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Based on a well-known Lie algebra, the multicomponent Guo hierarchy with self-consistent
sources is proposed. With the help of a set of non-semisimple Lie algebra, the nonlinear bi-
integrable couplings of the multicomponent Guo hierarchy with self-consistent sources are
obtained. It enriches the content of the integrable couplings of hierarchies with self-consistent
sources. Finally, the Hamiltonian structures are worked out by employing the variational identity.

1. Introduction

Since the notion of integrable couplings was proposed in view of Virasoro symmetric algebras
[1, 2] and the soliton theory, considerable research has been reported on the integrable
couplings and associated properties of some known interesting integrable hierarchies,
such as the AKNS hierarchy, the KN hierarchy, and the Burger hierarchy [3-6]. In order
to produce multicomponent integrable systems, a type of multicomponent loop algebra
Gm was structured, and it followed that some multicomponent integrable systems were
given and Hamiltonian structures of multicomponent systems were constructed through
the component-trace identity in [7-13] and a general structure between Lie algebras and
integrable coupling was given in [14, 15]. Here it is necessary to point out that the above-
mentioned integrable couplings are linear for the supplementary variable, so they are
called linear integrable couplings. Recently, Ma proposed the notion of nonlinear integrable
couplings and gave the general scheme to construct the nonlinear integrable couplings of
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hierarchies [16]. In [17, 18], based on the general scheme of constructing nonlinear integrable
couplings, Zhang introduced some new explicit Lie algebras and obtained the nonlinear
integrable couplings of the GJ hierarchy, the Yang hierarchy, and the CBB hierarchy. In
[19], Ma employed a class of non-semisimple matrix loop algebras to generate bi-integrable
couplings of soliton equation from the zero curvature equations.

On the other hand, with the development of soliton theory, people began to focus
on the soliton equation with self-consistent sources [20, 21]. The soliton equations with
self-consistent sources have important physical meaning and are often used to express
interactions between different solitary waves and are relevant to some problems of
hydrodynamics, solid state physics, plasma physics, and so on [22, 23]. In [24-26], Yu and Xia
discussed the integrable couplings of hierarchies with self-consistent sources and obtained
a series of integrable hierarchies with self-consistent sources and their couplings systems
as well as Hamiltonian structures. In these papers, the integrable couplings are linear for
supplementary variables.

As mentioned above, we will find that there are very few researches on the
nonlinear integrable couplings of hierarchies with self-consistent sources available up till
now, especially on the nonlinear bi-integrable couplings of multicomponent hierarchy. In
our work, we will derive the nonlinear bi-integrable couplings of multicomponent Guo
hierarchy with self-consistent sources and their Hamiltonian structures. It will enrich the
content of the integrable couplings of hierarchies with self-consistent sources. The plan of
the paper is as follows. In Section 2, the multicomponent Guo hierarchy with self-consistent
sources is given. By employing the variational identity, the Hamiltonian structure of the
above hierarchy is obtained. The notion of bi-integrable couplings is introduced and the
nonlinear bi-integrable couplings of the multicomponent Guo hierarchy with self-consistent
sources and their Hamiltonian structures are derived in Section 3. Finally, some conclusions
are given in Section 4.

2. Multicomponent Guo Hierarchy with Self-Consistent Sources

In this section, we recall briefly some basic notions from the theory of the multicomponent
integrable system. If Fyr = {a = (aij)p.3 = (a1,a2,a3)} denotes a class of matrices where
a; (i = 1,2,3) is the ith column of the matrix a, M stands for an arbitrary positive integer,
then Fy is a linear space.

Definition 2.1 (see [7]). Let a = ((xl,ocz,...,cxM)T and f = (ﬁl,ﬂz,...,ﬁM)T, their product is
defined as

axf=pxa= (a1ﬂ1,a2ﬁ2,...,aMﬂM)T, % = <%,%,...,%>T. (2.1)

Definition 2.2 (see [7]). Set a = (a1, az, a3) and b = (b1, by, b3) € Fp, a commutation operation
is defined as

[IJ, b] = (1.12 * b3 — az * bz, 2([11 * b2 — dyp * bl)/ 2(/13 * b1 —al * b3))T. (22)
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It is easy to verify that Fy is a Lie algebra. Its corresponding loop algebra Fy; is
Fy={a\', ae Fy, n=0,+1,42,...}, (2.3)
equipped with a commutation operation as follows:

[aA™, bA"] = [a,b]A™", VYa,b e Fy,. (2.4)

