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Let Qbea C*? domainin RN, N = 2,0 < y < 1.Let T>0andlet L be a uniformly
parabolic operator Lu = du/dt — 3; ;(9/0x;)(aij(du/0x;)) + 2. ; bj(ou/dx;) + aou,
ap = 0, whose coefficients, depending on (x,t) € Q X R, are T periodic in t and
satisfy some regularity assumptions. Let A be the N X N matrix whose i, j entry
is a;j and let v be the unit exterior normal to dQ. Let m be a T-periodic function
(that may change sign) defined on dQ whose restriction to dQ X R belongs to
W; “Va1712490 % (0, T)) for some large enough gq. In this paper, we give nec-
essary and sufficient conditions on m for the existence of principal eigenvalues
for the periodic parabolic Steklov problem Lu = 0 on Q X R, (AVu,v) = Amu
on 0Q X R, u(x,t) = u(x,t+7T), u>0 on QX R. Uniqueness and simplicity of
the positive principal eigenvalue is proved and a related maximum principle is
given.

1. Introduction

Let Q be a C*"7 and bounded domain in RN, N >2,0<y<1,let T >0, let
{aij}1<i =N, {bj}1<j<n be two families of real functions defined on Q x R sat-
isfying aij S Cy’y/z(ﬁ X R), b]' e C! (ﬁ X R), aij = djis and aaij/axi S C(ﬁ X R)
for 1 <i, j < N. Assume also that

> aij(x )& = ag|EI? (1.1)

ij

for some positive constant ay and all (x,t) € Q X R, & = (&,...,&y) € RY and
that each a;;(x, 1), bj(x, t) is T periodic in t. Let A be the N X N matrix whose i,
entry is a;j, let b = (by,..., by), let ap be a nonnegative and T periodic function
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belonging to C»?(Q x R) and let L be the parabolic operator given by
Lu=u; — div(AVu) + (b, Vu) + apu, (1.2)

where (,) denotes the standard inner product on RY,

Forg>1,7>0,let W2'(Q x (0, 7)) be the Sobolev space of the functions u €
L1(Q x (0,7)), u = u(x,t), x = (x1,...,xy) such that du/dt, ou/dx;, and
0*u/0x;0x; belong to L1(Q x (0,7)) for 1 <i, j < N. We are interested in the
periodic parabolic Steklov eigenvalue problem

Lu=0 inQXxR,
(AVu,v) =Amu on oQ X R, (1.3)

u(x,t) T periodicin t,

where v denotes the unit exterior normal to dQ) and the solution u is taken such

that u [axo,m€ W' (Q % (0,T)) for a fixed and large enough g. The weight

) . C g 2-1/g,1-1/2
function m is assumed T periodic such that m |3ax0,m€ Wy /g1 190 x

(0, T)) (the fractional Sobolev space defined, for example, as in [7, Chapter 2,
paragraph 3]).

Steklov introduced this eigenvalue problem in the elliptic case in connection
with the study of the map, nowadays called Dirichlet to Neumann map (cf. [3,
Part B, Chapter VI, pages 395-404]) which is also of interest in the inverse prob-
lem of reconstructing the coefficients of L from this map.

We say that A* € R is a principal eigenvalue for the weight m if (1.3) has a
positive (i.e., a nonnegative and nontrivial) solution.

In this paper, we give necessary and sufficient conditions, on a weight m as
above, for existence of a positive principal eigenvalue. Uniqueness and simplicity
of this positive principal eigenvalue is proved and a related form of the maxi-
mum principle is given.

We remark that this weighted eigenvalue problem includes the corresponding
elliptic case where the coefficients are time independent.

In Section 2, for given T periodic functions f and @ defined on Q x R and
0Q x R, respectively, and satisfying f laaxo,m€ LI(Q X (0,T)), @ lsaxw,1)€
qufl/q’lfmq(aﬂ % (0,T)), we study existence of T periodic solutions u : Q) X
R — R, such that u |yax(o,) € W;’l (Q x R) for the problem

Lu=f onQXxR,
bou+ {(AVu,v) =® onodQ xR, (1.4)
u(x,t) T periodicin t.

We prove that, under suitable hypothesis on ag and by, this problem has a unique
solution, and we state the boundedness (with respect to the natural topologies
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involved) of the corresponding solution operator u = Sp,(f,®) (see Theorem
2.5). We also prove the compactness and the strong positivity of the operator
@ — §p,(0,D) (see Theorem 2.6).

In Section 3, we study the following one-parameter family of principal eigen-
value problems: given A € R, we prove that there exists a unique principal eigen-
value y = y,,(A) for the problem

Lu=0 onQXxR,
(AVu,v) —Amu=pu on dQ xR,
u(x,t) T periodicin t,
u>0 onQXR,

(1.5)

we show that y,, (1) is concave and real analytic in A and its behavior at zero and
at infinity is studied.

In Section 4, using the properties of the function y,,, we prove that, for the
case ag > 0, the condition P(m) := fOT maxyeq m(x,t)dt >0 is a necessary and
sufficient condition for the existence of a positive principal eigenvalue for the
weighted problem (1.3) and that, for the case ay = 0, there exists a positive prin-
cipal eigenvalue for (1.3) if and only if P(m) >0 and [, o 1) ¥ < 0 where ¥ is a
positive (unique up to a multiplicative constant and belonging to C>*»1*/2(Q) x
R)) for the T periodic problem

ov +div(AVY) + (b, V¥) +div(b)¥ =0 on QX R,

ot
(AVY,v) +(b,v)¥ =0 onodQ xR, (1.6)
Y(x,t) T periodicin t.

