3, the total
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angle at any vertex of a saddle polyhedron is greater than or equal to 27. There-
fore §(F) <xS(T), and hence ki (p) < . O

5. Curvature of saddle surfaces in H? and S2 (x~1/?)

In this section we prove Theorem 1.1. To do so we need the concept of a B,
domain and the following two lemmas.

A geodesically connected space with intrinsic metric is said to be a J3,, domain
if for any triangle contained in B, whose perimeter is less than 27/y/%, x > 0,
the k-excess is nonpositive. It is clear that 3, domains and 2R, domains coincide
inS}.
LeMMaA 5.1 (see [6]). A geodesically connected space M with intrinsic metric is a
B domain if and only if for any closed rectifiable curve & in M there exists a convex
domain V in S2 with bounding curve N and a mapping ¢ : V. — M such that (i) ¢
is a nonexpanding mapping, that is, dy(¢(x), p(y)) < ds2 (x, y) forall x, y € V and
(ii) ¢ maps N onto & translating each arc of N onto an arc of & of the same length.

LEMMA 5.2. Any nonparametric saddle surface in S? (x # 0) can be approximated
uniformly by a sequence of saddle polyhedra with the lengths of their bounding
curves convergent to the length of the bounding curve of the saddle surface.

Proof. The case « = 0 is due to Shefel’ [4, 7]. Let k # 0 and ¢ the geodesic map-
ping from S; into E? insured by Example 3.6. It is not difficult to see that the
restriction of ¢ : S} — E? to a compact set is a bi-Lipschitz mapping.

Comment 1. Let (g;;(x)) be the 3 x 3 positive definite symmetric matrix that the
coefficients of the first fundamental form of S} define. Each g;;(x) is a polyno-
mial in X, x», x3 depending on x. Assume that A, and A, are the minimum and
maximum eigenvalue of (gi;(«)), respectively. Then, since ¢ is restricted on a
compact set, there are positive constants ki, k, such that 0 < k; <A, <A, <k,
and

S gijdxidx;

ki < <k, 5.1
DAt dd dad ? 5.1

that is,
ki (dxt +dx; +dx3) < dss, <ky(dxi+dx; +dx3). (5.2)

Equation (5.2) completes the proof of our assertion for ¥ < 0. Let x > 0. On a
compact subset of x7 +x3 +x3 < 1/ the element of length ds? of the coordinate
system (3.3), where x; = (1/k—x} —x3 —x3)!/2, satisfies the inequality

ci(dxi+dx3+dx3) <ds” < ¢ (dxi +dx; +dx3) (5.3)

for some positive constants cj, ¢;. Therefore, for any x # 0, the restriction of
¢:S? — [E? to a compact set is a bi-Lipschitz mapping.
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We are now ready to complete the proof of the lemma.

Let f be a nonparametric saddle surface in S} and let {P, : n € N} be the
sequence of Euclidean saddle polyhedra approximating the nonparamertic sad-
dle surface ¢(f). Then, ¢~ (P,) is the desired sequence. 0

Remark 5.3. The fact that the geodesic mapping ¢ : S} — [E? is bi-Lipschitz on
the compact sets has two important consequences; there are positive constants
ki, k, depending on the compact set such that for any curve y and surface f in
the compact set k,€(y) < €(poy) <ki€(y) and k3S(f) < S(¢o f) <kiS(f), where
¢ denotes length and S denotes the Lebesgue area (see [5]).

It is a well-known property of a two-dimensional one connected Euclidean
surface with nonpositive curvature that its intrinsic diameter does not exceed the
half of the length of its bounding curve. Hence, by Proposition 4.4, Remark 5.3,
and Lemma 5.2 it follows that any pair of points on the graph & of a nonpara-
metric surface in S} can be joint by a rectifiable curve on &. Therefore, if we
consider ¥ as a metric space with distance between two points the minimum
length of the curves lying on & and joining those points, then & is a space with
an intrinsic metric.

