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This article investigates the existence of positive periodic solutions for a first-
order functional differential equations of the form

y'(t) =—a(t)y(t) + Ah(t) f (y(t—1(1))), (1)

where a = a(t), h = h(t), and 7 = 7(t) are continuous T-periodic functions.
We will also assume that T >0, A >0, f = f(t) as well as h = h(t) are positive,
[T a(t)dt > 0.

Functional differential equations with periodic delays appear in a number of
ecological models. In particular, our equation can be interpreted as the standard
Malthus population model y' = —a(t) y subject to perturbation with periodical
delay. One important question is whether these equations can support positive
periodic solutions. Such questions have been studied extensively by a number
of authors (cf. [1, 2, 3, 4, 6, 7] and the references therein). In this paper, we are
concerned with the existence and nonexistence of periodic solutions when the
parameter A varies. For this purpose, we call a continuously differentiable and
T-periodic function a periodic solution of (1) associated with A* if it satisfies
(1) when A = A*. We show that there exists A* > 0 such that (1) has at least one
positive T-periodic solution for A € (0,A*] and does not have any T-periodic
positive solutions for A > A*. Our technique is based on the well-known upper
and lower solutions method (cf. [5]).

We proceed from (1) and obtain

[y(t) exp <JZ a(s) ds)], =lexp <fta(s) ds)h(t)f(y(t— 7(1))). (2)
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After integration from f to t + T, we obtain

T
y(t) =AJ‘ G(t,)h(s) f (y(s—7(s))) ds, (3)

exp (Jja(u) du>
exp <Jja(u) du> - 1.

Note that the denominator in G(t,s) is not zero since we have assumed that
[T a(t)dt > 0.

It is not difficult to check that any T-periodic function y(¢) that satisfies (3)
is also a T-periodic solution of (1). Note further that

where

G(t,s) = (4)

0<N= min G(t,s) <G(t,s) < max G(t,s) =M, t<s<t+T,
0<s,t<T 0<t,s<T

1> G(t,s) S minoSS’tST G(t,S) _ E 50 (5)
T maxoeser G(t,5) T maxoescr G(t,s) M T

Now let X be the set of all real T-periodic continuous functions, endowed
with the usual linear structure as well as the norm

[yl = sup |y(t)]. (6)
0<t<T

Then X is a Banach space with cones

O={y(t)eX:y(t)>0},

7
Q={y(t):y(t) >allyl, teR}, (7)
where 0 = N/M.
Define a mapping F : X — X by
T
(Fy)(t) =1 f Gt,)h(s) f (y(s—7(s))) ds. (®)

Then it is easily seen that F is completely continuous on bounded subsets of
and for y € @,

~

T
(Fy)(t)s/\MJ‘O h(s)f(y(s—1(s)))ds (9

so that

T
(Ey)(t) zANjO h(s) f (y(s—1(s))) ds > ol|Fyll. (10)
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That is, F® is contained in Q.
LemMa 1. The mapping F maps @ into Q.

LeEMMaA 2. Suppose that

tim L%~ o, (11)
u—+oo u
Let I be a compact subset of (0, +o0). Then there exists a constant by > 0 such that
lu|| < by for all A € I and all possible T-periodic positive solutions u of (1) associated
with A.

Proof. Suppose to the contrary that there is a sequence {u,} of T-periodic pos-
itive solutions of (1) associated with {A,} such that A, € I for all n and ||u,| —
+00 as n — oo. Since u, € Q,

Oréltigr}un(t)ZGHun”. (12)

By (11), we may choose Ry > 0 such that f(u) > nu for all u > Ry, and there exists
no such that o||u, || > Ry, where 7 satisfies

T
ananI h(s)ds > 1. (13)
0

Thus, we have

t+T
[[2tno || = t4ny () = Ay G(t,)h(s) f (tn, (s—7(s))) ds
t
\ (14)
> an/\noj 1) 4 || s > [ I
0
This is a contradiction. The proof is complete. O
LemMa 3. Suppose that
[ is nondecreasing on [0, +oo) and f(0) > 0. (15)

Let (1) have a T-periodic positive solution y(t) associated with A > 0. Then (1) also
has a positive T-periodic solution associated with A € (0,1).

Proof. In view of (3) and (15), we have

4T
y(t) =Af G(t,s)h(s)f (y(s—1(s)))ds
y (16)

t+T t+T
ZAJ‘ G(t,s)h(s)f (y(s—1(s)))ds, O<Af G(t,s)h(s) f(0)ds.
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Let 70(1') = )’(t),
t+T
Vi () = Aj G(t,)h(s)f (P (s—7(s)))ds, k=0,1,2,...,
t

yo(t) =0, and

Ve AI G(t,s)h(s) (y (s— Ts))>ds, k=0,1,2,....
Clearly, we have

Yo 2y () 22y () 2y () 22y () 2y ().

Z =1 =0

If we now let y(t) = limj_, ¥,(t), then y(¢) satisfies (3). Clearly, we have

y(t) 2 Zl(t) = )lf G(t,s)h(s)f(0)ds > 0.

This completes our proof.

(17)

(18)

(19)

(20)

O

LemMA 4. Suppose that (11) and (15) hold. Then there exists A, > 0 such that (1)

has a T-periodic positive solution.

