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We will show that a two-parameter extended entropy function is characterized by a functional
equation. As a corollary of this result, we obtain that Tsallis entropy function is characterized by
a functional equation, which is a different form that used by Suyari and Tsukada, 2009 , that is, in
a proposition 2.1 in the present paper. We give an interpretation of the functional equation in our
main theorem.

1. Introduction

Recently, generalized entropies have been studied from the mathematical point of view. The
typical generalizations of Shannon entropy [1] are Rényi entropy [2] and Tsallis entropy [3].
The recent comprehensive book [4] and the review [5] support to understand the Tsallis
statistics for the readers. Rényi entropy and Tsallis entropy are defined by

1 n
Ry(X) = mlogZP}’, (9#1,9>0),
j=1

(1.1)
p! - p;
1-q’

Sq(X)=>, (9#1,9>0),
j=1

for a given information source X = {xi,...,x,} with the probability p; = Pr(X = x;). Both
entropies recover Shannon entropy
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S1(X) ==Y pjlogp;, (1.2)

j=1

in the limit g — 1. The uniqueness theorem for Tsallis entropy was firstly given in [6] and
improved in [7].

Throughout this paper, we call a parametric extended entropy, such as Rényi entropy
and Tsallis entropy, a generalized entropy. If we take n = 2 in (1.2), we have the so-called
binary entropy sp(x) = —xlogx — (1 — x)log(1 — x). Also we take n = 1 in (1.2), and we
have the Shannon’s entropy function f(x) = —xlogx. In this paper, we treat the entropy
function with two parameters. We note that we can produce the relative entropic function
-yf(x/y) = x(log x —log y) by the use of the Shannon’s entropy function f(x).

We note that Rényi entropy has the additivity

R, (X x Y) = Ry(X) + Ry (Y), (1.3)

but Tsallis entropy has the nonadditivity
Sg(X xY) =85,(X)+S,(Y) + (1-9)S5(X)S4(Y), (1.4)

where X x Y means that X and Y are independent random variables. Therefore, we have a
definitive difference for these entropies although we have the simple relation between them

exp(Ry(X)) =exp,(5,(X)), (9#1), (1.5)

where g-exponential function equ(x) ={1+(1- q)x}l/(lf") is defined if 1+ (1—-g)x > 0. Note

that we have equ(Sq(X)) = (Z;l:‘l p?)l/(l—q) 50
Tsallis entropy is rewritten by
Sq(X) = —Zp}q lnqp], (16)
j=1

where g-logarithmic function (which is an inverse function of exp,(-)) is defined by

x71-1
-4

Ingx =

, (a#1), (1.7)

which converges to log x in the limit g — 1.

Since Shannon entropy can be regarded as the expectation value for each value —-logp;,
we may consider that Tsallis entropy can be regarded as the g-expectation value for each value
—Ingpj, as an analogy to the Shannon entropy, where g-expectation value E, is defined by

E,(X)= >, p;’x]'. (1.8)
j=1
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However, the g-expectation value E; lacks the fundamental property such as E(1) = 1, so
that it was considered to be inadequate to adopt as a generalized definition of the usual
expectation value. Then the normalized g-expectation value was introduced

q
Z;’lzl p;xj

E(nor)(X) =
q
p P?

, (1.9)

and by using this, the normalized Tsallis entropy was defined by

Sy(X)  Zjap/ingp

S0 (X)) =
q n n
2 P? P P?

, (g#1). (1.10)

We easily find that we have the following nonadditivity relation for the normalized Tsallis
entropy:

SIO(X x Y) = 857 (X) + 85 (V) + (9 - 1) S (X) S0 (Y). (1.11)

As for the details on the mathematical properties of the normalized Tsallis entropy, see [8],
for example. See also [9] for the role of Tsallis entropy and the normalized Tsallis entropy in
statistical physics. The difference between two non-additivity relations (1.4) and (1.11) is the
signature of the coefficient 1 — g in the third term of the right-hand sides.

We note that Tsallis entropy is also rewritten by

i , (1.12)

Sq(X) = > pjlng
j=1 pj

so that we may regard it as the expectation value such as 5,(X) = Ei[ln;1/p;], where E;
means the usual expectation value Eq[X] = 37, pjx;. However, if we adopt this formulation
in the definition of Tsallis conditional entropy, we do not have an important property such
as a chain rule (see [10] for details). Therefore, we often adopt the formulation using the
g-expectation value.

