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The higher order quasilinear elliptic equation —A(A,(Au)) = f(x, u) subject to
Dirichlet boundary conditions may have unique and regular positive solution.
If the domain is a ball, we obtain a priori estimate to the radial solutions via
blowup. Extensions to systems and general domains are also presented. The basic
ingredients are the maximum principle, Moser iterative scheme, an eigenvalue
problem, a priori estimates by rescalings, sub/supersolutions, and Krasnosel’skii
fixed point theorem.

1. Introduction

We are interested in studying the higher order quasilinear elliptic equation
—A(Ap(Aw)) = f(x,u) inQ, u=0 onoQ, (1.1)

where Q € RN, N > 2, is a smooth bounded domain and Apu=div(] Vul|P=2Vu),
p > 1. Throughout the paper, it is useful to split (1.1) as a system of three equa-
tions

—Auy = uy,
—Apuy = u3 in Q,
—Aus = f(x,u1),

U =uy=us=0 onoQ.

(1.2)

There has been some interest in the study of polyharmonic operators, cor-
responding to p = 2 here, see [4, 6, 7, 9, 15]. These references testify the wide
range of applications of higher order elliptic operators. A critical exponent prob-
lem involving A(|Au|?~2Au) was studied in [14], see also [11] for an account on
these issues involving polyharmonic operators. Systems dealing with quasilinear
equations in radial form were treated in [2, 3]. They used a blowup method to
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obtain a priori estimates and proved the existence of a solution by degree the-
oretical arguments. We also take advantage of this general strategy. Here we are
concerned with the existence, nonexistence, uniqueness, and regularity of posi-
tive solutions to (1.1) whenever p > 1 and p # 2. Another goal is to treat systems
which are, roughly speaking, a perturbation of (1.2). In this introductory part,
we give some examples of our main results, technical assumptions for dealing
with general situations are left to other sections.

Problem (1.1) has a variational formulation, so that weak solutions corre-
spond to critical points of the functional

I(w) = HQ |V(Au)|de7L2F(x,u)dx (1.3)

defined in the Sobolev space
€P(Q) = {uec W2P(Q) n W, P (Q): Aue WP (Q), 1<p<oo},  (1.4)

where F(x,s) = [, f(x,t)dt.

In Theorem 2.2, we employ the so-called Moser iterative scheme to (1.2), in
order to regularize the weak solutions of (1.1).

The eigenvalue problem

—A(Ap(Aw)) = Ap(x)|ulP?u inQ, u=0 onoQ (1.5)

will help to formulate conditions under which solutions of (1.1) appear. There is
a first, positive isolated eigenvalue A} of the weighted problem (1.5), this is the
content of Proposition 3.2.

The radial form of problem (1.1) is interesting because it is possible to obtain
an a priori bound for solutions by means of a blowup process, the key step is
a Pohozaev identity in the whole RN, see Theorem 4.1. Notice that the radial
ground states of

—A(Ap(Aw)) =u? inRN (1.6)

may fail to be sufficiently smooth at x = 0, therefore, it is not possible to apply
directly, for instance, the general program of [10]. We proceed by approxima-
tion, writing an integral relation in the annulus A defined by 0 < R; < [x| < R,.
A solution of (1.6) and some of its derivatives are bounded near 0 and exhibit
rapid decay at co. This fact allows to take the limits R; — 0 and R, — o, so we
obtain

JRN (%‘%)uq“(lxl)dx=o. (1.7)

Therefore, positive radial solutions of (1.6) defined in the whole RN cease to
exist if N >3p and p—1<¢q < pN/(N —3p) — 1. We use this information to
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obtain the a priori estimate for positive radial solutions of problem (1.1). In
fact, it is possible to work with a class of systems of radial equations that includes
(1.1), we pursue this approach in Proposition 5.1. We apply Theorem 5.2 due to
Krasnosel’skii to obtain a positive radial solution. The following example is a
consequence of Theorem 5.3 and illustrates the preceding comments, notice the
relation with the spectral problem (1.5).

Example 1.1. Suppose that for i = 1,2,3 each function g;: [0,R] X [0,+0) —
[0, +00) is continuous and

gi(r,t) <a(tf+1) (1.8)

for r € [O,R], t = 0 and constants a >0, 0< f;, f2<1,0<fB3<q, p—1<g<
PpN/(N —3p) —1,and N >3p. We also assume that

ait+gi(rt) < (a1 +A)t,
at+g(rt) < (ax+p)t, (1.9)
astl+g3(r,t) < astl+ytP~!

forr € [0,R] and 0 < t < §, where A, 4,y >0, a; >0, and (a; +1)? " (ay + u)(as +
y) <Af.
The solutions of the system

—Auy = ayu + g1 (r,u2),

(

—Apuy = a3 +g2(7’, u3) in Bg,
) (1.10)
—Auz = azui + g (r,u1),

ur=u,=u3=0 ondBy

are a priori bounded, and in fact there is a C' positive weak solution.

One of our aims is to extend results obtained for (1.1) to more general systems
of the form

—Auy = fi(x, ur, up, u3),
—Apup = Z(x,bll,uz,U3) in Q,

phr = (1.11)
—Auz = f3(x, u1, uz,u3),

ur=u,=u3=0 onoQ,

which may not have a straightforward variational structure and Q) is not a ball.
For instance, if we replace the ball Br in Example 1.1 by a smooth bounded
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domain Q, by Lemma 6.1, we see that there is a nonnegative (maybe identi-
cally zero) solution to the corresponding problem in Q. Essentially, the solution
comes up by reducing the problem to the verification of the homotopic in-
variance of degree in cones. For that matter, we obtain a priori estimates by
performing a certain scaling that resembles the blowup method used to prove
Proposition 5.1.

The third equation of (1.10) behaves like g > p — 1 for large values of u;.
A different behavior at infinity is also treated in the present paper, namely for
q < p — 1, see Example 1.2 below. Some additional conditions taking into ac-
count the monotonicity of the functions f; permit us to truncate the problem
between a positive subsolution and a supersolution, and actually obtain a posi-
tive solution, see Theorem 6.2. The next example fits in the general hypotheses
of Theorem 6.2 and is different, in nature, from the previous one.

Example 1.2. The system

—Auy = us,

B .
—Ayuy =u; 1nf),

PR (1.12)
—Au3=u)f,

up=ur=us=0 onodQ

admits a positive solution, provided that 0 <, B <1,0<y < p—1, and affy <
p—1.

A more general situation occurs when the nonlinearities depend on u;, us,
and u3. The following example is also a consequence of Theorem 6.2.

Example 1.3. The system has a positive solution

—Au; = allu‘f“ +a12u§‘2 +a13u§”3,

—APUZ = a21u‘f“ + azzugzz + a23u§‘23 in Q,
A _ a3 Q32 a33 (1'13)
—Auz = as u;” +asuy” +asus,

uy=u,=u3=0 onodQ)

provided that aij = 0, ai,azs,as; >0, 0<a,a33 <1, 0< a3 < 1/(p -1),0<
021, %22, 32 < P — 1,0 < aqo, a3 <1, 0< a3 < p— 1, and o120030031 < P — 1.

The next example is an application of Theorem 6.3, the right-hand side non-
linearities have a different behavior from the previous ones. But even in this
situation, it is possible to combine the ideas of Lemma 6.1 in order to get a pri-
ori estimate in a suitable homotopy path, similarly to Theorem 5.3. We finalize
by applying Theorem 5.2.
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Example 1.4. Let g;: QX [0,+00) — [0,+00), i = 1,2,3, be bounded continuous
functions such that
limsupg (x,t) <A< lilm Jrinf g1(x, 1),
t—0* T

lirtriz?pgz(x, f)<u< litrllJrigfgz (x, 1), (1.14)

limsupgs(x,t) <y < litm+infg3(x, t),
t—0t —re

uniformly for x € Q. If A?~1yy = AY, then the system

—Auy = g1 (x, u2) ua,
—Apuy = (v us)us inQ,

—Aus = g5 (3 up) p(x)ul

uyr=u,=u3=0 onadQ)

(1.15)

possesses a positive weak solution.