2. Preliminaries

We recall the following well-known facts concerning Sobolev spaces (see, e.g.,
[7, Lemma 3.3, page 80 and Lemma 3.4, page 82]).
) Ifue Wpl(Qx(0,7)),9=1,7>0, then

U laaxon€ Wq 7?1902 % (0,1)) (2.1)

and the restriction map (understood in the trace sense) is continuous.
(ii) For 7 > 0 and q large enough, it holds that

W2 (Qx (0,7)) c C 2 (G x [0,7]) (2.2)

with continuous inclusion.
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(iii) For 7 > 0 and q large enough, it holds that
w, VP90 % (0,1)) € CHU2(3Q % [0, 7]) (2.3)

with continuous inclusion.
From now on, we fix, 7 > T and a large enough ¢ such that (ii) and (iii) hold.
We recall also the following lemma.

LemMA 2.1. Let by € Wj‘”q’l‘“‘f(a(z % (0,7)), by = 0. Suppose also that f €

LUQ X (0,7)), g € Wa UQ), and ® € W, "' 130 % (0,7)), and that the
compatibility condition

bo(,0)p+ (AVe,v) = O(-,0) onoQ (2.4)
is fulfilled, then the problem

Lu=f onQx(0,7),
bou+ (AVu,v) =® onoQx(0,1), (2.5)
u(-,0)=¢9 onQ,

has a unique solution u € W(?’I(Q % (0,7)). Moreover, there exists a positive con-
stant ¢ independent of f, ¢, and ®, such that

sl ey < €(1LF lacaxco.my + 1@z vmavn g o ) + 19122 ).
(2.6)

For a proof of Lemma 2.1, see [7, Theorem 9.1, page 341] concerning to
the Dirichlet problem and its extension, to our boundary conditions, indicated
there, at the end of Chapter 4, paragraph 9, page 351.

For regular data, the following result holds (see, e.g., [7, Theorem 5.3, page
320]).

LemMMma 2.2. Suppose that by € C'*7(19/2)(9Q) x [0, 7]), by = 0. Suppose also that
fecr?2(QxI0,1]), ¢ € C*(Q), ® € C'UIW2 (50 x [0,7]) and that the
compatibility condition (2.4) is fulfilled, then problem (2.5) has a unique solution
u € C*r14Y2(Q x [0, 7]). Moreover, there exists a positive constant ¢ independent
of f, ¢, and ® such that

el crvorz @i o2y < C<||f||cy»w2(ﬁx[o,r]) + 1Pl v aaxior) + ||<,0||c2+y<ﬁ))-
(2.7)

Remark 2.3. If, in addition to the hypothesis of Lemma 2.1, we have that f €
C»Y2(Q % [0,7]), then the solution u of (2.5) satisfies

ue C*rI(Qx[6,1]) (2.8)
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for all § > 0. Moreover, for such a §, there exists a positive constant ¢s indepen-
dent of f and ® such that

||H|\c2+%1+w2(ﬁx[5,f]) = CB(”f”cw/Z(ﬁx[o,T]) + Pl W2V 505 (0,1)) + H‘P”qu’”‘f(a))'

(2.9)
Indeed, let h € C®(R) such that 0 sNh <1, h(t) = 0 for t< 8/4 h( ) =1 for
t > 368/4, let tu(x, t) = u(x, t)h(t), let f(x,t) = u(x, )h' (1) + f(xt , and let

D (x,t) = O(x, t)h(t). Then,

Lﬁ:f on Q x (0, 7),
boll+ (AVL,v) =® ondQ x (0,71), (2.10)
u(-,0)=0 onQ.

By Lemma 2.1, this problem has a unique solution in qu’l (Q % (0,71)). Since
f e Cr2(Qx1[0,7]) and ® € C'I+2(9Q) x [0, 7]), Lemma 2.2 says that it
has also a unique solution % € C**»(1*¥/2(() x [0,7]), and so, since # = 1 on
[6, 7], we obtain (2.8).

Also,

||q)||C1+)’»(1+V)/2(80><[0,T]) < cll®ll w; V0% (0,7)) (2.11)

for some constant c5 independent of @, and so, using (2.6) and the definition of

~

f>we get

||f||cy,y/2(ﬁx[o,f]) =< C:;, <||f||crvy/2(§x[o,f]) + ||q)||W;—]/q,l—]/Zq(aQX(O)T)) + ||§0||W‘572/q(0)>
(2.12)
for some positive constant c; independent of f, ®. Then (2.7), applied to prob-
lem (2.10), gives (2.9).

Letby € Wy #7130 (0,7)), by = 0. For s > 1+ 1/q, let W} 5, (Q) be the

Banach space of the functions ¢ € W;(Q) satisfying by (-, 0)@ + (A(-,0)Ve,v) =
0 on 0Q.
; Bj/q(Q) and Wq 1MJ*UZLI(&Q % (0, 7)) provided with their natural orders
are ordered Banach spaces. Enlarging g, if necessary, we can assume (from now
on) that in both spaces the respective positive cones have nonempty interior.
Asusual, for f: QXR — R (resp., f: 0QXR = R, f:Q — R) we write f >0
to mean f(x,t) = 0 and f nonidentically zero.
Let U: W2 2/q( Q) — w2 2/q(Q) be defined by U¢ = u(-,T), where u €

W2 (Qx (0, T)) is the solutlon (given by Lemma 2.1) of

Lu=0 onQx(0,71),
bou+ (AVu,v) =0 ondQx(0,7), (2.13)
u(-,0)=¢ onQ.
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We have the following lemma.

2-1/¢,1-1/2 .
LemMaA 2.4. Suppose that by € Wy /a1l 190 % (0,7)), by = 0. Then U is a
compact operator. Moreover, if either ag >0 or by > 0 in their respective domains,
then U is a strongly positive operator with positive spectral radius p < 1.

Proof. From Lemma 2.1, the solution u of (2.13) satisfies
ltllwz xio,ry) = Cll@llyz-2aq)- (2.14)

Let h, 1, f, and @ be as in Remark 2.3, taking there f = 0, ® = 0. From (2.14) and
(2.2), we have || fllcre@xior)) < cllgollqufz/q(m, and so, (2.9) applied to (2.13)
implies

||u(, T)||C2+y(5) < C“(P”W;*Z/q(ﬂ) (215)

for some positive constant ¢ independent of ¢. Now, (2.15) implies the compact-
ness assertion of the lemma.