As a further generalization, a two-parameter extended entropy

Skr(X) = =3, pilnen (p)) (1.13)
j=1

was recently introduced in [11, 12] and systematically studied with the generalized
exponential function and the generalized logarithmic function In, ,(x) = x" ((x*-x7) /2k). In
the present paper, we treat a two-parameter extended entropy defined in the following form:
P -

n
Hp-a’

Sap(X) = (a,pER, a#p), (1.14)
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for two positive numbers a and f. This form can be obtained by putting a = 1 + r — x and
p =1+r+xin (1.13), and it coincides with the two-parameter extended entropy studied in
[13]. In addition, the two-parameter extended entropy (1.14) was axiomatically characterized
in [14]. Furthermore, a two-parameter extended relative entropy was also axiomatically
characterized in [15].

In the paper [16], a characterization of Tsallis entropy function was proven by using
the functional equation. In the present paper, we will show that the two-parameter extended
entropy function

x* — xP

'[5_

fap(x) = (a,pER, azp) (1.15)

can be characterized by the simple functional equation.

2. A Review of the Characterization of Tsallis Entropy Function by
the Functional Equation

The following proposition was originally given in [16] by the simple and elegant proof. Here,
we give the alternative proof along to the proof given in [17].

Proposition 2.1 (see [16]). If the differentiable nonnegative function f, with positive parameter
q € R satisfies the following functional equation:

fa(xy) + fo((L=2y) = f4(y) = (fa(0) + f(1=x))y?, (0<x<1, 0<y<l), (21
then the function f, is uniquely given by
fq(x) = —c4xTInyx, (2.2)

where c, is a nonnegative constant depending only on the parameter q.

Proof. If we put y = 1in (2.1), then we have f,(1) = 0. From here, we assume that y # 1. We
also put g,(t) = f,(t)/t then we have

xgq(xy) + (1= x)8,((1 - x)y) = 84(y) = (xgy(x) + (1 - x)g,(1 - x))y"™". (2.3)

Putting x =1/2 in (2.3), we have

8!1(

Substituting v /2 into y, we have

gq<%> =gq<%> (y"‘1+ (%)M) +8(v). (25)

N

)= gq<%)yq‘1 +89(y)- (24)
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By repeating similar substitutions, we have

N N /1026 13\ (N-D) (1)
gq(%) = 8q<§)3/q 1<1 + <§> + <§> oot <§> +8q(Y)
1 ~ 2N(1—q)—1
= g,,(z)yq 1< Siq 1 > +80(y)-

Then, we have

(2.6)

i Sa/2%)
m ———— =
N — o 2N

0, (2.7)
due to g > 0. Differentiating (2.3) by y, we have

¥ gy (xy) + (1-2)°g, (- 0y) - g (y) = (9-1) (xg4(0) + (1= 0)g,(1 - )y (28)
Putting y = 1 in the above equation, we have

ng,'i(x) +(1- x)zg[;(l —x)+ (1-q)(xgg(x) + (1 -x)gy(1-x)) = —¢,, (2.9)

where ¢; = -g;(1).
By integrating (2.3) from 27 to 1 with respect to y and performing the conversion of
the variables, we have

X 1-x 1 1 _ 2—qN
j gq(H)dt + f . gq(t)dt - f go(H)dt = (xgq(x) + (1 -x)gy(1 - x)) (2.10)
“Nx 2-N(1-x 2-N
By differentiating the above equation with respect to x, we have
&q(x) - 2_Ngq (2_Nx> -g(1-x)+ Z_Ngq <2‘N(1 - x)>
1 _9-aN ’ , (2.11)
= . (gq(x)+xgq(x)—gq(l—x)—(l—x)gq(l—x)>.
Taking the limit N — oo in the above, we have
(1-x)g,(x) + (1-q)g(1 - x) = xgy(x) + (1-q)gqg(x), (2.12)

thanks to (2.7). From (2.9) and (2.12), we have the following differential equation:

xgq(x) + (1 -g)gq(x) = —c4. (2.13)
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This differential equation has the following general solution:

Cq q-1
gq(x) = —m +dgxi™, (2.14)

where d, is an integral constant depending on g. From g,(1) = 0, we have d; = ¢;/(1 - q).
Thus, we have

xi 11

89(x) = cq—— P (2.15)
Finally, we have
x9—x
fq(x) = Cqﬁ = —cgxTIngx. (2.16)

From f,(x) > 0, we have ¢; > 0.
If we take the limit as ¢ — 1 in Proposition 2.1, we have the following corollary. [

Corollary 2.2 (see [17]). If the differentiable nonnegative function f satisfies the following functional
equation:

fay)+ f(A-0y) - f(y) = (f@+fA-x)y, (0<x<1,0<y<1),  (217)
then the function f is uniquely given by

f(x) = —cxlogx, (2.18)
where c is a nonnegative constant.