Consider the following isospectral problem:

B T
o= L], M=o, U- <)l12M/ (11 42- uz)/ )t(u12 uz)) , (2.5)

where u1,u, are potentials, ) is the spectral parameter, u; = (uj1, Ui, ... ,uiM)T, i=1,2,and
Int = (1,1,...,1)". By means of constructing a proper time evolution
——

M

¢ =V, V = (\vy, 05 + 03, M0y — v3))7, (2.6)

where v = 7 o (Ukym, Vkyms - - - ,ka,m)T/\‘m, k = 1,2,3. Then solving stationary zero
curvature equation V, = [U, V], one arrives at the recursion relation as follows:

Ol,mx = U2 * U3y — UL * U3,

U2,mx = U3,m+1 — U2 * O1,m+1,

U3 mx = U2,m+1 — U1 * U1, m+1,

(2.7)
(ug * up — uy * uy)
v10 = 0, Voo = U1, V30 = Uy, U1 = > ,
(up * Uy — Uy * uqp) (up * Uy — Uy *uyq)
Vo1 = Upx T U * ’ V31 = Uy T U * .
2 2
For an arbitrary natural number 7, denoting
m _ X ()
n T — n
V+ = Z (-)L'Ul,m/ U2,m + U3,m, -)‘('UZ,m - US,m)) -)Ln "= )th - V_ ’ (28)

m=0
then the stationary zero curvature equation can be written as

vy [u, V$">] =V [u, V_(”)], (2.9)
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a direct calculation reads

VP [uvi] = - (o, (O2x + Vanx) MOz = O3nx) ) (2.10)
2 2
Then the zero curvature equation
u, - v + [u, V<">] =0 (2.11)

gives the integrable system

_(m\ _ [vaux\ _ [0 O Do \ _ g opnf U
te= <u2) . <773,nx> - (0 —3> (-Ua,n> = hih <u2>' (212)

where J; is a Hamiltonian operator, and the recurrence operator L; is given from (2.7) by

—Uuq *a‘lul * 0 -0 —1u *a_luz * 0
L= . (2.13)

—6+u2*8‘1u1 * 0 u2*8‘1u2*6

Accordingly, when M = 1, the system (2.12) reduces to the Guo hierarchy in [5]; when M >
1, the system (2.12) is a multicomponent Guo hierarchy. We observe that J;L; = L]]i, the
Hamiltonian functions H,, (n > 1) are involutive with each other, and each H,, is a common
conserved density of the expression (2.12). Therefore, the multicomponent Guo hierarchy
(2.12) is Liouville integrable.

In order to deduce the Hamiltonian structure of (2.12), we rewrite (2.2) as follows:

[a,b] = al * Ry(b), (2.14)
where
0 2b, -2bs
Rib)=( b3 -2by 0 . (2.15)
-b, 0 2b;

Solving the matrix equation for the constant matrix F: R(b) x F = —(R(b) = F ), FT = F,

presents
2Ipy O O
F = 0 0 Inp ). (2.16)
0 Ipm O

Then in terms of F, define a linear functional:

{a,b}:aT*F*b:2a1*b1+a3*b2+a2*b3. (217)
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It is easy to find that {a, b} satisfies the variational identity

o 0
-\ ¥ . 2.18

By using the above linear functional (2.17), according the variational identity, we have

(Uz+173)) =A_Yi

5
i (m + (U1 — up) * 5 5 )lﬂ(vz, —v3)T. (2.19)

Comparing the coefficients of 1! yields

Io) Vop+ U3,
Su (Ul,n+1 + (w1 — up) * %) = (Y - n) (v2n, —U3,n)T~ (2.20)

Taking n = 0 in the above equation gives y = 0.
Hence, the Guo hierarchy (2.12) can be written as a Hamiltonian form

6

(U _ nf U1\ _ 5_111 _ 6Hn
ut—(W)t—hLl(m)— A Ay (221)

6112

where H, = —(1/n)[v1, 541 + (1 — u2) * (U2 +03,4)/2].
Next, we will derive the Guo hierarchy with self-consistent sources. Consider the

linear problem
"’14> = U(u, ) <"’”> ("’W> = V(u, ) ("’14). 222
<<Pz,f . (1) w2/’ ¥/, (. 4y) 2, (222

The following equation was given in [21]