It follows from Theorem 7.1 that the systems (1.12) and (1.13) have a unique
positive weak solution.

2. Regularity of weak solutions

The space €7(Q) is normed by |luller(q) = (Jo |V(Au)|Pdx)'P. In what fol-
lows, we obtain embeddings which follow from the continuity of the mappings
A:€P(Q) — Wé’p(Q) and A1 LV(Q) — W2¥(Q) for 1 < v < +00 and from the
classical Sobolev embeddings W&’p(Q) < L’(Q) and W2V(Q) = L7 (Q).

LemMA 2.1. (a) The embedding €*(Q) — W2(Q) is continuous for v € [1, pN/
(N=p)]if p<N, or for v € [1,+0c0) if p= N and is compact for v € if 3p <N,
or for T € [1,4+00) if 3p = N and is compact for T € [1, p*) if 3p <N, or for
7 € [L,+) if 3p > N, where p* = pN/(N —3p). But €P(Q) — LP"(Q) is not
compact.

The already defined functional I in (1.3) is of class C! if one assumes that
| feat)] < (it +1), (2.1)

for some constant ¢ >0 and for0< g < p* —1if3p<Nand0< g <+ if 3p =
N. The derivative of I is given by

I'(u)g = JQ V(M) |72V (Aw) - V(Ag) dx — L} Foweds.  (2.2)

We employ a variant of Moser iterative scheme to conclude that weak solu-
tions of (1.1) are regular. If 3p > N, a weak solution of (1.1) belongs to C3(Q)
by a simple application of Lemma 2.1 and L? estimates.
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THEOREM 2.2. Let u € €P(Q) be a weak solution of (1.1). If g < p* — 1 and 3p <
N, then u € C3(Q).

Proof. Tt is convenient to rewrite (1.1) in the system form (1.2). In this way, we

denote u = u; and we claim that there are u, € W&’p(Q) andus € W&’p ! _1)((2)

such that (u;, uz, u3) is a weak solution of the system (1.2). Indeed, u; € €7(Q))
is a critical point of I, then

JQ 1V (Aur) |22V (Aur) - V(Ay) dx = Jnf(x,ul)l//dx, (2.3)
for every w € €7 (Q). Set uy = —Au; € W&’p(Q). Then
—j |w2|"*2w2-V(Aw)dx:j Flxu)ydsx, (2.4)
Q Q

for every y € €P(Q). Since f(x,u;) € LP*/(P"~D(Q), the problem
—Aus = f(x,u1) inQ, uz3 =0 onoQ (2.5)

admits a unique solution uz € W2P"/(?*-D(Q) n W&’p*/(p*_l)(ﬂ). Hence,
J;) Vus - Vydx = JQf(x,ul)wdx, (2.6)
for every v € Wol’P ’ (Q), implying
—J usAydx = J f(xu)ydx, (2.7)
Q Q
for every y € WP (Q) N W&’P* (Q). From (2.4) and (2.7), we conclude that

j | Vu, |p72Vu2 - Vedx = J us@dx, (2.8)
Q Q

for every ¢ € Cg’(Q). Thus, (u;, u, u3) is a weak solution of system (1.2). Now,
we prove its regularity. Define the sequence

j ifuy(x) = j,
uyj(x) = qua(x) if —j<up(x) <j, (2.9)
—j if le(X) < —j.
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For any given f8 > 0, we have |uy;|Fuy; € Wol’p(Q) and
—J |z |ﬁu2jApuzdxs CJ (=) (A [T+ 1} | [P dx. (2.10)
o Q

Suppose that u, € LP+(Q) for some px = pN/(N — p). If2piy = Nor2pi(g+1) =
Ng, it is easy to verify that u; € L*(Q) for every a € [1, +0), so we are done. Else,
we claim that u, € LP+1(Q)), where

N N-2
P =5 Betp) B=p-(grDS @

Indeed, since px = pN/(N — p) and g < p* — 1, it follows that i = 0. There
holds

—J;) |u2j|/3ku2jAPu2dx2c||uzj||€';kt}f, (2.12)
with ¢ > 0 independent of j, see [8]. Using L? estimates, we obtain
(=8 [ (=A) " | ppvien-zmpn-2m0 < ([l T +1). (2.13)

Noting that (Bx + 1)/px + (N — 2px)q — 2pk)/pkN = 1 and applying Young in-
equality in (2.10), we get

[t 1 Ea s (el 1) @aa)
Therefore,
i l1758 < c(llal " +1) (2.15)
with ¢ > 0 not depending on j. Thus,

a8 < i 35 < (s[5 +1), 216)

proving the claim. Let py = pN/(N — p), we are going to show that 2p; = N or
2pk(g+1) = Ngq for some k € N. Observe that px > po for every k € N arguing
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by induction, since px > po implies i > 0. Note also that, pi is an increasing
sequence, by induction and because

N+2(g+1)

N-p (Pk+1 — Pr)- (2.17)

Pk+2 — Pk+1 =

Suppose on the contrary that 2p; < N and 2pi(q+1) < Ng for every k € N.
Then py converges to L = py. Using (2.11) and taking the limit

. pN
N-pam At T,

N [ N-2L N
_N—p{L N (q+1)}+N—p’

L = lim Pk+1 =
k—+o0
(2.18)

we see that L = N(q+1—-p)/(p+2(q+1)) = pN/(N — p), implying that g + 1 >
p*, a contradiction. 0

3. Eigenvalue problem

We investigate the eigenvalue problem (1.5). Assume that p is a nonnegative and
nontrivial function belonging to L*(Q). Define the functionals A, B : €?(Q) —
R by

1 1 .
AW = e, BG= | porwn? dx (3.1)

where ut = max{u, 0}. It is easy to verify that A and B are C'. Define

A; = B(il?)g 1A(u). (3.2)

Clearly, A} is a positive number attained by some u € €2(Q). Also, there exists
n >0 such that A" (u)¢ = nB’(u)¢ for every ¢ € €P(Q)). Taking ¢ = u, we obtain
A(u) =nB(u). Thus, 1 = A and u is a critical point of the functional

1 AR
J(u) = 177 L) | V(Au)|? dx - ?1 L)p(x)u*p dx. (3.3)

The next comparison lemma is borrowed from [12].

LemMa 3.1. Let u,v € C'(Q) be functions satisfying —Apu < —A,v in Q and u <
v on 0Q in the weak sense, then u < v in Q. Furthermore, assume that Vv # 0
on 0Q and let n >0 be small enough, such that the set T = {x € Q: |Vv(x)| >
1, dist(x, 0Q) < n} is nonempty and open. Then eitheru=vinT oru<vinT and
for each x € oI with u(x) = v(x), we have du(x)/0v > dv(x)/ov.

There is a first eigenvalue associated to problem (1.5), which is isolated from
above and from below.
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ProrosritioN 3.2. (i) IfA = Af, then (1.5) admits a positive weak solution;

(i) if A < A, then (1.5) does not admit a positive weak subsolution;
(iii) if A > A, then (1.5) does not admit a positive weak supersolution;
(iv) A} is isolated.