3. Main Results

In this section, we give a characterization of a two-parameter extended entropy function by
the functional equation. Before we give our main theorem, we review the following result
given by Kannappan [18, 19].

Proposition 3.1 (see [18,19]). Let two probability distributions (p1, ..., p,) and (qi, ..., Gm). If the
measureable function f : (0,1) — R satisfies

iif (pigj) = épfgf (aj) + iqf Zl]f (pi), (3.1)

i=1 j=1
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forall (p1,...,pn) and (qu, ..., Gm) with fixed m,n > 3, then the function f is given by

c(p*-p”), a#p,
f(p) = | cp*logp, a=p, (3.2)
cplogp+b(mn-m-n)p+b, a=p=1,

where ¢ and b are arbitrary constants.
Here, we review a two-parameter generalized Shannon additivity, [14, equation (30)]

ST ses (i) = SpES s (G 1) + Ssan () Sipi 1), (3.3)
=1 j=1 i=1 =1

i=1 j=1

where s, 4 is a component of the trace form of the two-parameter entropy [14, equation (26)]
Sap(Pi) = 2i5ap(Pi): (34)
i=1

Equation (3.3) was used to prove the uniqueness theorem for two-parameter extended
entropy in [14]. As for (3.3), a tree-graphical interpretation was given in [14]. The condition
(3.1) can be read as the independent case (p(j | i) = p;) in (3.3).

Here, we consider the nontrivial simplest case for (3.3). Take p;; = {q1,92,93}, p1 =
g1+ g2, and pp = gz. thenwe havep(1 | 1) = q1/(q1 + q2), p2 | 1) = g2/ (1 + q2), p(1 | 2) = 1,
and p(2 | 2) = 0, then (3.3) is written by

_ a q1 q2 a
Sap(q1,q2,93) =(q1 + q2) {Sa,ﬂ<q1 " q2> + 5a,ﬂ<q1 " qz>} + 45 {Sap(1) +54,5(0) }

B p
1 q2
+Sa'ﬁ(q1+q2){<41+q2> +<41+q2> }+Sa,p(Q3).

If s,p is an entropic function, then it vanishes at 0 or 1, since the entropy has no
informational quantity for the deterministic cases, then the above identity is reduced in the
following:

(3.5)

_ P q q2 )}
Su 7 7 - + a + a,
#(@1 a2, 43) =(q1 + q2) {S ,ﬂ<q1+q2> s ,ﬂ<q1+q2
p p
q1 q2
+ Sy + + +8, )
Sap (1 42){<ql+q2> <q1+qz> } Sap(q3)

In the following theorem, we adopt a simpler condition than (3.1).

(3.6)
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Theorem 3.2. If the differentiable nonnegative function fap with two positive parameters a, p € R
satisfies the following functional equation:

fap(xy) = X fap(y) + Y fap(x), (0<x, y<1), (3.7)

then the function f,p is uniquely given by

xP — x®
A 09

fa(x) = —cax®logx, (a=p),
where cqp and c, are nonnegative constants depending only on the parameters a (and p).

Proof. 1f we put y = 1, then we have f,3(1) = 0 due to x > 0. By differentiating (3.7) with
respect to iy, we have

xXfrp(xy) = % £, 5(y) + By fup(x)- (39)
Putting y = 1 in (3.9), we have the following differential equation:
X fo5(%) = Pfap(x) = —capx”, (3.10)
where we put ¢, p = — f;rﬂ(l). Equation (3.10) can be deformed as follows:
xP1 <x‘ﬁf,z,p(x)>l = —Capx”, (3.11)
that is, we have
(x‘ﬁfa,ﬂ(x)>, = —ca,px”‘_ﬂ_l. (3.12)
Integrating both sides on the above equation with respect to x, we have

C
X fop(x) = -ﬁxa-ﬂ + dayp, (3.13)

where d, g is a integral constant depending on a and f. Therefore, we have

C“rﬂ a p
fap(x) = - _ﬂx +dgpxP. (3.14)
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By fap(1) =0, we have dyp = cop/(a - p). Thus, we have

fap(x) = ﬁ (xﬁ x > (3.15)
Also by fap(x) >0, we have c,p > 0.
As for the case of a = §, we can prove by the similar way. O