Suppose now that for some ¢ >0 in Wi}j/q(Q), the minimum of Ug¢ =
u(-, T) is nonpositive. Then the minimum of u on Q X (0, T) is nonpositive and
it is achieved at some (xo,%)) € Q x (0, T]. If xy € Q, the parabolic maximum
principle (as stated, e.g., in [6, Proposition 13.3, page 33]) implies that u is a
constant on Q X [8, T] for all § >0, so ¢ is a nonpositive constant which is a
contradiction. If xy € dQ), the same principle states that (AVu, v) <0 at (xo, )
contradicting b (xo, fo)u(xo, to) + (AVu,v) (x0, 1) = 0. So, U is a strongly posi-
tive operator on W; “#4(Q)). Now, Krein-Rutman theorem (as stated, e.g.,in [,
Theorem 3.1]) gives that its spectral radius p is a positive eigenvalue with positive
eigenfunctions. Let ¢, € W; “Y1(Q)) be such an eigenfunction. To see that p < 1,
we proceed by contradiction. Suppose p > 1. Then U(¢,) = pg, = ¢,, that s, the
solution of (2.13) (assuming by taking ¢ = ¢,) would satisfy u(-, T) > ¢,, but the
maximum principle states that u is a constant or maxgq, 57y t(x, t) is attained at
some (xo, tp) € 0Q X [0, T'] and so ag = 0 or by (xo, ty) < 0, respectively. O

Let qu,’%(Q X R) (resp., qu,}l/q’lfl/zq(aﬂ X R)) the Banach space of the T
periodic functions v: Q X R — R such that v [axo,r)€ W' (Q X (0,T)) (resp.,

2-1/,1-1/2 . .
v laaxon € Wy 1 1(0Q2 % (0, T))), equipped with the norm ||v|| W2 (Qx(0,T))
(resp., 11Vl w21 (aaxo,m))-

THEOREM 2.5. Let by, @ € qu,}l/q’l_l/zq(aﬂ XR), by > 0. If ag >0 or by >0 and

if f:QXR —Ris T periodic and satisfies f |axo,r€ L1(Q X (0, T)), then the
problem
Lu=f onQxR,
bou+ (AVu,v) =® ondQ xR, (2.16)
u(x,t) T periodicint,
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has a unique solution u € W;:%(Q X R). Moreover, there exists a positive constant
c independent of f and © such that

lullwz oxco,y) < c(II(I)IIW;fl/q,H/Zq(aQX(O’T)) + ||f||L‘1(Q><(0,T))>- (2.17)

If in addition to the above hypothesis, f € C*"V?(Q X R), then u € C*»1H/2(Q) x
R) and

llull vz axry < C(||(D||W;*I/%I*I/Zq(am(oj)) + ||f||cyyy/2(§X]R)) (2.18)
for some constant ¢ independent of f and ®.
Proof. We start constructing a function ¢; € W?~%4(Q) satisfying
bo(+,0)¢1 + (A(-,0)Vey,v) = O(-,0) (2.19)
and such that
llo1llweraiqy = @l yy2-var-vaa 30,01y (2.20)

for some constant ¢ independent of ®. To do so, consider F(X, s)=x —sA (X, 0)v(X)
on 0Q X (—¢,¢). Since X(x) = x for x € 0Q and A(X,0)v(xX) is nontangential to
0Q at x € 9Q, F defines a diffeomorphism onto a neighborhood V of 9Q in RY
for some ¢ > 0. So we have F~1(x) = (x(x),s(x)) forx € V.

Then we solve the (noncharacteristic) Cauchy problem

by (x(x),0)w+ (A(x(x),0) Vw,v(X(x))) = D(x(x),0), x€V,

2.21
w=0 onodQ, ( )
the solution is, for x = X — sA(X,0)v(x),
N
w(x) = d)(E,O)J eE0U=) gy x e V. (2.22)
0

Thanks to a cut-off function h associated to V, we can extend w to Q by ¢; =
hw which satisfies (2.19) and (2.20).
Letu; € W21(Q x (0, 7)) be the solution, given by Lemma 2.1, of the problem

Luy=f onQx(0,7),
bour + (AVu,v) =@ onoQ x (0,7), (2.23)
u1(-,0)=¢; onQ.

Thus, taking into account (2.20) and the estimate given by Lemma 2.1, we obtain

e [wzr ax o) < C(||CD||W;—l/q,lfl/Zq(aQX(O,T)) + ”f”L‘i(Qx(O,T)))- (2.24)
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Since by is T periodic, u; (-, T) — u;(+,0) € W;}gg/q(ﬂ). Let ¢, € W;j;j/q(()) be
defined by
o2 =T -U)" (-, T) —wi(+,0)). (2.25)
From (2.24), we get
||¢2\|W372/q(9) < C(”q)”W;*I/q,l—]/Zq(aQX(O)T)) + ||f||Lq(Q><(0,T))> (2.26)

with the constant ¢ independent of ® and f. Let u, € W2'(Q x (0, T)) be the
solution of the problem

Lu; =0 onQx(0,7),

bouy + (AVuy,v) =0 on dQ x (0,7), (2.27)
u(-,0)=¢, onfQ,

taking into account (2.26), Lemma 2.1 gives

||u2||W,%1(Q><((),T)) = C(||q)||W;*I/qvlfl/lq(aQX(O’T)) + ||f||Lq(Q><((),T))). (2.28)

Thus, u := u; + u, solves (2.16) on Q x (0, 7). From (2.25), u satisfies u(-,0) =
u(-, T). Also, (2.24) and (2.28) give (2.18). Moreover, it is easy to see that u(x, t) —
u(x,t+ T) is identically zero for 0 <t < 7 — T. So, the T periodic extension of
u (still denoted by u) solves (2.16) on Q X R. The uniqueness assertion of the
lemma follows easily from the maximum principle.