Proof. Tt is useful to rewrite the eigenvalue problem in the following way:

—Au1 = /\Mz,
—Apuy = puz  in €,
- (3.4)
—Auz = yp(x) | [P 2w,
Uy =u;=u3=0 onoQ.

We reformulate items (i), (ii), and (iii) in terms of a surface in three parameters
Auy>0:

(i) if AP luy = A%, then the system (3.4) admits a positive weak solution;
(il)" if AP~y < Af, then the system (3.4) does not admit a nonnegative weak
subsolution with a positive component in Q;
(iii)" if AP~y > A%, then the system (3.4) does not admit a positive weak
supersolution.

Since u is a nontrivial critical point of ] and p is a nonnegative function, (i)’ fol-
lows from the beginning of the proof of Theorem 2.2 and the strong maximum
principle of [13]. We prove (ii)’. Suppose on the contrary that problem (3.4) ad-
mits a nonnegative weak subsolution (vy, v,, v3) with a positive component and
AP~1yy < A¥. Choose Ao = A, o = p, and y, > y such that /\gflluoyo = Af. Accord-
ing to part (i)', we can take a positive eigenfunction (u1, u, u3) corresponding to
(A0, Ho» Yo). Let T', be the set associated to function u, given in Lemma 3.1, that
is, I, = {x € Q: |Vuy(x)| >n}. Define the set S = {s >0: 1 >svy, uy >sv,, and
u3 > sP~1v; in I, }. By the strong maximum principle, S # & and since one of the
components of (v1,v2, v3) is positive, S is bounded. Let s* = sup S. Since

P

Az — P "v3) = pop(o)ul T = s* P yp(x)vf !

3.5
Z(yo—y)p(x)u]f_1 in Ty, 53

by the strong maximum principle, uz > (s* +&)?~'v; in T, for £ > 0 small enough.
Thus,

-1
P uovs

gt Pl ) (3.6)
= Uo 1_(S*+8) us inl,

—Apii; +S*P_1APV2 > pous — s*
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implies, by Lemma 3.1, that u, > (s* +¢€)v, in I'; for € > 0 small enough. Finally,
from

*

*A(Lﬁ - S*Vl) > )L()le - S*)L()‘Vz > Ao(l - )uz in I, (37)

s*+¢

it follows that u; > (s* +¢)v; in I'; for € > 0 is small enough, contradicting the
definition of s*. Suppose, on the contrary, that problem (3.4) possesses a positive
supersolution (vy, v2, v3). Part (iii)’ follows similarly. Let Ay = A, po = p, and yo <
y be such that Ag 71;40)/0 = Aq . Denote (u1, uy, u3) a positive eigenfunction related
to (Ao, o, yo) and I', the set associated to v, as in Lemma 3.1. Define the set
S={s>0:v; >suy, vy >suy, and vs > s lus in [,}. Item (iii)’ follows by the
same steps of (ii)’. We sketch the proof of item (iv), the details follow from the
ideas in [1]. If v is another eigenfunction corresponding to an eigenvalue A, we
have A > Af, by (3.2) and (3.3). Hence A" is isolated to the left. Let A, > A}
be a sequence of eigenvalues corresponding to the eigenfunctions v,,. Item (iii)
implies that each v, must change sign. The sequence v, converges uniformly in
a set of positive measure to the first eigenfunction of (1.5), a contradiction. [J

4. Nonexistence of radial solutions in RN

In this section, we prove a result of Liouville type for (1.6). It is a fundamental
step for obtaining a priori estimates in Section 5.

Tueorem 4.1. Let f(t) = [t]9 Y withp —1<q< p* —1and N >3p. Then (1.7)
has no positive solution in C*(RN).

Proof. We rewrite (1.6) as a system of radial equations and proceed by approxi-
mation. Suppose that u is a positive solution, (1.6) transforms into

— (PN () = N (),
- ué(r)) =N "lys(r) forr>0, (4.1)
— (PN (n) =N f (),

(-

where u = u;. The existence of positive u, and us is treated in Theorem 2.2. A
solution (uy, uz, u3) € (C'[0,+))? of the system (4.1) satisfies the integral rela-
tions

N (r) = j “luy(s)ds,

N () | PRl :Jostlug(s)ds for r >0, (4.2)

) = [ f () ds,
0



Marcelo Montenegro 433

and the following Pohozaev type identity for every constant a and 0 < Ry < R;:

JRZ {NF(ul(r)) —auy(r) f (ui(r)) + (a+ SP;N> |u§(r)|p}rN*1 dr

Ry
2
Z( 1)'¢(Ri, a, uy (Ri), ua (Ry), us (Ry), uy (Ry), ) (Ry), uy (Ri) ) RY .

. (4.3)

We need to detail the expression of ¢ in order to verify that ¢(-)RN ! goes to
OasR; — 0and Ry — +.

Consider the functional # = #(x,u;,s) depending on x, u;, and the third
derivatives of u; formally represented by s,

9 = %IV(Auluxn) "= F(u(x)) forxeR¥-{0},  (44)

where F is the primitive of f. By relations (4.2) and a bootstrap argument,
we conclude that (uy, 4, u3) € (C'[0,+00) N C*(0,+))3, so ¥ is well defined.
Noting that s;j; = 0 if j # I, we obtain

J{N?{f au #Hy, — (a+3)Dijju Ky, } dx

Sijj

Sijj

:J {x,% Z [ xiDyuy +auy ) Dji ¥y, + D (xiDyuy + auy) D ¥

Sijj
=1

—Dj;i (x;Dyuy + aul)%sw] }vi ds,
(4.5)
where v is the unit outward normal vector to the boundary dA. Since, 1 ¥, =

—u; f(u) and Zﬁlj»:lD,-jju] =|V(Auy)|?, the left-hand side of (4.5) reduces
to

Sijj

L {NF(ul(r)) —au (r) f (ur(r)) + <a+ 3P;N) | uy(r) |p}dx

=wy JRZ {NF(ul(r))—aul(r)f(ul(r))+<a+3p;N> | ) (r) |P}rN—1dr’

R,

(4.6)

where wy is the area of the unit (N — 1)-sphere.

We obtain (4.3) after passing to radial coordinates and replacing u; and u3 in
(4.5). We also use the fact that (u1, uy, u3) is a solution of (4.1), translated in the
integral relations (4.2). Write each term of the right-hand side integral of (4.5)
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- 2
b =965 = [P = Pl )] %,
2
¢2 = —(xiDyuy +auy) = —ui(f’)x?l —au (),
b2 = Dy, 2 = Dy (= 1) P )2 )2 (@7)

{23 (10017 0) E 2 (1)) 2

p-2 xl}xl
+ |4 uy(r)Dj; = =,
| 2( | 2() ]]r r
where

r

D () P 7u(1) = § = s+ (N = Dy ¥ [ oY

0

DﬁU%mV”%vD={ﬂam§—NW—nfo§Ew*%@m

us(s) dS} )
r

F(N = Drlus(r )’f}xf

;
{”3(’”“\’* Dr- J N lus(sms} D2,
0 r
¢4 = Dj(x;Dyuy + auy) = Dj(uy(r)r) +aDju; (r)
- —uz<r>xj N =20 ),
Loy~ ] ™)

="{1%<|ugﬁﬁlp_2u§00) b us(rD; }ix

s = D%

SUJ

2
, X
¢6 = —Djj(xiDyus +auy) = —Dj; (ul(r)rl> —aDjju(r),

(4.8)
where
2 2
Djj(ui(r)r) =N(N - 2)u’1(r)—; +(N - 2)u2(r)—i
, 2
(-2 Y
o p (4.9)
Djju(r) —N%(h%+u§”—u(0%,
A 2
¢ =, == (0