Remark 3.3. We can derive (3.6) from our condition (3.7). Firstly, we easily have f,3(0) =
fa,p(1) =0 from our condition equation (3.7). In addition, we have for g = g1 + g2,

Sep(a20%.00) = fup (42 ) + fun (4% ) + fes @)

= fua () + (L) For@ + s (2) + (2) fus@) + fos(a)

= (@ +q)" {faﬂ<q +q2> <q1+61 >

|
s el () (G25) | st

(3.16)

Thus, we may interpret that our condition (3.7) contains an essential part of the two-
parameter generalized Shannon additivity.
Note that we can reproduce the two-parameter entropic function by the use of f, s as

x) ~ xayl—ﬂ _ xﬂyl—a

~Yfap (- “=p ,

(3.17)
y

with ¢, 4 = 1 for simplicity. This leads to two-parameter extended relative entropy [15]

a 1-p [5 1-a
eV AT
Dap(x1,- .-, Xnlly1, -, Yn) EZ”— (3.18)

j=1

See also [20] on the first appearance of the Tsallis relative entopy (generalized Kullback-
Leibler information).
Ifwetakea =q,f=1o0ra=1,p = qin Theorem 3.2, we have the following corollary.

Corollary 3.4. If the differentiable nonnegative function f, with a positive parameter q € R satisfies
the following functional equation:

fa(xy) =x1fo(y) +yfe(x), (0<x, y<1, q#1), (3.19)
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then the function f, is uniquely given by

fa(x) = —c4xTIngx, (3.20)

where c, is a nonnegative constant depending only on the parameter q.

Here, we give an interpretation of the functional equation (3.19) from the view of
Tsallis statistics.

Remark 3.5. We assume that we have the following two functional equations for 0 < x, y < 1:

fa(xy) = yfqa(x) +xfy(y) + (1= q) fo(x) fo(v),

(3.21)
fa(xy) =y fa() + %7 fy(y) + (a - 1) () f4(y)-
These equations lead to the following equations for 0 < x;, y; <1
fa(xiyi) = yifoGxi) + xifq(y;) + (1= 4) fa(xi) £ (v)),
(3.22)

fa(xiyy) =y] o) + x] £ (y;) + (9= 1) fa(xi) fo (v)),

wherei=1,...,nand j = 1,...,m. Taking the summation on i and j in both sides, we have

Zqu(xiyj) = Zlfq(xi) + Zlfq(yi) +(1- Q)Zlfq(xi)zlfq(yi)/ (3.23)
i= j= i= j=

i=1 j=1

PP WACTAES W WD WD NACHRICERINNACII WA NCER
j= = i= j=1

i=1 j=1 =1 j=

under the condition >, x; = Z]-"Ll yj = 1. If the function f,(x) is given by (3.20), then
two above functional equations coincide with two nonadditivity relations given in (1.4) and
(1.11).

On the other hand, we have the following equation from (23) and (3.21):

x7+x

fq(xy)=< 5 )fq(]/)*‘(yqu)fq(x)/ (0O<xy<1, g#1). (3.25)

By a similar way to the proof of Theorem 3.2, we can show that the functional equation
(3.25) uniquely determines the function f, by the form given in (3.20). Therefore, we
can conclude that two functional equations (23) and (3.21), which correspond to the non-
additivity relations (1.4) and (1.11), also characterize Tsallis entropy function.

If we again take the limit as ¢ — 1 in Corollary 3.4, we have the following corollary.

Corollary 3.6. If the differentiable nonnegative function f satisfies the following functional equation:

flxy) =yf) +xf(y), (0<x,y<1), (3.26)
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then the function f is uniquely given by

f(x) = —cxlogx, (3.27)
where c is a nonnegative constant.

4, Conclusion

As we have seen, the two-parameter extended entropy function can be uniquely determined
by a simple functional equation. Also an interpretation related to a tree-graphical structure
was given as a remark.

Recently, the extensive behaviours of generalized entropies were studied in [21-23].
Our condition given in (3.7) may be seen as extensive form. However, I have not yet found
any relation between our functional (3.7) and the extensive behaviours of the generalized
entropies. This problem is not the purpose of the present paper, but it is quite interesting to
study this problem as a future work.
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