Observe also that if f € C»¥2(Q x R), then, taking into account Remark 2.3,
the periodicity of u implies that u € C**717/2(Q X R). From (2.17), we have

||u(') 0)||W;’V’I(Q) < C(”q)HW;’l/qr]’l/ZQ(aQX(O’T)) + ||f||CY'Y/2(Q><]R))) (229)

and so, Remark 2.3, applied to (2.16), gives

[ Dl vy = (IR 2 1m0 50,0 19y + L f ey ). (2.30)

So, by the periodicity of u, the same estimate holds for u(-,0). Then, (2.18) fol-
lows from the estimate given in Lemma 2.2. O

THEOREM 2.6. Let ag, by, and @ be as in Theorem 2.5 and let

Sp: Wor (00 x R) — wo T (0a xR) (2.31)
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be the operator defined by Sp, ® = u |aaxr, where u is the T periodic solution of

Lu=0 onQXxR,
bou+ (AVu,v) =0 o0noQ xR, (2.32)
u(x,t) T periodicint,

given by Theorem 2.5. Then Sy, is a compact strongly positive operator.

Proof. Theorem 2.5 gives
Hu||c2+y,l+y/2(§><[0)’1"]) < C||Q)||W:—l/q,l—l/zq(aQX(O,T)). (2.33)

From this estimate, the compactness of Sp, follows and, taking into account the
regularity of the solution of (2.32), the assertion about the strong positivity of
Sp, follows easily from the stated hypothesis on ay and by and the maximum
principle. O

CoOROLLARY 2.7. Let ay, by, Sp, be as in Theorem 2.6 and let p be the spectral radius
of S, Then, p is positive and it is an algebraically simple eigenvalue of Sy, with
positive associated eigenfunctions. Moreover, no other eigenvalue of Sp, has positive
eigenfunctions associated.

Proof. The proof follows from Theorem 2.6 and the Krein-Rutman theorem.
|

3. A one-parameter eigenvalue problem

Letm e qu,}l/q’l_l/zq(aﬂ X R) be fixed from now on. In order to study princi-
pal eigenvalues for the weighted problem (1.3), we can assume, without loss of
generality, that [[m|l. < 1/2.

For ¢ positive and small enough (i.e., such that 1 — ¢(1 — [|m|l) > 0) and
A>—¢ let

S Wor P72 19Q x R) — W, /(00 x R) (3.1)

be the operator defined by S) ,,® = u [30xr, where u € W;)’}(Q X R) is the solu-
tion of the problem
Lu=0 onQXxR,
u+ Al —m)u+{(AVu,v) =® ondQ xR, (3.2)
u(x,t) T periodicint,
and let y,,(1) be defined by

1

m = Prm> (3.3)

where p; ,, is the spectral radius of S ;.



410  Principal eigenvalues for a Steklov problem

Remark 3.1. From Corollary 2.7, it follows that p, (1) can be characterized as
the unique real number g, such that problem
Luy=0 onQXxXR,
(AVup,v) = Amuy+uuy  on 0Q xR, (3.4)
ur(x,t) T periodicin t,

has a positive solution u) € W;,’}(Q X R). Since Am = (=A)(—m), the above
characterization of p,,(A) implies that p,, (=A) = p—n(A) for A € (—¢,€). We ex-
tend y,, to the whole real line setting p,,,(—A) = y—,(A) and so the above char-
acterization of p, (1) holds for all A € R. In particular, this fact implies that
Um+k(A) = pum(A) —kA for all A, k € R.

Note also that, for fixed A € R, the solution space in qu,’%( Q X R) of the prob-
lem

Lu=0 onQXxR,
(AVu,v) = Amu+u,(AM)u  on dQ xR, (3.5)
u(x,t) T periodicin t,

is one dimensional and is contained in C?>*1*72(Q) x R). Moreover, by Corollary
2.7, positive solutions have a positive minimum on Q X R.

From the above characterization of y,, (1), our problem (1.3) on principal
eigenvalues is equivalent to find the zeroes of the function y,,,.

LeEmMa 3.2. Suppose that v € C>P1/2(Q X R), such that
Ly=0 onQXR,
(AVv,v) 2z Amv+puv  on 0Q X R,

v>0 onQXxXR,
v(x,t) T periodicint,

(3.6)

for some \,pi € R. Then pn,(A) = @. If in addition either Lv >0 or (AVv,v) >
Amv + v, then pm(A) > f.

Proof. We proceed by contradiction. Suppose that p, (1) < g. From (3.6), we
have, for r large enough,

Lv>0 onQXxR,
(r+A(1=m))v+(AVv,v) > (r+A+pum(1))y>0 ondQ xR, (3.7)
v(x,t) T periodicin t.
Then, the maximum principle implies that v is bounded from below for some

positive constant. Let u) be a positive solution of (3.5). It follows that there exists
a positive constant ¢, such that u) < cv on Q) X R. Take ¢ minimal with respect to
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this property and let w = ¢v — uy. Then Lw > 0, (r + M(1 — m))w + (AVw,v) >
0 on 0Q x R. Now, the maximum principle implies that ming, o 77w >0 and
this leads to a contradiction with the choice of ¢. Finally, note that the above
argument gives also the last assertion of the lemma. O

LemMa 3.3. The function y,y, is a concave function.