Proof. Let

t+T
B(t) =I G(t,5)h(s)ds, My = max f (B(t-1(1))), A= L

¢ 0<t<T M f

We have
T
ﬁ(t)zj G(t,s)h(s)ds > A, I G(t,)h(s)f (B(s—1(s))) ds,
0< A*I G(t,s)h(s) f(0)ds
t
Let y,(t) = (1),

t+T
7k+1(t):/1*f G(t,9h(s) f (e (s—7(9))ds, k=0,1,2,...,
t

yo(t) =0, and

MOE AI G f (y, (s-79)))ds, k=012,....

(21)

(22)

(23)

(24)
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Clearly, we have
FoB2F (2 2F D2y (D 2y B2y O, (25)

If we now let y(t) = limy_.o, 7, (¢), then y(t) satisfies (3). Clearly, we have

t+T
y(t) > Zl(t) = /hf G(t,s)h(s) f(0)ds > 0. (26)
t

The proof is complete. O

THEOREM 5. Suppose that (11) and (15) hold. Then there exists A* > 0 such that
(1) has at least one positive T-periodic solution for A € (0,A*] and does not have
any T-periodic positive solutions for A > A*.

Proof. Suppose to the contrary that there is a sequence {u,} of T-periodic pos-
itive solutions of (1) associated with {A,} such that lim,_.,, A, = co. Then either
we have [|u,, || — +oo as j — oo or there is M > 0 such that ||u,|| < M. Assume the
former case holds. Note that u,, € Q) and thus

g?tisr%un(t)Z(f”un”. (27)

By (11), we may choose Rf >0 and #; > 0 such that f(u) > nu when ou >
Ry. On the other hand, there exist {t,} C [0, T] such that u,,(t,,) = ||un,|| and
uy (fn;) = 0 by the periodicity of {uy, (£)}. In view of (1), we have

a(t”j)”u”j” = a<t”j)u<t”j) :A”]h(tnj)f(u”j(t”j _T(t”j)))

(28)
> Anjr]lah(tnj) ”u"j ”

for all large j. That is, we have A,; < a(t,,)/(n10h(ty,)). Note that a(t)/h(t) is
bounded. Thus, we obtain a contradiction.

Next, suppose that the latter case holds. In view of (15), there exists 7, >0
such that f(0) > 7M. Then as above, we will obtain

a(tn) [lunll = a(tn)u(tn) = Anh(t) f (tn (0 = 7(8)))

] (29)
> Lutiah (ta) M 2 Aaipah () || |

for all n. A contradiction will again be reached.
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Thus, there exists A* > 0 such that (1) has at least one positive T-periodic
solution for A € (0,1*) and no T-periodic positive solutions for A > A*.

Finally, we assert that (1) has at least one T-periodic positive solution for
A =A% Indeed, let {A,} satisfy 0 < A; < -+ < Ak < A* and limj_, Ax = A*. Since
u,(t) is T-periodic positive solution of (1) associated with A, and Lemma 2
implies that the set {u,(t)} of solutions is uniformly bounded in Q, the se-
quence {u,(t)} has a subsequence converging to u(t) € ). We can now apply
the Lebesgue convergence theorem to show that u(t) is a T-periodic positive
solution of (1) associated with A = A*. The proof is complete. O

Example 6. Consider the equation
X' (1) +a(t)x(t) =Ah(){x" (t-7(t)) +1}, y>1, (30)
where g, h, and 7 satisfy the same assumptions stated for (1). In view of Theorem

5, there exists a A* > 0 such that (30) has at least one T-periodic positive solution
for A € (0,4*] and no T-periodic positive solution for A > A*.

Example 7. Consider the equation

y'(t) = —ay(t) + Ab(y*(t) +¢), (31)
where a, b, ¢ > 0. Note that the function f(x) = (x* +¢) satisfies (11) and (15) in
Theorem 5. Therefore Theorem 5 may be applied. However, we may give a direct
proof that, for A > a/(2b+/¢), this equation cannot have any positive 27z-periodic

solutions associated with A. Indeed, assume to the contrary that y(¢) is such a
solution. Then y'(¢) = 0 for some & € [0, 27]. Hence

—ay(&) + Aby* () + Abe = 0. (32)
However, since the discriminant of the quadratic equation
Abx? —ax +Abe =0 (33)
satisfies
a’ -4\ bPe <0, (34)

a contradiction is obtained. We remark that when ¢ = 0, our equation reduces to
the well-known logistic equation.

Similarly, we can consider the equation

x'(t) = a(t)x(t) = Ah(t) f (x(t - 7(1))), (35)
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where a =a(t), h = h(t),and f = f(t) satisty the same assumptions stated for (1).
By (35), we have

T
x(t) =j H(t,s)h(s) f (x(s—1(s))) ds, (36)
where

exp(—f: a(u)du> exp <J‘:+Ta(u) du)

H(ts) = = (37)

1—exp<—Jja(u)du> exp <fZa(u)du— 1)

which satisfies
M>H(t,s)>N, t<s<t+T, (38)

for some M and N >0,and 0 = N/M < 1.

TueoreM 8. Suppose that (11) and (15) hold. Then there exists A* > 0 such that
(35) has at least one positive T-periodic solution for A € (0,A*] and no T-periodic
positive solution for A > A*.
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