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We study quasilinear hemivariational inequalities involving the p-Laplacian. We
prove two existence theorems. In the first, we allow “crossing” of the princi-
pal eigenvalue by the generalized potential, while in the second, we incorporate
problems at resonance. Our approach is based on the nonsmooth critical point
theory for locally Lipschitz energy functionals.

1. Introduction

Let Z CRY be a bounded domain with C! boundary T. In this paper, we study
the following quasilinear hemivariational inequality:

~div (|| Dx(2)[|"*Dx(2)) €9j(z4(2) ae.onZ  xr=0.  (L1)

Here, 2< p < oo, j: ZxR — R is a function which is measurable in z € Z
and locally Lipschitz in x € R and 0j(z, x) is the Clarke subdifferential of j(z,-).
If f:ZxR— R is a measurable function which is in general discontinuous
in the x € R variable, for almost all z € Z, all M > 0, and all |x| < M, we have
|f(z,x)| < ap(z) with ay € L1(Z) and we set j(z,x) = fgf(z,r)dr, then j(z,x) is
measurable in z € Z, locally Lipschitz in x € R and 9j(z,x) C [ fi(z,x), f2(z,x)]
where fi(z,x) =liminf,_, f(z,x") and f,(z,x) =limsup,._,, f(z x') (see Chang
[5] and Clarke [6]). So problem (1.1) incorporates as a special case quasilinear
elliptic problems with a discontinuous right-hand side which were studied by
Chang [5]. Hemivariational inequalities are new type of inequality problems,
which arise in mechanics and engineering when we wish to consider more real-
istic laws of nonmonotone and multivalued nature. This leads to energy func-
tionals which are nonsmooth and nonconvex, and so the tools of differential
calculus and convex analysis (which are used in the study of variational inequal-
ities) are no longer suitable and new techniques based on the nonconvex and the
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nonsmooth analysis have to be developed. Concrete applications of hemivari-
ational inequalities in mechanics and engineering can be found in the books
of Naniewicz and Panagiotopoulos [15] and Panagiotopoulos [16]. Recently,
semilinear (i.e., p = 2) hemivariational inequalities were studied by Goeleven
et al. [10] and Gasinski and Papageorgiou [9]. Quasilinear problems with the
p-Laplacian and a C' potential function were studied by Arcoya and Orsina [2],
Boccardo et al. [3], Costa and Magalhaes [7], and Hachimi and Gossez [8].

We prove two existence theorems for problem (1.1), which extend in different
ways the above-mentioned smooth quasilinear works. Our approach is based on
the nonsmooth critical point theory as developed by Chang [5] and extended
by Kourogenis and Papageorgiou [13]. For the convenience of the reader in the
next section, we recall the basics from the nonsmooth critical point theory.

2. Preliminaries

Let X be a Banach space and X* its topological dual. A function f - X — R is
said to be “locally Lipschitz,” if for every x € X there exists a neighbourhood U of
x and a constant ki > 0 such that [ f(y) — f(x)| < kylly —x| forall z, y € U. It is
well known from the convex analysis that a proper, convex, and lower semicon-
tinuous function g : x — R = RU {+oo} is locally Lipschitz in the interior of its
effective domain domg = {x € X : g(x) < oo}. In analogy with the directional de-
rivative of a convex function, we define the “generalized directional derivative”
of a locally Lipschitz function f at x € X in the direction h € X, by

fO(x;h):Ef(x,—'—A}j\)_f(x,)' (21)
A0

It is easy to check that h — f°(x;h) is sublinear, continuous and | f°(x; k)| <
ku/||h|. Therefore, by the Hahn-Banach theorem, f°(x;-) is the support of a non-
empty, convex, and w*—compact set

df (x) = {x*€X*: (x,h) < f2x;h) Vhe X }. (2.2)

The set df(x) is usually called the “generalized subdifferential” of f at x.
Clearly for every x* € df(x), we have ||x*||. < ky. Also if f,g : x — R are locally
Lipschitz functions, then d( f +g)(x) C 9 f (x) + dg(x) and d(A f)(x) = Adf (x) for
all A € R. Moreover, if in addition f is convex, then as we already said it is locally
Lipschitz and the generalized subdifferential and the subdifferential in the sense
of convex analysis coincide. Furthermore, if f is continuously differentiable (i.e.,
f € CY(X)), then we know that it is locally Lipschitz and df(x) = { f'(x)}. For
further details, we refer to Clarke [6].