Proof. Let Ap,A; € R and let u,,, uy, be positive solutions of (3.5) for A = Ap, A4,
respectively. For 6 € (0, 1), let up = ufou}h_@, s0 ug € CEPI2(QAXR), ugis T
periodic and ug(x,t) >0 forall (x,t) € O X R. For w € RN and (x,t) € Q X R, let
||W||i(x)t) = (A(x, £)w, w). We recall that for regular u,v € C>!(Q X R) — R, such
that u(x,t) >0 and v(x,t) >0 for all (x,¢) € QX R and for € R it holds that
L(uP) = BuP~'Lu — B(B — 1)|Vul?uP~2 and L(uv) = ulv + vLu — 2(AVu, V).
Using these formulas and the definition of || - [/ 4(x,¢), @ direct computation shows
that

. e “ (1_9)/2Vu)\0 s e/zvu)Ll
(Lug)(x,t) = 6(1 - 0) ”_/10 5 | R (%)

g “h, M

2

A(x,t)
(3.8)

for (x,t) € QX R, and so, Lug > 0 on Q X R. Another computation shows that
(AVug,v) = (Oho+ (1 = 0)A1)mug+ (Opm (Ao) + (1 — Opm(M1))ug  (3.9)

on 0Q x R. Then, this lemma follows from Lemma 3.2. O

Remark 3.4. Lemma 3.3 implies that y,, is continuous. Moreover, taking into
account Corollary 2.7, we can apply [4, Lemma 1.3] (proceeding, e.g., as in [5,
Remark 3.9 and Lemma 3.10]) to obtain that y,, () is real analytic in A for A >
—e¢ for some small enough positive ¢, and since g, (—A) = p—, (1) we get that
Um 1s real analytic on the whole real line. Moreover, a positive solution u, for
(3.5) can be chosen such that A — u)50x(0,1) Is a real analytic map from R into
Wor "0 % R).

Note also that if ay = 0, then y,,(0) = 0 and that, in this case, the eigenfunc-
tions associated for (3.5) are the constant functions. Finally, for the case ay > 0,
applying Lemma 3.2 with v = 1, A = 0 and g = 0, we obtain that y,,(0) > 0.

LEMMA 3.5. Let my,m, € W;}l/q’lfl/zq(aﬂ X R). Suppose that m; < m,. Then,

Umy (A) > phm, (A) for all A > 0.

Proof. Since for c € R—{0} piem; L) = tm (A/c), j = 1,2, we can assume, without
loss of generality, that ||m;llo < 1/2, j = 1,2. For 1 >0, let Sym; be defined as
before at the beginning of this section. Let ® € W;,_Tl/q’l_l/zq(aﬂ x R) such that
®>0,let uj =Sy, ®, j=1,2and let v=u; —u,. A computation shows that v
satisfies Lv = 0 on Q X R and (AVv,v) +A(1 — my)v = A(m; — my)v on 0Q X R;
thus, Theorem 2.6 implies v < 0. Then, Sy, < Sp,m,» this gives py p, < pam,» and

SO, U, (A) > ppm, (A). O
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In order to make explicit the dependence on L, we denote by S;,»,,» the op-
erator Sy, as defined at the beginning of this section. We also denote by g1
the function y,,. Let Ly be the operator defined by Lyu = du/ot — div(AVu) +
(b, Vu). We have the following lemma.

LEMMA 3.6. Suppose that ag # 0. Then py,1,(A) > pp1,(A) for all A € R.

Proof. Suppose that 1 > 0. Let ® € W;}l/q’lfmq(aﬂ X R), with ® >0, let k >

Imlleo, let u = Sppm®, let ug = Sp0,m® and let v = u — ug. Then Lov = —apu <0
on O X R, (AMk—m)+1)v+{(AVv,v) =00n dQ x (0,T), and v(x,t) T periodic
in t. Thus the maximum principle gives v < 0. SO S;.1m < St,1m- This implies
that pp, 1 (A) > i1, (A). Since py, 1 (A) = p—m . (—A) (and similarly for L), the case
A < 0 reduces to the previous one. ]

Remark 3.7. Suppose thatag = 0. Letk € R, k > lejsN 161, let

Sk Wor "' T 0a x R) — w00 x R) (3.10)

be defined by (2.17) and (2.18) taking by = k and let pi be its spectral radius.
Since ® =1 is a positive eigenfunction associated to the eigenvalue 1/k, the
Krein-Rutman theorem asserts that px = 1/k. Thus, also by Krein-Rutman the-
orem, there exists a positive eigenvector ¥ for the adjoint operator S satisfying
Si¥ = Y. Moreover, such a ¥ is unique up to a multiplicative constant.

LemMa 3.8. Suppose that ap = 0 and let S,V be as in Remark 3.7. Then u,,(0) =
—(¥,m)/{\¥, 1).

Proof. For A € R, let uy be a solution of (3.5) such that A — u, is real analytic
and such that uy = 1

Luy=0 onQXR,
kuy+ (AVup,v) = (Am+p,(A) +k)uy  on 0Q xR, (3.11)

uy(x,t) T periodicin t,
we get uy = ASk(muy) + (pm(A) + k)Skuy and so
MY, muy) + pm(A) (Y, 1) = 0. (3.12)

Taking the derivative with respect to A at A = 0 and using that y,,(0) = 0 and that
uy = 1, the lemma follows. O

For @, f € W "'7"1(9Q x R), let (i(®), ) = fyouor @f. So i(®) €
(Wi }Uq’l_l/zq(aﬂ X R))’. We have the following lemma.
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LEmMa 3.9. Suppose that ay = 0 and let k, S, ¥ be as in Remark 3.7. Then,

(i) for f € qu’}l/q’lfl/zq(aﬂ X R), we have S| f =i(v |aaxr), where v is the T
periodic solution of the problem

% +div(AVv) +(b, Vv) +div(b)v =0 on QO XR,
(AVv,v) + (k+(b,v))v=f ondQxR, G139

v(x,t) T periodicin t;

(ii) ¥ € C*"12(Q x R) and ming,g ¥ > 0. Moreover, ¥ can be character-
ized as the (unique up to a multiplicative constant) solution of the T peri-
odic problem

aa—\f +div(AVY) + (b, V¥) +div(b)¥ =0 on QO xR,
(AVY,v) + (b, ¥ =0 ondQxR, (3.14)
Y(x,t) T periodicint.
Proof. Note that, for f € W;—Tl/q’l_l/zq(aﬂ X R), (3.13) has a unique T periodic
solution v € C>"»14¥2(Q X R). Indeed, the change of variable t = T — 7 reduces
(3.13) to the situation studied in Theorem 2.5. In order to prove part (i) of the
lemma, we must show that (i(v), ®) = fan(o,T) S(®)f, that is,

J Vb = J fu, (3.15)
0Qx(0,T) QX (0,T)

where u is the T periodic solution of the problem

%—div(AVu)+(b,Vu)=O on O X R,
ku+{AVu,v) =® onodQ xR, (3.16)

u(x,t) T periodicin t.