Hence ¢ = ¢1 + d2¢3 + Patps + s 7.
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If (11, ua, u3) is a positive solution of (4.1), the first member of (4.3) is positive
for every 0 < R; < R,. Actually, choosing a = (N —3p)/p, then

NE(t) - atf(r) = tq“(% —a) 50 fort>0, (4.10)

Now, we intend to prove that the right-hand side of (4.3) converges to zero as

R, — 0 and as R, — +o0. We analyze the term ¢(-)RY ! near zero. Since u; and
u; are bounded near 0 for i = 1,2, 3, we get

|¢1| <cr,

| 2| <c(1+7),

|5 <c(l+r+rt+r2),

[¢a| <c(1+7), (4.11)

|ds| <c(1+r+r71),

[ g6 | < c(

l¢7] <¢

L+r+rt),

where the constant ¢ does not depend on r for r > 0 small enough. Thus, we
obtain

|¢ (Ri, @, 11 (R1), 12 (R1), s (R1), 4y (R1), ty (R1), 5 (R1) )RY ™! |

4.12
<c(1+R +R{'+RH)RY L, (+12)
for every Ry near 0. Since N > 4, we conclude that ¢(-)RY™! — 0 as R; — 0.

It remains to check the behavior of ¢(-)RY ! for large R,. Here we use a sim-
ilar strategy to [3]. Integrating by parts the first equation of system (4.1), we
have

N 1,7 ! N—l SN s=r rSN ’
uy(r) = ux(s)ds = ﬁ”2(5)|s:0 -], N“z(s) ds. (4.13)

Repeating the same computation to the second and third equations of (4.1), we
find

1/p—-1
()= ), G0 (fsm) L )= Gl
(4.14)
for every r = 0. Therefore,
—ui(r) = (N -2,
N _
—u(r) < (rf) ”zr(r), (4.15)

—ul(r) < (N—z)”%(r),



436  Higher order quasilinear elliptic equations

for r > 0. Putting the above relations together, we obtain, step by step, the fol-
lowing estimates for r > 0:

u(r) < cr™3P/a+l=p), —u)(r) < cr30/ari=p)-1,
Uy (r) < cr=3P/ati=-p=2, —ub(r) < cr3P/at1=p)=3, (4.16)
Ll3(r) < cr—3p/(q+1—p)—3(p—1)—l, —ué(i’) < Cr(—3p/(q+1—p)—3)(p—1)—2,

where the above constant ¢ does not depend on r. From (4.16), we see that

91l = C{r(%p/(qﬂip)%)p + r’3P(q+1)/(q+lfP)}T,

| ¢y | < cr3p/tati=p)

|¢5| < cr(3p/arl=p)=3)(p=1)=2,

|§s] < cr3p/ati=p)-1 )
|¢s | < cr(—3p/at1=p)=3)(p-1)-1,

|| < cr—3p/lati=-p=2

7| < cr3p/ari=p=3)p-1),

where the above constant ¢ does not depend on r for sufficiently large values of .
Therefore, it follows that

|¢(Ra, @, 11 (Ry), uz (Ra), u3 (Ra), ) (Ra), 1y (Ra), s (Ry) )RY ™1 | < cRS,  (4.18)

where k = =3p?/(q+1—-p)+ N —3p <0, since p—1<g< p* — 1. Hence,
({)(-)RQI’l — 0 as R, — +o0o. Consequently, relation (4.3) becomes

+o00 N _ 3
J (l - —I))u‘fﬂ(r)rN*l dr =0, (4.19)
0 q+1 p
implying #; = 0 in [0, +00), a contradiction. O

5. Existence of radial solutions

We are going to prove the existence of nontrivial radial solutions for (1.1) in
balls. Since our approach can be used to handle more general situations, in fact,
we deduce the results for a system like (1.11) that includes (1.1), namely

—Auy = fi(r,uy,up, u3),
_Apuz = fz(i’, Uy, Uy, Ll3) in Bg,
7Au3 = f})(r) Uy, U, u3);

Uy =u,=us=0 onodBg.
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Suppose that, for i = 1,2, 3, each function f; : [0, R] X [0, +00)> — [0, +c0) is con-
tinuous and

3

ﬁ(r) t, b, t3) = gi(r; t, b, t3) + Z hil(?’, 11, b, t3)) (52)
I=1

where g; and h;; are nonnegative continuous functions verifying

gi(ntt,ts) <a(tf +67 + 7 +1), (5.3)
hi(r, ti, o, t
hlntotnt) _,, (5.4)
tj—+o tl

for some constant a > 0, uniformly for r € [0, R], fx € [0, +00) forevery k = 1,2,3
with k # [ and

sup{|hu(- ttots) | it >0, k=1,2,3, k+1 0<t;<M} € L*(0,R), (5.5)

for every M > 0, where

ai, a3, as >0, ap, a3, az1, da, a3, azs = 0,
i, Bir = 0, a1y =03 = 1, p—l<az <p*-—1,
/311)/1 <2 /521)/1 <Y3 /531)/l < 03191,
auyr =y a0y = Y3, a3y < a31Y1,
3p 2031+ p+2 3pazi +2p —2a31 — 2
yl:a31+1—p’ yz:oc31+1—p’ 3T a+1—p '

(5.6)

We proceed to prove that solutions of (5.1) are a priori bounded. Clearly,
(1.1) fits in the above setting if one assumes | f (1, 1)| < ¢(|t|7+1) forp—1<g<
p* — 1. In the previous notation g = a31, & = 0, h12 = by, hos = 13, h3y = f(1,13),
and others h; are zero.

ProrosITION 5.1. There is a constant ¢ > 0 such that ||uillcjor) < ¢ for every
i=1,2,3, where (u1,us,u3) € (C'[0,R])? is a radial solution of the system (5.1),
provided 3p < N and (5.3), (5.4), and (5.5) hold.

Proof. We write (5.1) as a system of ordinary differential equations. A triplet
(u1,up,u3) € (C'[0,R])? is a radial solution of system (5.1) if and only if it is a
radial weak solution in (C'(Bg))? of the following problem:

(PN (r) = N TUA (o, ua,us),
_ -2 ! _
— (PN () PP up(n) = N (),

_(rN—lué(r))’ = rN_lﬁ(r,MI:“Z) us),

u1(R) = uz(R) = u3(R) =0,

(5.7)
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for r € (0,R). And it satisfies

R s
w(r) = J - i (0, w0, () die s,

R s /(p-1)
wy(r) = J {S%J N (8 (1), uz(t),u3(t))dt} d, (58
us(r) = J J N (G un (1), ua (1), us(t)) dt ds,

for r € [0,R]. Indeed, if (11, 1y, u3) € (C'(Bg))? is a radial weak solution of (5.1),
take ¢ € Cy° (0, R), then

R
J, g ndr = o | 9w Vods
0 wN (5.9)

R
J rN‘lfl(r,ul,uz,us)go(r)dr=—J fi(run, ua, uz) @dx.
0 WN JBg

Thus,

R R
I NN (r)e (r) dr = J N (ruy, u, us) () dr, (5.10)
0 0
for every ¢ € C§°(0,R), implying —(rN~1u(r))" = N1 fi(r,u1, up, u3) for r €
(0, R). Conversely, take (u,us,u3) € (C'[0,R])? a radial solution of (5.1). In-
tegrating the first equation of (5.7), from 0 to r, we get

—uy(r) = er,] L sV (s up, up,uz)ds  forr > 0. (5.11)

Multiplying the above identity by x - Vo(x)/r with ¢ € Cg’(Bg) and integrating
by parts on Bg, we obtain

Vu, - Vedx = J {LNJ’ sSNTUA (s up, g, m)ds}x- Vodx
Br

LR;D{M J N- 1f1(s,u1,u2,u3)ds}(pdx (5.12)

Br

= IB Si(ruy, ua, uz) dx.