Given a locally Lipschitz function f : X — R, a point x € X is said to be a
“critical point” of f, if 0 € df(x). The value c = f(x) is called “critical value.” In
the smooth critical point theory a compactness-type condition, known as the
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“Palais-Smale condition” (PS-condition for short) plays a central role. In the
present nonsmooth setting, this condition takes the following form: “A locally
Lipschitz function f : X — R satisfies the “nonsmooth PS-condition,” if any se-
quence {x,}n>1 C X along which { f(x,,)},s1 is bounded and m(x,) = inf[||x*||. :
x* € df(x,)] — 0 as n — oo, has a strongly convergent subsequence.” If f €
CH(X), then 9f (x,) = {f'(x4)} and so the nonsmooth PS-condition coincides
with the classical (smooth) PS-condition (see Rabinowitz [18]). In the smooth
case, a generalization of the PS-condition was introduced by Cerami [4] and Bar-
tolo et al. [3] showed that this more general condition suffices to prove a defor-
mation theorem and then using it to prove minimax theorems locating critical
points of C'-energy functionals. In the context of the nonsmooth theory this was
done by Kourogenis and Papageorgiou [13] who introduced the so-called “non-
smooth C-condition” which says the following: “A locally Lipschitz function
f : X — R satisfies the “nonsmooth C-condition,” if any sequence {x,},>1 € X
along which { f(x,)}>1 is bounded and (1 + ||x,||)m(x,) — 0 as n — oo (here
m(x,) is as before), has a strongly convergent subsequence.” Using this condi-
tion, Kourogenis and Papageorgiou [13] proved the following generalization of
the classical “Mountain-Pass theorem” (see Rabinowitz [17]).

TaeoREM 2.1. If X is a reflexive Banach space, ¢ : X — R is a locally Lipschitz
function which satisfies the nonsmooth C-condition, and for some r >0 and y € X
with || y|| > 1,

max {$(0), ¢(y)} <inf [(x) : [lx]| =], (2.3)

then ¢ has a nontrivial critical point x € X such that the critical value ¢ = f(x) is
characterized by the following minimax principle

¢ = inf max¢(y(1)), (2.4)

where Ty = {y € C([0,1],X) : (0) =0, y(1) = y}.

Given 0 € LN?(Z), (for N > p) and 0 € L'(Z), (for N < p) with 6(z) >0
on a set of positive Lebesgue measure, we consider the following eigenvalue
problem:

~div ([Dx(2)[|”*Dx(2)) =46(2)|x(2)|"*x(2) ae.onZ  Ar=0. (2.5)

From Allegretto and Huang [1], we know that (2.5) has a first eigenvalue
A1 (6) which is positive, isolated, simple (it is a principal eigenvalue) and admits
the following variational characterization (Rayleigh quotient):

IDxll

A (0) =inf|— 10
1(8)=in [jze(z)|x(z)|pdz *

e W,*(2), x# o] . (2.6)
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Note that from (2.6) it follows easily that A;(8) > 0. Indeed, using Holder’s
inequality we have for N > p, [, 0(2)[x(2)[? dz < [|8l|n/pllx[IE. < y11l6lln/p | D]l
for some y; > 0 (to obtain the second inequality, we used Poincaré’s inequality).
Hence, we have

Dx||? Dx|?

() = (| Dl . ||‘9|||| ||||i) .

0(z)|x(2)|P dz  VIZINRIEXI,
[ o@lxto )

L0 ke W, (Z), x#0.

Yill0llnvp
Similarly if N < p, in which case p* = +oo. Recall that
ﬂ, ifp<N .

pr=q4 N-p (critical Sobolev exponent). (2.8)

+00, ifp>N

Note that if 8 = 1 (in which case we write 1,(6) = 1;), then we recover the
properties of the principal eigenvalue of the negative p-Laplacian with Dirichlet
boundary conditions (see Lindqvist [14]).

3. Existence theorems

In this section, we prove two existence theorems for problem (1.1). For the first
existence theorem we need the following hypotheses on the generalized potential
j(zx):
H(j)1: j: ZxR — Risa function such that
(i) forall x € R, z — j(z,x) is measurable;
(ii) for almost all z € Z, x — j(z, x) locally Lipschitz;
(iii) for almost all z € Z, all z € R, and all u € 9j(z,x), |u| < a1(z) + c1|x|""},
1<r<p*a€l®(Z),c >0, j(,0)€L*(Z),and [, j(z,0)dz > 0;
(iv) there exists a function a € L*(Z) with a(z) >0 a.e. on Z and 0 < y < p*
such that

liminf 2X— P20 pj(zx)
[x|—00 |x|!‘

=a(z) (3.1)

uniformly for almost all z € Z and all u € dj(z, x) and also there exists s >
0 such that max{p, u} < s< p(max(N, p)+u)/max(N, p) and limsup,_,,
(pj(z,x)/a(2)|x|*) <y < +oo uniformly for almost all z € Z;