Multiplying (3.13) by u, (3.16) by v, adding, and integrating on Q x (0, T), we
get

d(uv)

0= J +J [div(uAVv) — div(vAVu)
ox(r) Ot Qx(0,T)

(3.17)
+v{b, Vu) + u{b, Vv) + uvdiv(b)].

The first integral vanishes by the periodicity. Taking into account the boundary
conditions of (3.13) and (3.16), an application of the divergence theorem gives
(3.15). To prove (ii), consider the operator

S:w 0 x R) — w00 xR), (3.18)



414  Principal eigenvalues for a Steklov problem

defined by S f = v laoxr, where v is the solution of (3.13). Note that, via the
change of variable t = T — 7, Theorem 2.6 gives that 8 is a compact and strongly
positive operator. Thus, S has a positive spectral radius which is an eigenvalue
with an associated positive T periodic eigenfunction #, that, by Theorem 2.5, be-
longs to C>*»1472(Q) x R). Moreover, ming, # > 0. Let ¥ be as in Remark 3.7.
By Lemma 3.9, / is a positive eigenvector for S* and so, by Krein-Rutman theo-

rem, we get ¥ = ch for some positive constant ¢ > 0. Thus (ii) holds. O
We set
T
P(m)=| maxm(x,t)dt, (3.19)
0 x€0Q
T
N(m)=| minm(x,t)dt. (3.20)
0 x€0Q)

Proceeding as in [2], it can be shown that if P(m) > 0, then there exists a T
periodic curve I' € C*(R, 0Q)), such that

J " (), ) dt >0 (3.21)
0

we fix, from now on, such a T.

For p € 00, let T)(dQ)) denotes the tangent space to dQ at p and let exp,, :
T,(0Q)—T,(0Q) be the geodesic exponential map defined by exp,, (X)=0px(1),
where 0, x is the geodesic in 0Q) (respect to the natural Riemannian structure on
0Q) inherit from RY) satisfying 0,x(0) = p, (d/ds)(0,,x(s)) = X. Since 0 is of
class C**7, exp » is a well-defined map.

LemMa 3.10. For & positive and small enough, there exists
A€ C((-88)N xR,RN), (3.22)

such that A is a diffeomorphism from (—6,8)N x R onto an open neighborhood
Ws C RN X R of the set {(T(t),t) : t € R} satisfying

(1) A((=8,0)N1x(0,8) xR) = W5 n (A X R),

(2) A((=6, )N x {0} xR) = Ws N (0Q X R),

(3) A0, 1) = (T(2), 1),

(4) A(-,t) is T periodic in t.

Moreover, A : (—6,0)N X R — W and its inverse © : Ws — (—6,6)N x R are of
class C>! on their respective domains.

Proof. The map t — v(I'(t)) is T periodic and belongs to the class C'*?(R,RY).
Then, there exists a C'™? and T periodic map t — A(t) from R into SO(N) such
that A(t)v(I'(0)) = v(I'(¢)), t € R. Let {X1,0,...,Xn-1,0} be a basis of Tr(p(0Q)
and let X;(t) = A(£)Xj0, j = 1,2,...,N — 1. Thus, each X is a T periodic map,
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Xje CH7(R,RY) and for each t, {X;(¢),...,Xn-1(t)} is a basis of Tr)(9Q). For
d positive and small enough, and for (s, ) € (—=§,8)" X R, let

x(s,t)zexpm)( Z stj(t)>—st<expr(t)< Z stj(t)>>, (3.23)

1<j=N-1 1<j=N-1
and let
A(s,t) = (x(s, 1), 1). (3.24)

From the well-known properties of the exponential map, it follows easily that,
for & small enough, (s,t) — A(s,t) is a C>! map which satisfies the properties
required by the lemma. O

Let 8, A, ®, Ws be as in Lemma 3.10, O(x, t) = (@1(x, t),...,On+1(x, 1)). Note
that, since ®y vanishes identically on W N (0Q X R), we have

VOy =—-gv on Wsn (0Q xR) (3.25)

for some g € C'(W; N (9Q X R)) satisfying g(x, £) # 0 forall (x,t) € Ws N (0Q X
R). Moreover,

@ (I(t), ) A'(0,£) = Id, (3.26)

(where A" and ®' denote the respective (N + 1) X (N + 1) Jacobian matrix of A
and O, respectively). Thus, considering the (N, N) entries in this equality and
using (3.25) and that (dAN)/(0sn(0,)) = —v(I'(1)), we get

g((),t)=1, VteR. (3.27)

LemMa 3.11. Suppose that P(m) >0, then lim) . p(A) = —oco.

Proof. Let 6,A,®, Ws be as in Lemma 3.10. Let Qrs = (—=4,8)V"! x [0,8) X
(0,T) and let D5 = A(Qrs) C Q% (0, T). If f : Ds — R (resp., f : Ds N (9Q X
R) — R) let f*: Qrs — R (resp., f*:(=8,8)N "1 x {0} x (0,T) — R) be defined
by f# = f o A.

For A >0, let uy € C*"»1"72(Q) x R) be a positive T periodic solution of (3.5),
since u) = u’; o @ on Dy, the equation Luy = 0 on Djs gives

a #
% —div (A*Vub) + (b*, Vi) +aful =0 on Qrs, (3.28)

where A* is the N X N symmetric and positive matrix whose (i, j) entry is

00;
ox;

00;
ox;

(A(s,1))

ai(st)= > ar(Ash) (Als 1)) (3.29)

1<lLr<N
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and where b* = (b7,...,b};) with each b} belonging to C(Qr,s,R) and indepen-
dent of A.
Ifv(x,t) = (vi(xt),...,vn(x 1)), the boundary condition

(AVup,v) = Amuy +pm(AN)uy  on (9Q x (0,T)) N Dy (3.30)

transforms into

S ay(AG, t)) i %) gfl (Als ) i(A(s 1)
1<i,j,I<N (3.31)

= Am" (s, )u; (s, £) + pm (A) 1} (s, 1)
for all (s, ) € (=8,0)N-1 x {0} x (0, T).
Let g be given by (3.25). Taking into account (3.29) and (3.25) from (3.31),
we get

(A*Vul,en) = —Am*g"uf — p(Mg*u;  on (=6,8)V ! x {0} x (0, T), (3.32)

where V denotes the gradient in the variables sy,...,sy and ey = (0,...,0,1).