The equivalence for other equations of system (5.1) is analogous. From now on,
we are going to work with system (5.7).

If the a priori estimate does not hold, there exists a sequence (u1x, tak, Usk) €
(C'[0,R])? of nonnegative radial solutions of system (5.7) satisfying

tik = sup ujr(r) = ujx(0) — +oo ask — +oo, (5.13)
re[0,R]
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for some j € {1,2,3}. Consider the sequence Ay defined by A = t};y‘ + t;Q'z +

t;iya. Since y; >0 for i = 1, 2,3, we have
A — +oo. (5.14)

Define the rescaling 7 = Axr and 2 () = (1/A )uu(r). Since ul/y1 (0)+1% ~1/y2 (0) +
N;QS(O) = 1, without loss of generality, we may assume that 2;;(0) — #; for i=
1,2,3. In particular,

~1/y2

Y
+1, &

~l/
Tl + 15

=1 (5.15)

In addition, it is easy to see that (i, fiak, #3x) is nonnegative and satisfy
—(NL(F) = AL <%,A{Iﬁ1k(?),)t{2ﬁzk('F))AZ%k(?)):
(P )17 ) <P (A )AL )0 )
— (N (7)) =A,§“3”1?N‘1f3<£,)tk b (), Ay ik (%), Ay tha (F )>-

(5.16)
From (5.4), (5.5), and (5.14), it follows that

Jim A *'”hd(— AL i (F) A0 (P), AL ok (7)) = e () = 0. (5.17)

k—+00
Also, from (5.3), we see that
g,()l A B (F) AL B (F) AL B (F )) <a(Pr o arPe P L), (5.8)

Therefore,

A;yzgl( A (P) A B (F), A Bl (F )) o,
A,Z”gz(

0 g (AL Wk (P At () AL T () — 0,

X

A B (F), AL ok (F), AL i (F )) — 0, (5.19)

uniformly for 7 € [0, RA¢]. Fix a constant R > 0. For large enough k € N, we have
R < RAy. Hence it is possible to restrict Zi to [0, R]. Furthermore, we get

|5k cjo,) = 1 (5.20)

for i = 1,2,3. We intend to apply Arzela-Ascoli theorem, so we are going to show
that each sequence (z;) is equicontinuous in C[0,R]. In fact, from (5.16), we
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conclude that

1d., n—1w, ~
ot U (7) - T”li(”)

_)Lk”ﬁ(— AL (F), AL B (F) AL B (F ))a;k(?),
p—-1d

B )1 - T ()

=A;”fz(i,)tz%k<?> N ok (7). 0] Wt (7) ) s, ),
1d .,

oy N— 14,
=5 7 (F) = =5 (F)

—as1)1 7 ~roy
=0 o (T ) AL (7). A 0 (7)) s (),

(5.21)

By (5.17) and (5.19), there exists a constant ¢ > 0 such that
A;yz'ﬁ(i; ulk( ) Ak uzk( ) Ak u3k(?)> <g
A;”fz(i T (F), A e (7), 4] mm)

IA

fo (5.22)

IA

C.

Thus, from (5.21), we obtain

1d .,
a7

—~ |1 (7) |17+ ctiy (7) <0, (5.23)

(7) +cuy (7) =0,

Integrating the above inequalities from 0 to 7, we get

1., T,
Euli( 7) +CJ i, (t)dt <0,

-1 ~ ?N,
pT iy (7 )I‘D+CJ0 iy () dt <0, (5.24)

S (7) +cj (1) dt <0,
0
implying that |2}, (7)] < (2¢)"2, |0, (F)| < ((p/(p — 1))c)VP, and |1}, (F)| <

(2¢)V? for every 7 € [0,R]. Hence, (%) is equicontinuous in C[0,R] for i =
1,2,3. By Arzela-Ascoli theorem, up to a subsequence, we have #i;x — 1; in C[0, R].
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In particular, #; > 0 in [0, INQ]. From (5.16), it follows that

2 (0) — fie (7 j Fuls)ds, (5.25)

where

12

A
flk SN 1 I N lfl(i Alelk(t) Ay Mzk( ) )Ly Li3k(l’)) dt,

1/(p-1)

s
Fuls) = {A th 1fz(* AL (), AL (1), A u3k<t>)dt} . (5.26)

fXalyl

fo(s) = SN 1 JstN 1f3<— A i (), AL Bk (), A u3k(t)> dt.

Using (5.17) and (5.19), we conclude that
L fik(s)ds — L SN% . Na () dt ds,
7 7 1 s N1 N 1/(p—-1)
ka(S) ds — SNifl t arsus(t)dt ds, (5.27)
0 0 0
L Fuls)ds — L o By i (1) deds.

Letting k — +oco in (5.25), we get a nonnegative solution (i, i, 213) € (C! [0,R])3
of system

—(N (7)) = N (),
(P IO T (7)) = a5 () forFe (0.R], (5.28)
—(PN (7)) = an ™ (7).

A diagonal subsequence argument provides a nonnegative solution (i1, i, 213) €
(C'0,4))? of (5.28) in (0,+o0). By Theorem 4.1, we conclude that #; = 0 in
[0, +00) for i = 1,2, 3, contradicting (5.15). O

THeOREM 5.2 (Krasnosel’skii). Let C be a cone in a Banach space X and T: C — C
a continuous compact mapping with T(0) = 0. Assume that there exist to >0 and
0 < r <R, such that

(1) u # tTu, for allu € C such that ||ullx =r, forall t € [0,1],
(ii) there exists a continuous compact mapping H : C X [0,+00) — C satisfying,
(a) H(u,0) = Tu, for allu € C with |lullx <R,
(b) H(u, t) # u, for allu € Cwith |lullx <R, forallt > t,,
(c) H(u, t) # u, for all u € C with ||ullx =R, for all t > 0. Then, T has a
fixed point u € C such that r < |lullx <R.
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The following assumptions are satisfied by Example 1.1,

filrti, b, 13) <Ay,
f2 (T’, tl; tZ; t3) =< ‘ut3) (529)
_f_’) (7’, tl) tZ) t3) = VP(")t{FE

forevery r € (0,R) and 0 < 1,15, t3 < 8, wherep € L*(0,R), p #0,p =0, L, y >
0, and /\P‘lyy < A’f, where A’f is the first eigenvalue of (1.5).

The above general assumptions are related to the existence of nontrivial solu-
tions of (5.1). Note that (5.29) implies that (1.11) possesses the trivial solution.
Equation (1.1) is included in the theorem below, in this particular situation, hy-
pothesis (5.29) is reduced to f(r,t) < yp(r)tP~! for y < Af with A = p=1

THEOREM 5.3. System (1.11) possesses a nontrivial nonnegative weak solution if
(5.3), (5.4), (5.5), and (5.29) are fulfilled.