(v) there exists a function B € LN?(Z), if N > p and B LY (Z), if N<p
with 3(z) > 0 for all z on a subset of positive Lebesgue measure such that
M(B) >1and

limsup pi(zx) <B(z) uniformly for almostall z € Z; (3.2)

x—0 |x|,l7
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(vi) there exists a function £ € LN?(Z), if N>pand E€ L'(Z), if N<p
with &(z) > 0 for all z on a subset of positive Lebesgue measure such that
AM(&) <1and

li‘r}qinf P ]|iT;x) >&(z) uniformly for almost all z € Z. (3.3)
X|—00
Remark 3.1. A more restrictive version of hypothesis H(j);(iv) was first em-
ployed by Costa and Magalhaes [7] for a smooth potential function. In their
formulation, they assumed that a(z) > ap > 0 a.e. on Z and there are additional
restrictions on the variation of y. This hypothesis is a generalization of the well-
known Ambrosetti-Rabinowitz condition for smooth potential functions (cf.
Rabinowitz [ 17, Hypothesis ps, page 9]). If f(z) = f > A, >&(z) =& >0forallz €
Z where A, is the principal eigenvalue of the negative p-Laplacian with Dirich-
let boundary conditions (i.e., of (A, Wé’p(Z))), then hypotheses H(j);(v) and
(vi) imply that the potential j “crosses” the principal eigenvalue A;. An example
of a nonsmooth potential function j(z, x) which satisfies hypotheses H(j), is the
following:

B(2)

7|x|1’ - xIn|x|, if |x| <1,
jlz,x) = (3.4)
é|x|p —a(z)|x|+ [)ﬁ, if |x| > 1,
p p
with a, 8 € L*(Z)+, a(z) >0 a.e. on Z, f(z) >0 for all z on a subset of positive
Lebesgue measure, 1;(f8) > 1, and 0 < A, < &;. Also if a € L*(Z) with a(z) > ap >
0 a.e. on Z and j(z,x) = (a(z)/p)|x|PIn|x| — |x|, then we can check that it sat-
isfies hypotheses H(j), with y = p, y =0, limsup,_o(pj(z x)/|x|F) = —c0, and
liminf|y—e (pj(z, x)/|x|P) = +oo. In this case, the classical Ambrosetti-Rabinowitz
condition does not hold. Note that in this occasion 9j(z, x) = a(z)|x|P~2xIn|x| +
(a(z)/p)|x|P (sgnx/|x|) — sgnx where

1, if x>0,
sgnx =1 [-1,1], ifx=0, (3.5)
-1, ifx<0.

So x0j(z,x) = a(z)|x|P In|x| + (a(z)/p)|x|P - |x]|.

Let ¢ : Wé’p(Z) — R be defined by

$(x) = ~||Dx’ —j i(2x(2)) de. (3.6)
p z
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By virtue of hypothesis H(j), (iii) and the Lebourg mean value theorem (see
Clarke [6, page 41]), for almost all z € Z and all z € R, we have

|i(z.x)| < a)(2) + ¢ |x]" (3.7)

with a} € L*(Z) and ¢} > 0. Then the integral functional J : L?(Z) — R defined
by J(x) = jz j(z,x(2)) dz is locally Lipschitz (see Hu and Papageorgiou [12, page
313]). In particular then, since W(}’P (Z) is embedded continuously (in fact com-
pactly) in L"(Z) (recall that r < p*), it follows that j=J |W01,p ) is locally Lipschitz
too. Therefore, ¢ is a locally Lipschitz functional and we can use the nonsmooth
critical point theory.

ProrosiTioN 3.2. If hypotheses H(j), hold then ¢ satisfies the nonsmooth C-con-
dition.

Proof. Let {x}n>1 C Wol’P (Z) be a sequence such that

|¢(x4)| <M; Vn>1andsome M, >0, (33
(1+||%a]|)m(xs) — 0 asn— oo. 8)

Choose x}, € 0¢(x,) such that m(x,) = ||x,|, n > 1. That such elements ex-
ist follows from the weak compactness of dp(x,), n > 1, and the weak lower
semicontinuity of the norm in a Banach space (Weierstrass theorem). Let A :
Wg’p (Z) — W~L4(Z) be the nonlinear operator defined by

(A(x),y) = L |Dx(2)||”* (Dx(2), Dy (2)) g dz  ¥x,y € WP (Z).  (3.9)