Note that [j m*(0,£)dt = [ m(A(0,£))dt = J; m(T(t),t)dt >0 and thus, by
(3.28), g%(0,t) = 1. Since m* andg are continuous on (—68,8)V ! x {0} xR, we
have, for # small enough

T
J I (m*g")(0,0,t)dadt >0, (3.33)
0 J{oeRN-1:|o|<n}
T
J [ &(0,0,0)dodt > 0. (3.34)
{o€RN-1:|g|<n}

Let S € (0,n),leth e C*(R),suchthat0 <h <1, h({) =1for { <y -, h({) =
for { > nandlet G: RN™ — R be defined by G(s, t) = h([s|); thus, GE C® (RN*1).
From (3.33) and (3.34), it is easy to see that we can pick § small enough such that

T
J L o (@) (@0, dode >0, (3.35)
4 Llol<y
T
J J (G*¢*)(0,0,t)do dt > 0. (3.36)
0 J{oeRN-1:|ag|<n}

Let B,r = {(s,t) € RN X (0, T) : [s| <1, sy = 0}. We multiply (3.28) by G*/u}
and then, integrating on B, r and taking into account that uf(-,0) = ui(-, T)
and that G does not depend on ¢, we get

G? G?
J [— — div (A*Vu]) + — (b%, Vui) +a§G2] =0. (3.37)
B, u)l ul
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Let vi = —loguj. Thus v{ € C*!(B, 1). A computation gives that

2
—G—# div (A*Vu}) = div (GPA*Vv)) — 2(A*GVV], VG)
" (3.38)
- (A*GVv{,GVv]) onBy,r.
Also,
G? 1 ~1
?(b#,Vuf{) = —2<GA#V1/§, EG(A#) b#> on B, (3.39)
1

so, from (3.40) the divergence theorem gives

T
J J G*(A* Vv, v) = —zj <GA#W§, VG+ lG(A#)”b***>
0 J{oeRN-1:|o|<n} Byr 2

+J (A*GVV],GVvE) +J ayG*.
Byr Byr
(3.40)

For w € RN and (s,t) € By, let [[wllassn = (A*(s,t)w, w). Taking into ac-
count the boundary condition (3.33) and that G(s) = 0 for |s| = 5 from (3.40),
we get

T
#m(A)J J (G*¢*)(0,0,t)do dt
0 J{oeRN-1:|o|<n}

T
= —/\J J (G*¢*m*)(0,0,t)do dt
0 J{oeRN-1:|g|<n}

JB,,,T

g
Byt A#(s,t)

T
< —AJ J (G2g*m*) (0,0, ) do dt
0 J{oeRN-1:|o|<n}

2
g
Byt

From this inequality, (3.35), and (3.36), the lemma follows. O

2

(GVv§+VG+ %G(A#)_lb#)(s, ) dsdt
, A0 (3.41)

dsdt + J ayG?

Byt

(vc+ %A#Gb#) (1)

(vc+ %A#Gb#) (1)

dsdt + J ay G,

A#(s,t) By

4. Principal eigenvalues for periodic parabolic Steklov problems

Let P(m) and N(m) be defined by (3.19) and (3.20), respectively. We have the
following theorem.

THEOREM 4.1. Suppose either ag >0 and P(m) > 0 (resp., ap >0 and N(m) < 0) or
ap =0, P(m) >0, and {¥,m) <0 (resp., ap = 0, N(m) <0, and (¥,m) >0) with
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Y defined as in Remark 3.7. Then, there exists a unique positive (resp., negative)
principal eigenvalue for (1.3) and the associated eigenspace is one dimensional.

Proof. Suppose ap = 0and P(m) >0, (¥, m) < 0. Since y4,,(0) = 0 and, by Lemma
3.8, u,,,(0) > 0 the existence of a positive principal eigenvalue A = A, (m) for (1.3)
follows from Lemma 3.11. Since y,, does not vanish identically, the concavity of
Um gives the uniqueness of the positive principal eigenvalue.

Moreover, if u, v are solutions in C*>*»1*72(Q) X R) for (1.3), then, by the facts
stated in Remark 3.1, u = cv on 0Q X R for some constant c. Since L(u — cv) = 0
on OXR,u—cv=00n0Q xR, and u —cvis T periodic, it follows easily from
the maximum principle that u = ¢v on Q X R.

If ap > 0, then (by Remark 3.4) p,,,(0) > 0; thus, the existence follows from
Lemma 3.11. The other assertions of the theorem follows as in the case ag =
0. Taking into account that y,,(-A) = y_,,(1) and that N(m) = —P(—m), the
assertions about negative principal eigenvalues follow from the previous cases.