Proof. Consider the space X = {u = (uy,up,u3) € (C[0,R])?: u;(R) = 0 fori =
1,2,3} endowed with the norm [lullx = lluillcior) + llu2llcor + llusllcior)-
Denote by C the cone of nonnegative functions of X. Define the mapping H :
[0,+00) X C — C by H(t,u) = v, where v = (v1, v2, v3) with

R 1 &
vi(r) = J { JO sSNTLA (s un (s), ua(s), us () +t] dS} d¢,

’ fN—l

R 1 ¢ 1/(p-1)
vy (r) = J { Jo SN £ (s, ur (5), ua(s), us(s)) +1] ds} dg,  (5.30)

’ fol

R 1 &
v3(r) = J { JO SN f (s un(s), ua(s), us(s)) +t] dS} d¢,

’ fN—l

for every r € [0, R]. It is easy to see that the mapping H is well defined, continu-
ous and compact. Let T': C — Cbe given by T'(u) = H(0, u). Then T(0) = 0. Now
we seek 79 > 0 such that u # tT(u) for every ¢t € [0,1] and u € C with [lullx = ro.
Take & > ry. If u = tT(u) for some t € [0,1] and u € C with ||ul|x = ry. Then,
from Proposition 5.1 and (5.29), we conclude that (u1, us, u3) € (C'(Bg))? and

—Auy = tfi (1, ur, uz, u3) < Aup,

—Apup = tP71 £ (r,u1, up, u3) < pus  in Bg,
. (5.31)
—Aus = tfs (run, up, us) < pp(r)ul

Uy =uy=uzs=0 onodByg

in the weak sense. Since u has a positive component in Q, by Proposition 3.2(ii),
we obtain a contradiction. We claim that there exist R > ry and fy > 0 such that
H(t,u) # u for every t > ty and u € C with |lullx < R. Also H(t,u) # u in C for
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the same r( and for every t > 0 when ||u|lx = R. Indeed, let t > 0 and u € C verify
H(t,u) = u. From (5.4) and (5.5), we get

filnti,t,t3) = At — ¢,
forti, t, t3) = fits — c1, (5.32)

~,p—1
_f3(rJ tl) t2) t3) 2 )’tf —C1

for every r € [0,R] and t, 1, 3 > 0, where 1, i,y >0and )le”lﬁﬁ > Al. Again, by
Proposition 5.1 and (5.32), we have

—Auy = duy +t—cy,

*Apuz Zﬁu3+t7c1 in Bg,
. (5.33)
—Auz > )N/ulf +t—ocy,

Uy =u,=u3=0 onoBg,

in the weak sense. Applying Proposition 3.2(iii), we obtain t < ¢;. By Proposition
5.1, we conclude that ||u|lx < c. It is enough to take R > ¢ and #y > ¢;. The con-
clusion follows from Krasnosel’skii theorem (Theorem 5.2). O

6. Further generalizations to nonradial systems

Some classes of general systems (1.11) possess positive solutions. The next
lemma is a fundamental preliminary result in this direction and can be viewed
as an extension of Theorem 5.3 to more general domains. We deduce an a pri-
ori estimate and the existence of a nonnegative solution by using the homotopic
invariance of degree in cones.

Assume that

1 (X, ty, o, t3) < et AL+ €ot1/(p_1) +c,
3

flx bt ts) <eot! ' +eth +uts +e, (6.1)

filxt, 1) < yp(x)tfﬁ1 +£0t§71 +eots + ¢,

for everyx € Q and t),1,, 3 = 0, where &y > 0 and ¢ > 0 are constants, p € L*(Q),
p=0,p#0,luy>0,and AP~ Tuy < A,

If we take g9 = ¢ = 0 in (6.1), we recover condition (5.29) in the nonradial
setting. In this way, (1.1) is included in the following preliminary result if we
assume f(x,t) < yp(x)tP~! for y < A}. Lemma 6.1 can be viewed as a gener-
alization of Theorem 5.3, unfortunately the solution maybe identically zero.
Theorem 6.2 is sharper in the sense that it presents a positive solution under
suitable additional conditions.
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LEmMaA 6.1. There is a constant gy > 0 such that for each ¢ > 0 and every f; fulfilling
the growth conditions (6.1), system (1.11) admits a nonnegative weak solution in
(CH(Q))°.

Proof. Let X = {u = (u,up,u3) € (C(Q))*: u1 = uy = us = 0on 0Q} be the
space endowed with the norm |lullx = [l ll¢@q) + lu2llc@) + 143 llc@)- Denote
by C the cone of X givenby C={ueX:u=> 0 in Q}. Con51der the mapping
T =T(f1, fo, f3) : [0,1] X C — C defined by T¢(t,u) = v, where v = (v, v, v3)
satisfies

_AVI = tfl (-x) Uy, U, u3))
ANy =tf (%, u1, Uz, u3)  in Q,
—Avs =t f3(x, u1, up, u3),

vi=v=v3=0 onodQ.

By the maximum principle and C! estimates, Ty is a well-defined, continuous,
and compact mapping. We claim that there exists a constant & > 0 such that for
each 0 < ¢ < 1 and each triplet of nonnegative functions f = (fi, f2, f3) satisfying
(6.1), there is a constant M, > 0 not depending on ¢ and f such that [|ullx < M
for every u € C with T¢(t,u) = u for some ¢ € [0,1]. Otherwise, there exist se-
quences f; € [0,1], ux € C, ¢, € (0,1], & € (0,+00), and ( fix, fox» f3x )k Vverify-
ing e — 0, Ti(tp, ux) = ug, llukllx — oo, and (6.1) with ¢k, (fik> fok» fox)k> and
& in place of ¢, (f1, 2, f3), and ¢, respectively, where Ty = T(fix, for, f3k) and
ur = (U, Usk, usk ). Define

g = Hik
/(p-1)>
ikl e +||142k||c0)+||”3k|| p
- Uk
Yok = l/p n’ (6.3)

skl + uallo + skl

- Usg
Uz =

1/(p—1)
(H”lk“c o +lluxllca +||u3k||c(£ )

Then || i1kl ) + 2kl @) + ||u3k||C(p Doy, Using (6.1) and applying C! esti-

mates in (6.2), up to a subsequence, we conclude that i, converges to a function

@ in (C'(Q))*. Furthermore, it follows that & > 0 in Q, [|&1[l¢q) + [l#2llc@) +
~ W V(p-1) _

||u3||C(§) - 1; and

—Aily = ﬁ(x) =< Aaz,
—Apily = fz(x) <piis inQ,
~Afis = f5(x) < pp0)af
ﬂ1:ﬂ2:a3=o onaﬂ,



Marcelo Montenegro 445

where each f; is a nonnegative function belonging to LF(Q), > 1. Since i; > 0
in Q for some i = 1,2, 3, by Proposition 3.2(ii), we get a contradiction. Thus, the
claimed constants ¢y > 0 and M, > 0 do exist. Choose an arbitrary number ¢ >0
and a triplet of nonnegative functions f = (fi, f2, f3) satistying (6.1) with &, pro-
vided above. We affirm that there is a constant M = M(c) > 0 not depending on
f such that [[ulx <M for every u € C with T¢(t,u) = u for some t € [0, 1]. In
fact, for each € > 0 define the functions fi.(x, t1,t, t3) = e fi (x, ti/e, to/e, t3/eP 1),
fre(x, 1,10, 83) = el fo(x, /e ta/e, t3/eP7Y), fae(x, b1, b, 15) = €P7 L f(x, ti/e 1o/,
t3/eP71) and put fi = (fie, f2es f3)- Clearly, f; fulfills (6.1) with ¢, = max{e?~!, e}c
instead of c. Since the functions u, = euy, Uy = euy, and usz, = e~ lus verify
Ty.(t,ue) = ue, taking & small enough such that 0 < ¢, < 1, from the first part,
it follows that |lu,llx < M. Therefore, we conclude that [|ullx < M. Hence, by
the homotopic invariance property of the degree in cones, we obtain deg(l —
T¢(1,-),By N C0) =deg(I —Tr(0,-),By N CO0) # 0, implying that T(1,u) = u
for some u € (C}(Q))*n C. O