Here and in what follows, we denote by (-, -) the duality brackets for the pair
(W(:’p(Z), W~t4(Z)) (where 1/p+1/g = 1). It is easy to check (see also Hu and
Papageorgiou [12, page 323]) that A is continuous monotone, hence maximal
monotone (see Hu and Papageorgiou [11, page 309]). Moreover, because j=
] |W3»p(z) is locally Lipschitz on the Sobolev space WOI’P (Z) which is embedded
continuously and densely in L"(Z), from [5, Theorem 2.2] and from Clarke [6,
page 83], it follows that 9f (x) C L (Z) and if u € 9] (x), then u(z) € j(z x(z))
a.e. on Z. For every n > 1, we have

x5 =A(xp) —ty, withu, € of (xn), n>1. (3.10)

From the choice of the sequence {x;},>1 C W&’p (Z), we have

PP (xn) = ||Dxn||§ —I Pi(z.x4(2))dz < pM,,
z (3.11)
—&4 < —(A(xn),Xn) +f u,(2)x,(z)dz<e, withe,|O0.
z
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We add the two inequalities above. Because (A(x,),x,) = ||Dxn||§, we obtain
f (un(2)x4(2) = pj(2,%4(2)))dz<M, Vn>1andsomeM, >0. (3.12)
z

By virtue of hypothesis H(j),(iv), we can find k; > 0 such that for almost all
ze€ Z,all |x| >k, and all u € dj(z,x), we have

@M” <ux—pj(z x). (3.13)

Recalling that |j(z,x)| < a}(2) + ¢} |x|" a.e. on Z and using hypothesis H(j);
(iii) we infer that there exists a, € L'(Z), such that for almost all z € Z, all |x| <
ki, and all u € 9j(z, x), we have

—ay(z) Sux—pj(zx). (3.14)

From (3.13) and (3.14) and with a3(z) = ||al|e/2 — a2(2), a3 € L'(Z), for al-
most all z € Z and all x € R, we have

@M” —a3(z) Sux—pj(z,x). (3.15)

Using this estimate in (3.12), we obtain

1
2 J' a(2)|x(2)|" de < My + ||as]], = Ms. (3.16)
VA

From this we deduce that {x, } > is bounded in the weighted Lebesgue space
L4(Z), that is, L;(Z) is the Banach space of all equivalent classes (for the equiva-
lence relation of a.e. equality on Z) of measurable functions y : Z — R such that
L@y @l dz =yl < oo.

We set 1 = min{p*, p(max(N, p) +u)/max(N, p)}. If N < p, then p* = Np/
N-p=p(N+p*)/N)>p((N+u)/N) and so = p(N +u)/N) > p. In addi-
tion since y < p* = Np/(N - p), we have y < p((N + u)/N). Therefore, in both
cases we have

_ max(N,p)+u

max{p,u} <n= max(N, p) (3.17)

If s > 0 is as in the second part of hypothesis H(j);(iv), we choose t > 0 such
that max{p,u s} <t <5 < p* and for some ay € L" (Z), as > 0 and for almost all
z € Z and all z € R, we have

j(z,x) < as(z) +as|x|". (3.18)
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Let
M, it N >p,
o=1{ 1" ~u) (3.19)
1- % if N < p.

We have 0 < 0 <1 and 1/p = (1-0)/u+ 6/p*. From the interpolation inequality
(see Showalter [18, page 45]) we have

1-0
i

0 0
el < Hoenll e lloell e < Ml

0 (3.20)
< Ms ||Dx,,||p for some M4, M5 > 0.

In (3.20) above, the last inequality follows from the Sobolev embedding the-
orem and the Poincaré inequality.

By virtue of hypothesis H(j);(v), given € > 0 we can find 0 < § < 1 such that
for almost all z € Z and all |x| < §, we have

Pj(z,x) < (B(2) +€)|x|P. (3.21)

Also because of hypothesis H(j);(iv) we can find k; > 1 such that for almost
all z € Z and all |x| > k,, we have

pj(z,x) <(y+1a(z)|x|" recall thats<t. (3.22)

From (3.18), (3.21), and (3.22) we deduce that for almost all z € Z and all
x € R, we have

Pj(zx) < (B(2) +e)|x|P + (y+ Da(2)|x|' + ag(z) withas€L'(Z). (3.23)
From the choice of the sequence {x,},51 € W, (Z) we have
15l | pitex@)dzs p
— D5l < phi + [ (B + o)) de
+(y+ 1)L a(2)|xs(2)|' dz+ ||as||, (using (3.23))