O
LemMMA 4.2. Suppose that ag = 0. Then for all A >0,
P, 191
Um(d) = — T A=1blle IaQIHdW(b)”“' (4.1)

Proof. We consider first the case m > 0. Let A > 0 and let 1) be a positive solution
of (3.5) normalized by [|u) || = 1. From

% —div(AVin) + (b, Vun) =0 on Q% (0,7),
(AVup,v) = Amuy + pn(Mup - on 0Q x (0, T), (4.2)

M,\(',O) = MA(', T))

and since (b, Vi) = div(upb) — u, div(b), integrating (4.2) on Q x (0, T) and
taking into account the periodicity of u, and the boundary conditions, the di-
vergence theorem gives

(V) = -1 mu +J 1 (b,v) - J w, div(b).
a0 x(0,T) 0Qx(0,T) a0 x(0,T) Qx(0,T)
(4.3)

Since m > 0 and |uy| < 1, we have faox(o,T) muy, < P(m)|0Q), also |u div(b)| <

[[div(b)lleo and |ty (b, v} | < [|bllc. Thus

T1001n M) = ) |
a0 x(0,T)
> —AP(m)|9Q| — T|0Q |[b]l — || div()|| . |QIT,

(4.4)

so the lemma holds for m > 0. For the general case, pick k € R, k > [|m]| tak-
ing into account that P(m + k) = P(m) + kT and that g,,+x(A) = (L) — kA the
lemma follows from the previous case applied to m + k instead of m. O
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CoROLLARY 4.3. Suppose that ag = 0. Then, lim) .« u,,(A) = —P(m)/T.

Proof. Suppose that P(m)+0, then Lemmas 3.11 and 4.2 imply that limj_ .o g (A)
= +oo. Also, y,, is concave; thus, there exists limy . ¢, (1). Then, the L'Hopital
rule gives lim) o t;,(A) = limy— o i (A)/A = —P(m)/T, the last inequality by
Lemma 4.2. If P(m) = 0 and if y,,(1) < 0 for some A > 0 then, since y,,(0) = 0,

the concavity of y,, implies that limj_ e g (1) = —co and the above argument
applies. If y,,(A) = 0 for all A >0, the concavity implies that u;,(A) = 0 for all
A >0 and so the corollary is also true in this case. O

LemMa 4.4. Suppose that ay = 0 and let ¥ be as in Remark 3.7. Then, P(m) <0
implies that (¥, m) < 0.

Proof. Suppose P(m) < 0. By Corollary 4.3, we have lim,_.. y;,(A) > 0. Then,
since py, is concave, we have y,,(0) >0 and so (¥, m) < 0. O

LemMA 4.5. Suppose that ag = 0. Then, u,, vanishes identically if and only if
P(m)=(¥,m)=0.

Proof. Suppose that y, vanishes identically. Lemma 3.8 gives that (¥,m) = 0.
Also, by Lemma 3.11, we have P(m) < 0. Suppose that P(m) < 0 and let m(¢) =
maxyegn m(x, t). Since m € C(IQ X R), it follows easily that m € C[0, T]. Take
¢ such that 0 < ¢T < —P(m) and take a T periodic function m* € C'(R) such
that m(t) < m*(t) < m(t) +¢, t € [0, T]. Thus, —eT > P(m) = P(m) > P(m™*) —
eT. Thus, P(m*) < 0 and so, by Lemma 2.4, (¥,m*) < 0. Thus y,,-(0) >0 and
then, since m < m*, for A positive and small enough, we have p,,,(1) = g« (1) >0
contradicting our original assumption.

Suppose now that P(m) = (¥, m) = 0. Then y,,(0) = 0 and also, by Corollary
4.3, lim)_ y,,(A) = 0. Then, the concavity of y,, implies that y;, vanishes iden-
tically on the positive axis, and so, since p,,,(0) = 0 the same is true for y,, and
since yy, is analytic, vanishes on the whole line. O

THEOREM 4.6. Suppose that ay = 0 and that y,, does not vanish identically. Then,
the conditions P(m) > 0 and (\¥,m) < 0 (resp., N(m) < 0 and (¥,m) >0) are nec-
essary for the existence of a positive (resp., negative) principal eigenvalue for (1.3).

Proof. Suppose that p,, (A1) = 0 for some A, > 0. Since p,,,(0) = 0 and y,,, is con-
cave, we must have y;,(0) >0, and so, (¥,m) < 0. To see that P(m) >0, we
proceed by contradiction. Suppose that P(m) < 0. Corollary 4.3 implies that
lim) o u;,(A) = 0 and so, since y,, is concave, we have y,, (1) > 0 for all A >0,
and then, since y,,(0) > 0, y,, cannot vanish on the positive axis. O

THEOREM 4.7. Suppose that ag > 0. Then, the condition P(m) >0 (resp., N(m) <
0) is necessary for the existence of a positive (resp., negative) principal eigenvalue

for (1.3).

Proof. For A >0, by Lemmas 3.5 and 3.6, we have p, (A1) = upm (1) = uar,(A).
Suppose that P(m) < 0. Corollary 4.3 gives lim)_«py; (1) = 0, and so,
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pinL,(A) = 0 for all A > 0. Since y,,(0) > 0, the concavity of y,, implies that y,,
cannot vanish on the positive axis. O

TueorEM 4.8. Let A € R such that pn, (1) > 0. Then, forallh € qu,}l/q’l_l/zq(aﬂ X
R), the problem

Lu=0 mQXxR,
(AVu,v) =Amu+h onoQ xR, (4.5)
u(x,t) T periodicint,

has a unique solution. Moreover, h > 0 implies that ming, o yu > 0.

Proof. Let k, Sykm> and pykm be as in Remark 3.1. Since y,,(A) >0, we have
Prim < 1/(Ak+1), and so, since Sy x  is a strongly positive operator, ((1/(Ak+1))I
— Sikm) ! is a well-defined and positive operator. Equation (4.5) is equivalent
to u = (Ak+ 1)Sy g mu + Sy k.mh, that is, to

1

1 -1
4= kT S*’k’m<Ak+ - S“"’“) h (4.6)

So the theorem follows. O

Let Ay (m) (resp., A_1(m)) be the positive (resp., negative) principal eigenvalue
for the weight m with the convention that A, (m) = +co (resp., A_;(m) = —o0) if
there does not exist such a principal eigenvalue. From the properties of y,, we
obtain the following corollary as an immediate consequence of Theorem 4.8.

COROLLARY 4.9. Assume that ag > 0. Then, the interval (A_1(m),A1(m)) does not
contain eigenvalues for problem (1.3). If ap = 0, the same is true for the intervals
(A-1(m),0) and (0,A,(m)).
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