The above lemma is not useful to seek nontrivial weak solutions when
(u1, Uz, u3) = 0 in Q solves problem (1.11). Further assumptions will lead us to
find a positive solution of (1.11). We assume that

fi(xtt,t3) = Aot
ﬁ(x> tl) tZ) t3) = ,uOtS) (65)
f(x bt t3) = )’oPo(X)ff_l)
for every x € Q and 0 < t;, £, 13 < 8y, where §y > 0 is a constant, py € L*(Q),
po =0, po # 0, Ao, o, yo >0, and A§ oy = A",
Notice that y, can be equal to A’f . Thus in the framework of (1.1), condition

(6.5) reduces to f(x,t) = A/fp(x)tp’1 for small ¢.
We also suppose some monotonicity on the functions f;, namely

filx it t3) < fi(x,51,5,53) (6.6)
forxeQ,0<t;=5<6,0<t <sy,and 0 < {3 < s3,

fH(xt,b,8) < fr(x,51,5,53) (6.7)
forxeQ,0<t; <s5,0<t, =5, <6,and 0 < {3 < 53,

f(xt,t,8) < f3(x,51,52,83) (6.8)
forxeQ,0<t; <s,0<t <sy,and 0 <3 = s3 <, where § >0.

We establish the following result by performing a truncation between a sub-
solution and supersolution.
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THEOREM 6.2. System (1.11) admits a positive weak solution in (C'(Q))? if we
assume (6.1) with gy >0 given in Lemma 6.1 and conditions (6.5), (6.6), (6.7),
and (6.8).

Proof. We first show that problem (1.11) possesses a positive subsolution. In
fact, denote by (v1,v2,v3) a positive eigenfunction corresponding to (Ao, to, yo)-
Since (tvy, tva, tP~'v3) is also an eigenfunction, we can assume v; < min{d, d} in
Q fori=1,2,3. From (6.5), we conclude that (v, v,, v3) is a positive subsolution
of system (1.11). We prove now that the problem has a positive solution. Define
for i = 1,2, 3 the Carathéodory functions

[ fi(x
fi(x, t1, 12, v3(x))
filx, tl,Vz(x) t3)
f,(x ), b2, 13) ift; <vi(x), ta = v(x), t3 = v3(x),
( (x)
(x,v (
(
(x,v

x, b1, 1, 13) ifty 2 vi(x), tr = va(x), t3 = v3(x),
if t1 > v(x), £, = va(x), t3 <v3(x),
if t; > vi(x), t <v2(x), 3 > v3(x),
Filxtutats) = 15 ) it = v1(x), b < va(x), ts < v3(x),
filx,v1(x), B2, v3(x)) if 1 <vi(x), b =v(x), t3 < v3(x),
filx v (x) Vz(x) 3), ift <vi(x), b <va(x), 5= v3(x),
Lfi (x),v3(x)) iffy <vi(x), B2 <va(x), t3 <v3(x).
(6.9)

Clearly, each F; verifies condition (6.1) for some sufficiently large ¢ > 0. Lemma
6.1 implies that the system

X, t1,V2(X) V3

X
X
15

—Auy = Fy(x, u1, up, u3),

—Apup = Fa(x, u1, up,u3)  in Q,
(6.10)
—Auz = F3(x, u1, u2,u3),

Uuy=uy=u3=0 onadQ)

admits a nonnegative solution (u;, u,, u3) € (C'(Q))>. We claim that u; > v; in
Q. Otherwise, Q™ = {x € Q: u;(x) < vi(x)} is a nonempty open subset of Q.
Given x € O, consider the difference d = fi(x, vi(x), v2(x), v3(x)) — F1(x, u; (x),
uy(x), u3(x)). There are four cases to be analyzed:
(1) if up(x) = v2(x) and us(x) = v3(x). Since Fy(x, uy, uz, uz) = f1(x, v1, Uz,
uz), from (6.6), we get d < 0;
(ii) if up(x) < v2(x) and u3(x) = v3(x), again since F; (x, uy, uz, u3) = f1(x, v,
vy, U3), from (6.6), we obtain d < 0;
(iii) if u2(x) = v2(x) and us(x) < v3(x), a similar reasoning to the second case
furnishes the conclusion;
(iv) if ua(x) < v2(x) and u3(x) < v3(x), by definition of d, it follows that d = 0.
Therefore, f(x,vi(x),v2(x),v3(x)) — F1(x, u1(x), uz(x), u3(x)) < 0 for every x
€ Q, implying A(u; —v;) <0 in Q7. Since u; = v; on dQ~, using the max-
imum principle, we conclude that u; > v; in O~, a contradiction. So, u; = v;
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in Q. By similar ideas and Lemma 3.1, we show that u, > v, and u3 > v3 in Q.
Consequently, by definition of F;, i = 1,2, 3, the triplet (u, us, u3) is a positive
solution of system (1.11). O

Under somewhat different conditions, it is possible to obtain a positive so-
lution again. The following two requirements are modifications of (6.1). We
rewrite assumption (6.1) below

fl (x) tl;tz, t3) < a(tl +t2 + t;/(P*l

)4 1),
hlotntts) <a(d '+ +15+1), (6.11)
(o tntnts) <a T+ T s+
1 2
for some constant a >0 and every x € Q and t;, 1,13 = 0.
Taking &y = ¢ = 0 in (6.1), we obtain
fi(x,t1, 0, 13) < Aot
f(xt, b, t3) < pots, (6.12)
-1
f}‘}(x) tl;tZ) t3) =< )’OPO(x)tf >

for every x € Q and 0 < t1, 5, t3 < &y, where § >0 is a constant, py € L*(Q),
Po # 0, po = 0, Ao, o, yo >0, A571#OYO <AP.
The following condition is a kind of nonresonance:
filxti, b t3) 2 A — ¢,
Lt ts) = uts — ¢, (6.13)
_f:'j (-x) tl) t21 t3) = Yp(x)tfil -6
for every x € Q and fy,1,¢3 = 0, where ¢ >0 is a constant, p € L*(Q), p = 0,
p#0,Auy>0,and AP~ Tuy > Af.

It is easy to see that the following result applies to (1.1); observe the difference
between (6.5) and conditions (6.12) and (6.13).

THEOREM 6.3. System (1.11) admits a nontrivial nonnegative weak solution in
(CY(Q))?, provided that (6.11), (6.12), and (6.13) are verified.

Proof. Let X and C be as in the proof of Lemma 6.1. Define the mapping H :
[0,+00) X C — Cby H(t,u) = v, where v = (v, v,, v3) verifies

—Avi = fi (%, u1, up,u3) + 8,
—Apva = fo(xu,up,uz) +t inQ, (6.14
7AV3 = ff&(x; U, U, u3) + t) '

vi=v,=v3=0 onodQ.
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By the maximum principle and C! estimates, it follows that H is well defined,
continuous, compact, and H(0,0) = 0.Let T': C — Cbe given by T'(u) = H(0, u).
At first, we get r > 0 such that u # tT(u), for every t € [0,1] and u € C with
llullx = r. In fact, take 0 < r < §y and suppose u = tT(u) for some t € [0,1] and
u € Cwith [|ullx = r. Then, from (6.12), we get

_Aul = t_fl (x) U, U, u3) = A’O”Z}
—Apuy = tP7 fo (%, Uy, up, u3) < prous  in Q, (6.15)

—Aus = tf3(x,u, Up, u3) < YoPo(x)“fil-

In particular, one of the components of u is positive in Q. By virtue of
Proposition 3.2(ii), we get a contradiction. We prove that there exist R > r and
to > 0 such that H(t,u) # u for every ¢ > t, and u € C with ||u||x < R and also for
every t = 0 when |lullx = R. Indeed, let t = 0 and u € C with H(t,u) = u. From
(6.13), we have

—Auy =M+t -
—Apuy = puz +t—c inQ, (6.16)
—Aus = ypx)ud .