= [Dslf - [ Bk (@)) de=elbsly < 0+ Dl

1+ llall,

1 € p ot
= (1= b~ £ Il <0 Il

for some M7, Mg >0 (see (2.6) and (3.20)).
(3.24)
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Since A (B) > 1, we can choose € > 0 small so that (1 - (1/A1(B)) —e/A1) =
& > 0. Moreover, by a simple calculation we can check that 8¢ < p. Therefore
from (3.24) and Poincaré’s inequality it follows that {x, } ,>1 C WS’P (Z) isbound-
ed. Hence by passing to a subsequence if necessary, we may assume that

Xy — x in WS’P(Z), x, —xin LP(Z), x,(z) —x(z) a.e.onZ,

(3.25)
|xn(2)| <k(2) a.e.onZVn>1, withk e LP(Z).

From the choice of the sequence {x,},>1 C Wol’P (Z) we have
(x5 20 = x) = (A(Xn), X = X) = (U, X — X ) < & ]| 2% — x|
= (A(xn), X0 —x) < &|%0 — x| +I un(2) (%, —x)(2)dz  (3.26)
z

= limsup (A (x,), x, —x) <0.
n—oo
But recall that A is maximal monotone, hence generalized pseudomonotone
(see Hu and Papageorgiou [11, page 365]). So we have (A(xy), x,) — (A(x),x) =
IDx,l, — ||IDx]| p. Because Dx, — Dx in LP(Z,RN) and the latter space has the
Kadec-Klee property (because it is uniformly convex, see Hu and Papageorgiou
[11, page 28]), we infer that Dx, — Dx in L?(Z,R") and so x,, — x in WOI’P(Z).
This proves that ¢ exhibits the nonsmooth PS-condition. O

ProrosrTION 3.3. If hypotheses H(j), hold, then there exists p > 0 such that for all
X € W&’p(Z) with ||x|| = p we have ¢(x) > & > 0.

Proof. From hypothesis H(j);(v), we know that given ¢ >0 we can find0< § < 1
such that for almost all z € Z and all |x| < § we have

1
; (B(z) +¢)|x|”. (3.27)
On the other hand, recall that | j(z, x)| < a}(z) + ¢} |x|" with a} € L*(Z), ¢| > 0.

So for y; > 0 large enough we can write that for almost all z€ Z and all x e R
we have

j(z,x) <

j(zx) < =(B(z) +e)|x|P + yilx|?. (3.28)

| =

Hence, we have

1 .
8(2) = 1D} —fz j(ox(2)) dz

1 1 £ "
> SIDsl - L/s<z>|x<z>|"dz— Sl -yl (3.29)

] ] .
> (1- —— —¢)IDx||I? =, |Dx||Z for some y, > 0.
_p< s )n 12 yallDxl’ y
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Because A1(f3) > 1, we can choose ¢ >0 small, so that 0 =1-1/A;(f8) —¢ > 0.
Therefore,

$(x) 2 %annﬁ ~y2IDx} (3.30)

Since p < p* we can find p; > 0 small so that inf[¢(x) : |Dx|[, =p1] =& >0
which completes the proof since ||Dx||, is an equivalent norm in Wol’P (). O

Proposition 3.4. If hypotheses H(j), hold then there exists n € C3°(Z) such that
lim\r\ﬁoo ¢(T11) = —00.

Proof. From the definition of A,(£) (see (2.6)) and the density of C°(Z) in the
Sobolev space Wol’p (Z), we see that given € > 0 we can find 7 € C°(Z) such that

DAL < (A (6) +e) LE(Z)IW(Z)IPdZ- (331)

Also from hypothesis H(j);(vi), we can find My > 0 such that for almost all
z € Z and all |x| > My, we have

1 .
;(5(2) —¢)[x[? < j(zx). (3.32)
Thus for T € R, we can write that

f j(z1n(2))dz= f j(z1n(z)) dz
z {lnlzMs }nsuppy

+f j(z1n(2))dz
{lTnl<My}Nsuppy (333)

TP »
> — (&(2)-¢)|n(2)|" dz— Mo
P J {2 nsuppy

for some Mjy > 0.