Proof of Theorem 1.1. Let ¥ be the graph of a nonparametric saddle surface in S?
bounded by a rectifiable curve. To show that & is a space of curvature not greater
than « in the sense of Aleksandrov it suffices to prove that for any curve £ on &
of length ¢ there exists a nonexpanding mapping ¢ as described in Lemma 5.1.
Let W be the neighborhood on & with boundary curve a given curve & of length
¢. Consider W as a space with intrinsic metric induced by the metric of S3.
Construct a sequence of saddle polyhedra P, convergent to W uniformly, so
that if £, is the length of the boundary curve &, of P, then lim,_, £, = €. By
Proposition 4.4 each P, as a space with intrinsic metric, is a space of curva-
ture bounded from above by « in the sense of Aleksandrov. For the boundary
curve £, of any saddle polyhedron P, construct, using Lemma 5.1, a nonex-
panding mapping ¢, : V,, — P, such that (a) d,(¢,(x), pu(y)) < dg2 (x, y) for all
x,y € Vy,, and (b) ¢, maps N, onto &, translating each arc of N, onto an arc
of &, of the same length, where V,, is a convex domain in S? with bounding
curve N, and d,, is the intrinsic metric of P,. Since the lengths of N, are uni-
formly bounded we can assume, without loss of generality, that the sequence of
convex domains V,, converges to a convex domain V with bounding curve N in
the Hausdorff sense. The mapping ¢ : V. — W defined by ¢(x) = lim,—e, @n(x4),
where {x, € V,, : n = 1,2,...} is a sequence convergent to x, is a well-defined
mapping because

An(Qn(%0)s @n(yn)) <ds2 (X yn) Yn=1,2,.... (5.4)

Taking liminf on both sides of the above inequality and using the semi-continu-
ity of length, we have that ¢ is a nonexpanding mapping. Condition (b) and the



122 Curvature of saddle surfaces

choice of V and &, imply that ¢ maps N onto & translating each arc of N’ onto
an arc of & of the same length. This completes the proof of Theorem 1.1. O

6. Remarks

(1) The curvature condition in Theorem 1.1 is a necessary but not sufficient
condition for a nonparametric surface with rectifiable bounding curve to be sad-
dle, as the following elementary example indicates. Similar examples in H? and
S3 (x71/?) can be obtained by considering the geodesic mappings of Example 3.6.

Example 6.1. Consider the polyhedron P defined by the points A;(0,0,0),
A3(1,0,¢), A3(0,0,1), A4(0, 1,¢), A5(—1,0,¢), and Ag(0, -1, €), where ¢ is any suf-
ficiently small positive number. The bounding curve of P is the polygonal line
AyA3A4AsAgA; and the only vertex is the point A;. If O(¢) is the total angle of
P at the vertex Ay, then lim,_, 68(¢) = 57/2 > 27. The intrinsic curvature of P is,
by definition, zero everywhere except the vertex A; where it is equal to 21— 0(e).
Therefore, for sufficiently small ¢ > 0 the intrinsic curvature of P is nonpositive.
But on the other hand, for any such ¢ the polyhedron P is not a saddle since we
can cut off a crust about the vertex A;.

(2) In [8] it is proved that any simply connected saddle surface in E? satisfies
the isoperimetric inequality aS—¢2 < 0 for some positive constant . Therefore,
by Remark 5.3, any simply connected saddle surface in S? satisfies the isoperi-
metric inequality S — €% < 0 for some positive constant 3 depending on the
distance of the surface from the boundary of the space. Hence, any simply con-
nected saddle surface in S} with rectifiable bounding curve has finite area. On
the other hand, in [5] it is proved that at each point of a surface in E* with
finite Lebesgue area there are arbitrarily small neighborhoods bounded by recti-
fiable curves. By Remark 5.3, this is also true in any space of constant curvature.
Therefore, Theorem 1.1 can be strengthened as follows.

THEOREM 6.2. If a saddle surface in S} (x # 0) has a rectifiable bounding curve,
and in a neighborhood of each of its points it is nonparameric, then it is a space of
curvature bounded from above by « in the sense of Aleksandrov.

(3) Since any simply connected saddle surface in [E* can be approximated by a
sequence of saddle polyhedra (see [8]), one can easily derive the following theo-
rem by applying arguments similar to what we used in the proof of Theorem 1.1.

THEOREM 6.3. Any simply connected saddle surface in S (x # 0) has a curvature
not greater than « in the sense of A. D. Aleksandrov.
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