By Proposition 3.2(iii), we see that t < ¢. Hence, we can take R >0 such that
lullx < R for every u € C verifying H(t,u) = u for some t € [0, c]. Otherwise,
there are sequences tx € [0, c] and uy € C satisfying H (#, ux) = ux and |lugllx —
co. Denoting it the normalized functions as in the proof of Lemma 6.1, we have
i1kl ) + 1okl @) + ||a3k||‘c/(%)’” = 1. Using (6.11), (6.13), and C' estimates,
up to a subsequence, we conclude that i, converges to a function i in (C'(Q))?.
In particular, & > 0in ©, ||l + 122l + 112y = 1,and

—Afll = Aﬁz,
—Apflz = [4113 in Q,
_ 6.17
—Afi; > yp(x)a‘i7 1, ( )

ﬁ1:ﬂ2:ﬂ3:0 on 0Q.

Thus, & >0 in Q, contradicting (iii) of Proposition 3.2. Hence, the conclusion
follows from Krasnosel’skii theorem (Theorem 5.2). O
7. Uniqueness of solutions

In this section, we give conditions under which problem (1.11) admits a un-
ique positive weak solution. Essentially, we assume a certain homogeneity and
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monotonicity on functions f;

f1 (.X,Stl,Stz,SP_lt3) = Sf1 (x, t1, b, t3), (71)
fr(x,sti,sty,sP71) = PV (x b, 1), (7.2)
f3(X,St1,St2,SP71t3) > sP’lfg(x, t1, b, t3), (73)

foreveryx € O, s € [0,1],and t;, 15,3 >0,

ﬁ(-x; tls tZ) t3) < ﬁ(x,51,52,53), (74)

foreveryx € 0,0<t <5,,0<t, <s5,0<t3<s3,andi=1,2,3,

Sfi(x1, 11, b2, 13) < fi(x1,81,8,83), (7.5)
for some x; € Q and every0<f; <s1,0<15 <s,0< 13 <s3,

fr(xt, 0, 8) < f(x,51,5,53), (7.6)
for every x in a neighborhood of 9Q, 0 < #; <51,0< £, <5, 0 < #3 < 83, and

f3(x3, 11, 00, 13) < f3(x3,81,52,83), (7.7)

for some x3 € Qand every 0 < t; <s;,0< ; < ;3,0 < t3 < s3.
We adopt a variant of a comparison strategy due to Krasnosel’skii [5], see also
[12].

THEOREM 7.1. System (1.11) admits, at most, one positive weak solution in
(CY(Q))?, provided (7.1), (7.2), (7.3), (7.4), (7.5), (7.6), and (7.7) are true and
if just only one of inequalities (7.1) or (7.3) holds in the strict sense for some x, € Q
and every s € (0,1).

Proof. Let (u1,us,u3) and (vy,v2,v3) be two positive weak solutions of (1.11)
belonging to (C'(Q))3. Define the set S = {s >0: v >suj, v, >su;and v3 >
sP7lus in Q}. Take s* = supS. Changing (u1, u, u3) and (vy, v2, v3), if necessary,
we may assume that s* € (0, 1]. We show first that v,(y) = s*u,(y) for some
y € Q. Indeed, suppose on the contrary that v, > s*u, in Q. Since

—Apva+Dps*ur = fo(x,v1,v2,v3) — P (6w, 1, u3)
> fz(x,s*ul,s*uz,s*p71u3) - s*pflfz(x, un,us,uz)  (7.8)

> 0,
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then, by Lemma 3.1, v, > (s* + &)u, in Q for € > 0 small enough. Thus,

—A(vi —s*uy) = fi(x,v1,v2,v3) — s* f1(x, ug, U, u3)
> fi (%, s up, s% 1, s ) —s* fi (%, u1, Uz, u3)
>0,
—A(v1 = s up)(x1) = fl (%1, v1,v2,v3) —S*fl (21, U1, o, U3)
> fi(x1, 8 ug, s* uy, s u3) —s* fi(x1, U1, Ua, u3)
>0

imply that v; > (s* + &)u; in Q for € > 0 small enough. The inequalities

~A(vs =P w3) = f (v v vs) — 5T (o 0, 1o, 13)
> ﬁ(x,s*ul,s*uz,s*‘g_luﬂ —s*P_1f3(x,u1,u2, us)
> 0,

~A(vs = 5P u3) (x3)

Fs (e, vi,va,v3) = P71 £ (s, un, 12, u3)
> f3 (x3, %, % 12, 5™ uz) — P £ (03, 10, 10, u3)

>0
(7.10)

furnish v3 > (s* +&)?~'us in Q for £ > 0 small enough, contradicting the defi-
nition of s*. Hence, there is y € Q satisfying v2(y) = s*uz(y). Choose the set
I'; associated to the function v, as in Lemma 3.1. We show next that there exists
z € I'; such that v, (z) = s*u,(z). Take a subdomain Qg of Q with smooth bound-
ary 0Qo which verifies Qg C Q, 0Qg C I3, and y € Qp. We claim that there is
z € 0Qp with v,(z) = s*u,(z). Indeed, if v, > s*u, on 9, by continuity, we get
V2 = s*uy + 1 on 0Q) for some 7 > 0. Since —Apvy = —Aps*uy = —Ay(s*uy +17)
in Q, then by Lemma 3.1, v, = s*u, + in Q. But y € Q, so we arrive at a
contradiction. Therefore, the claimed point z € T, exists. Noting that —Apvy =
—Aps*uy in I, vy = s*u, in T and v5(2) = s*uy(2). It follows that v, = s*u, in
I',, again by Lemma 3.1. We affirm that v; = s*u; and v; = s*P_lu3 in Q. In fact,
suppose vy # s*u; in Q. Using (7.1), (7.4), and (7.5) and the strong maximum
principle as above, we conclude that v; > s*u; in Q. Applying (7.1), (7.4), (7.7),
and the strong maximum principle once more, it follows easily that v; > s*? ' u;
in Q. Finally, from condition (7.6), there is a point x; € I'; such that

—Apv2(%2) + Ay (s%u2) (x2) = fo (22, V1, v2,v3) = P fo (00 1n, 12, 13
> fo(x0, %, % g, ™7 uz) — 5P o (o, 14, 1, u3)

>0,

(7.11)
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contradicting v, = s*u; in I. Similarly, we see that v; = s*? “lus in Q. We prove
that s* = 1. Indeed, assume that s* € (0, 1). If (7.3) holds strictly for some x, €
Q, that is,

f3 (X(), St1,5t2,5p71t3) > S‘Dilf3 (X(), t1, b, t3), (7.12)

for everys € (0,1) and t;, £, 3 > 0, then

~A(vs =" u3) (x0) = f3 (%0, vi, v, v3) — 5™ P71 3 (30, 41, 142, 1)
= f3(x0, 8 tr, s un, 5™ uz) — 5PN £ (o, 11, w2, u3)

>0,
(7.13)

a contradiction. If (7.1) holds strictly in some point of Q, we proceed anal-
ogously. Therefore, we have s* = 1. Define the set S = {s >0:u; >sv;, u; >
svpand uz >sP"ly;in Q} and let § = supg. Since s*§ < 1, then § < 1. Taking the
set T', smaller if necessary and arguing in a similar manner, we conclude that
u; = v, in T, Hence s* = § = 1 and as a consequence, we have u; = v, u; = v,
and u3 = v3 in Q. O
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