Using this estimate in the definition of ¢, we obtain

(é(2) —s)|11(z)|sz+M10

p(rn) < — IID I} -

|7 I
{lty|=Ms }nsuppy

T
7 ypppe - " j(f —e) ()| dz
*e f
+
P J{jeni<Ms)nsuppy

|T|P< 1 s> »
< l1-——+—)|ID
< ) I

|T|P B p
+— (E(2)-¢)|n(2)|" dz+ M.
P J{yi<moynsuppy

ITI

(£(2)-€)|n(2)|? dz + Mo (3.34)
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Recall that A; (§) < 1. So we can choose € > 0 small such that o7 =1 -1/1,(&) +
&/A1 < 0. Also note that f{|rq|<M9]msuppq(£(Z) —-¢&)|n(z)|Pdz — 0 as |t| — co. Thus
we can find p; > 0 such that for |7] > p; we have

02(1):01||Dq||§+j{| ) (E(z)—s)|q(z)|pdz<0. (3.35)
TH|<Mo }Nsuppyn

Therefore, it follows that

¢(ty) < %az(r) — -0 as|7| — oo. (3.36)

]

Propositions 3.2, 3.3, and 3.4 lead to the first existence theorem for prob-
lem (1.1).

TrEOREM 3.5. If hypotheses H(j), hold, then problem (1.1) has a nontrivial solu-
. Lp
tion x € W (2).

Proof. Propositions 3.2, 3.3, 3.4 and since [, j(z,0) dz > 0 (hypothesis H(j)(iii))
permit the use of Theorem 2.1. So we obtain x € WOI’P (Z) such that

$(2)2E>02¢0),  0€Ip(x), (3.37)

So x # 0. Moreover, the inclusion 0 € d¢(x) implies that

1 1
= f q Z f— —_= 5
A(x)=u forsomeu e Li( )<P + p 1>
u € dJ(x) (hence u(z) € 9j(z,x(z)) a.e.)

(3.38)
= (Ax),¥) = (uy) = (1Y) pg = fz u(z)y(z)dz Yy eCy(Z)

= I || Dx(2) ||p_2 (Dx(2), Dy(2)) py dz = I u(z)y(z)dz.
z z

From Green’s identity and since —div(||Dx|/?2Dx) € W~4(Z) = W&’p(Z)*
(cf. Hu and Papageorgiou [12, page 866]), we obtain

(—div (||Dx||P*Dx), v) = (u, y). (3.39)

Because y € C°(Z) is arbitrary and since C§°(Z) is dense in WS’P (Z), we ob-
tain
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—div (||Dx||P*Dx) = u € L1(Z)

—div (||D P2p = .e.onZ,
_ { iv (| Dx(2)||P*Dx(z)) = u(z) a.e.on (3.40)
x|r=0
=xe€ Wol’p(Z) is a nontrivial solution of (1.1).
O

In the second existence theorem, we allow at +oo interaction with the first
eigenvalue (problems at resonance) but we strengthen the growth condition on
j and restrict the variation of . Moreover, the nonresonance condition at the
origin (hypothesis H(j)(v) is removed). Smooth problems at resonance were
investigated by Arcoya and Orsina [2], Costa and Magalhaes [7, Theorem 2], and
Hachimi and Gossez [8]. Our hypotheses on the generalized potential j(z, x) are
now the following:

H(j),: j: ZxR— R is a function such that

(i) forall x € R, z — j(z,x) is measurable;

(ii) for almost all z € Z, x — j(z,x) is locally Lipschitz;

(iii) for almost all z € Z, all x € R, and all u € dj(z,x), we have |u| < a;(z) +
cilx[P~! with a; € LY(Z), ¢ >0, j(-,0) € L'(Z), [, j(z,0)dz = 0 and there
exists ¢ > 0 such that j(z,x) > c|x|" for y-almost all ze Z, all 0 < x < ¢,
1<r<p,andc>M/pifr=p;

(iv) there exists a € L*(Z) with a(z) > >0a.e. on Z and 0 < y < p such that

~— —

liminfw =a(z) (3.41)
x[—00 |x|!‘
uniformly for almost all z € Z and all u € dj(z, x);
(v) there exists £ € LN'?(Z), with &(z) > 0 for all z on a subset of positive
Lebesgue measure such that A;(§) > 1 and

pj(z,x)
|x[?

<é(z) (3.42)

limsup

|x|—o0

uniformly for almost all z € Z.

Remark 3.6. If a€ L*(Z) and & € LN/P(Z), are as above, 0 < k < 1; it is easy to
see that the nonsmooth potential function
k .
= x|, if |x| <1,
jlzx) = (3.43)

%Mp —a(z)|x| + <a(Z) - % + 1>: if |x[ > 1

satisfies hypotheses H(j),.
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As before, we consider the locally Lipschitz energy functional defined by
1 .
¢(x) = 5 1D —f j(zx(2)) dz. (3.44)
z

ProrositioN 3.7. If hypotheses H(j), hold, then ¢ satisfies the nonsmooth C-
condition.

Proof. Let {x,}us1 C WS’P (Z) be a sequence such that

|o(xn)| <My, (1+||xu||)m(xs) — 0 asn— oo (My; >0).  (3.45)

Since the function x — |x|" (0 < r < o0) is locally Lipschitz and |x|" # 0 for
x # 0, using Clarke [6, Proposition 2.3.14, page 48], for x # 0 we have

a(j(z,x)) c |x|P0j(z,x) —pj(z,x)|x|1"2x

|x[? |2
xa] (Z, x) _p_] (Z; x)) lfx > 0’ (346)
xp+1
X0j@0 4 pjEx) e g,
|x|p+1

By virtue of hypothesis H(j),(iv), given & > 0 we can find M;, > 0 such that
for almost all z € Z, all x > M,,, and all u € 9j(z, x) we have

ux—pj(z,x) ux—pj(z,x) e
— >a(z)-e= — > (a(z) —e)x* P71, (3.47)

Therefore for almost all z € Z, all x > M),, and all 0(z,x) € 9(j(z,x)/xP) we
can write

0(z,x) > (a(z) —)x* P71, (3.48)

For x > M, > 0 the function x — (j(z, x)/x?) is locally Lipschitz and so for all
z€R\ Di(z), |D1(z)| = 0 (here by | - | we denote the Lebesgue measure on R) is
differentiable. Thus we may choose

d jlz,x) .
8z x) = Pl ifx e R\ Dy(z), (3.49)

0, if x € Dy (z2).
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With this choice of 8 we integrate (3.48) on the interval [y,x], M, < y < x. We
obtain

jlzx) jlzy) _ (7 o a(z)-¢
20 L0 [ (o) -oyrrtar= S Gy

j@x) jzy)  az)-

. &
:>11;2§:jp o 2T Y (recall p < p)
1 iz y)
= — z)— ———
R
> —%y" P (see hypothesis H(j)>(v))
jlzy) alz)-¢ ,, 1 1 a(z)—¢ ,_
Ty A
. 1 a(z)—¢
= j(z,y) < —&(z)yP - ———yH
iy pf() o

a.e.onZVy>M >0.

(3.50)
In a similar fashion, we show that
. 1 a(z)—¢
jlzy) < Ef(z)lyP’ = ——y|* ae.onZ Vy<-Mp<0. (3.51)

From (3.50) and (3.51), we infer that for almost all z € Z and all |x| > M1,
we have

a(z)—¢

K, 3.52
] (3.52)

j(ax) < Il)£<z>|x|f’ -

We will show that {x,}>1 C Wol’P (Z2) is bounded. Suppose not. Then by pass-
ing to a subsequence if necessary, we may assume that [|x,|| — oo. Set y, = x,,/
[l ], 7 > 1. We may assume (at least for a subsequence) that

Yn — y in W&’p(Z), yon— yinLP(Z), yu(2)—y(z) ae.onZ

(3.53)
|yu(2)|<k(z) a.e.onZVn>1, with kel (Z).
From the choice of the sequence {x,},>1, we have that
(A(xn), yn=y) = (thns yu = y) < &nllyn= |- (3.54)

Divide by ||x,||?~. We obtain

(An)s yn=y) - <” ”pl,yn y> B ||plllyn balE (3.55)
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Note that since u, € L1(Z) and y,, — y € LP(Z), we have

< In= > —f S (y
n - — 1 n
[l IIP v Z |l

<J‘ (” |(|Zp)l Cllyn(z)lp_l> (y”_y)(z)dz—>0

as n —s oo.
(3.56)
Therefore passing to the limit in (3.55), we obtain
lim sup (A(yn), yn—y) <0. (3.57)

Because A is maximal, it is generalized pseudomonotone and so the above
inequality implies that (A(y,), y») — (A(y),y), hence [|[Dy,|, — [IDy|l,. As in
the proof of Proposition 3.2, via Kadec-Klee property, we obtain that y, — y in
WS’P(Z) and since ||y,|| = 1, n> 1, we have that ||y|| = 1 and so y # 0.

Recall that from the choice of the sequence {x,},51 C WS’P (Z), we have that

()| <My ¥n> 1

= D5l - [ j(ex@)dz<

(3.58)
1 ](Z,xn(z M
= ol - [ Fn e
p (A
Note that
J(z(2)) (j)) dz = f J(&5(2) "”(Zﬁ ) lyn(2)|" dz
z x|l bal2Mi) | %a(2)]
i(z,x,(2)
ff o IEEE) e
bal<Mia) | %a(2)| (3.59)
1
<[ Zt@In@l
z P
a(z)—¢ u M;;
- x,(2)|"dz +
el ) pw O

with M3 >0 (see (3.52)).
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Arguing as in the proof of Proposition 3.2, we can check that {x,},s; C L5(Z)

is bounded. So we have
U a(z)_€|xn(z)|"dz
{ |

|Xn | [>M,} p-u

1 (Z) U
xn(2)|" dz
ol
=— —0 asn— oco.
||xn||p p-u
Therefore returning to (3.58), we can write that
I3l = [ E@lna de=b,< <1 Tlp, withd, 10 (3.61)

Passing to the limit and since Dy, — Dy in LP(Z), we obtain

Syl < [ k@@ = [ falye)ds
(3.62)
< lJ’ £(2)|y(2)|Pdz  since y #0 (see (2.6)).

pJz

If 1, (&) > 1, then we have a contradiction. If A; (¢) = 1, then from (3.62) it fol-
lows that y = £u; (&) the eigenfunction corresponding to the principal eigenvalue
M (&) (recall that A, (&) > 0 is simple). From Allegretto and Huang [1], we know
that u;(§)(z) >0 forallz€ {z € Z : £(z) > 0}. Also from the L% (Z)-boundedness
of the sequence {x,},>1, we have that

||x,,||i,, <M, forsomeM;,>0andalln>1

= a<z>|xn(z>|f‘szM14

(3.63)
ij‘ (2)|yn(2) |“dz_ 7
[l ||
Passing to the limit as # — oo we obtain
f a(2)|u1(§)(2)|" dz <0, (3.64)
z

a contradiction. So {x,},>1 C W(: 'P(7) is bounded and then arguing as in the last
part of the proof of Proposition 3.2, we can show (at least for a subsequence)
that x, — x in WS’P (Z). Therefore, ¢ satisfies the nonsmooth C-condition. [

Using this proposition we can prove a second existence theorem for prob-
lem (1.1).
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TueoreM 3.8. If hypotheses H(j), hold, then problem (1.1) has a nontrivial solu-
tion x € WS’P(Z).

Proof. From the proof of Proposition 3.7, we know that for all x € W;’P (Z), x #
0, we have

() = 21D - [ iexed

> %nnxui - % Lf(z)lx(z)l"dz

. (3.65)
+I a(z) 8|x(z)|“dz—M13
{Ix(2)2Mp) P~ H
1 € p “
> 1—)(1 ~ g ) VDl + Ml ~ My

with My = (1 —-¢€)/(p—u) >0 if we choose € < . We infer that ¢ is bounded
below. We can apply Zhong’s [20] variational principle and obtain a sequence
{xn}n>1 C W(}’p(Z) such that ¢(x,) | mo =inf ¢ and

d(xn) <Plu) + m”xn —u|| VYue Wol’p(Z) with e, | 0

Ny (3.66)

]

[l = ]l < $() = $ ().

Letu=x,+twwitht>0and w € W&’p(Z). ‘We obtain

En llwl]| < ¢(x”+tw) _(/)(x”) En

_ - wl| < ¢°(xu;w).  (3.67)
Tl : Tl 1 ¢ Ce)

Let ,(w) = ((1 + ||x4)/€0)¢° (x5 w). Evidently v,(0) = 0 and —||w|| < y,(w).
So we can apply [19, Lemma 1.3] and obtain y;; € W™4(Z), ||y:]l« <1 such
that (y;, w) < y,(w) forall w e Wg’p(Z). Setting xj, = (&,/(1 +||x,||)) y;; we have
(x5, w) < ¢%(x3w) for all we WS’P(Z). Moreover, (1 + ||x,|)]Ixk|l« < &n — 0,
hence (1 + ||lx,|])m(x,) — 0. So by virtue of Proposition 3.7 and by passing to
a subsequence if necessary, we may assume that x,, — x in Wé’p (Z). Then ¢(x) =
my = inf ¢ and 0 € d¢(x). Arguing as in the proof of Theorem 3.5, we check that
X € W&’p(Z) solves (1.1).

Let now u(-) be the principal eigenfunction of problem (2.5) with 6 = 1.
Then from the Rayleigh quotient we have that ||Du||? = Ay ||uy||?. Moreover,
from hypothesis H(j)(iii) and as u; € C'(Z) we can find 0 < s < 1 so small that
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0 <su;(z) < eforeveryze Z. Thus, ifr = p

P(sur) = %Al ||st1 ||§ —Lj(z, sui(z)) dz
gsp(% —c>||u1||§ <0=(0).

If r < p, then for some ¢; >0

AysP
$(sur) = 17 lrllf =15 e[}

(3.68)

(3.69)

Since r < p, if 0 < s < 1 is small enough we have ¢(su;) < 0 = ¢(0). Therefore,

x#0.
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