6Hk N 6)L] _
6_u + ]Z:;a](s—u = 0, (223)

where a; are constants, and 6Hj/6u determines a finite-dimensional invariant set for the
flow (2.21). Here we get [27]

oA 1 ou (u, \;
i)
i

u 2 = (P * P, —P1j * P, do * o), (2.24)
i_f _ ( A<®1,<D1>+<<1>2,®2>>
ou

ANDy, Dy ) + (Dy, D7) (2.25)

where ¢;; = ((,bil,j,(i)iz,j,---,(i’iM,j)T, A = diag(h,..., AN), @i = (i1, pin), i = 1,2 =
1,...,N;(:,+) stands for the inner product in RN,
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Then, according to (2.23) and taking a; = —4, the Guo hierarchy with self-consistent
sources can be rewritten as follows:

u _ 6Hn —/\<(D1,(D1>+<(I)2,q)2>
( )t_ 1 6u +h< N D1, D) + (Do, D7) > (2.26)

Taking n = 1, we obtain the following multicomponent equations with self-consistent sources

(up * Uy — uy * uy) N, & o
Ui — Upx — Up * 3 = —521)%4’1]' + azl‘i’zjr
j= j=

(2.27)

(up * Uy — uy * uy) N, 2 &)
Upp — Upx — Up * > = —azl)‘j‘ﬁlj - azl‘i)zj'
j= j=

3. Nonlinear Bi-Integrable Couplings of Multicomponent Guo
Hierarchy with Self-Consistent Sources

The multicomponent Guo hierarchy has been given in the above. In the section, we will
construct the nonlinear bi-integrable couplings of multicomponent Guo hierarchy with self-
consistent sources by following the way in [19], which is introduced as follows.

Given an integrable equation

u = K(u), (3.1)
which possesses a zero curvature representation

U;-Vy+[UV] =0, (3.2)

whereU = U (u,\), V=V (u,1),and takingﬁ = ﬁ(ﬁ, A) = (U(u, L), Uy (ug, L), Us(up, A)), V=
V(@A) = (V(u,X), Vi(ui, ), Va(us, 1)), then the enlarged zero-curvature equation

U, -V, + [ﬁ, V] -0 (3.3)

equivalently yields

U,-vy+[UVv]=0,
Uyt = Vix + [U V] + [Uy, V] + [Ug, V1] =0, (3.4)
Uzt = Vo + [U, V2] + [Up, V] + [U1, V1] + [Uy, V2] + [U2, V1] = 0.
We call (3.4) bi-integrable couplings of (3.1). Note that it is nonlinear with respect to the

two supplementary variables u;, uy, thereby providing candidates for nonlinear bi-integrable
couplings.
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Next, we will construct an expanding Lie algebra Qus of the Lie algebra Fps and its
corresponding loop algebra. Consider a vector space Quz = span{a = (aij) pix9 = (a1,---,a9)},
where a; (i = 1,...,9) is the ith column of the matrix a.

Definition 3.1. Set a, b as two elements of Qy, their commutation operation is defined as
[a,b] = (axxbs —az xby,2(a; xby —ay xby),2(az x by —ay *bz), ar * bg — ag * by + as * bs
—asz*bs+as*bg—ag*bs,2(a; *xbs —as *xby +ay*by —ar by + aq xbs — as x by),
2(ag* by —ay *bg+azxby—as xby + ag *x by — ay * bg), ay x bg — ag x by + ag * b
—azxbg+as*xbg—ag *bs + asx by —ag * bs + ag * bg — ag * bg,
2(a1 *bg—ag*by+ay;xby —ayxby + ag xbs —as * by + as * bg — ag * by
+ay x bs — as x by),
2(ag * by —ay *bg + azxb; —ay xby + ag * by — ay * bg + ag * by — ay * by

+ag * b7 —ay * b6))T.
(3.5)

It is easy to verify that Qa consists of a Lie algebra along with (3.5). Its corresponding loop
algebra Q,r is given by

Onm ={a\", a€Quy, n=0,+1,+2,...}, (3.6)
equipped with a commutation operation as follows:

[aA™, bA"] = [a,b]A™", Ya,be Qu. (3.7)

Denoting Qar(1) = {(ai1, a2, a3,0,0,0,0,0,0)A"} and Qur(2) = {(0,0,0, as, as, as, az, as, as)A"},
then we have

Om=0uM)e0u@), OuM=Fu, [OuD),0u@)]|cOu@).  (8)

Here we note that the subalgebras Q Mm (1) and Q M (2) are both non-semisimple, which is very
important for deriving the nonlinear integrable couplings of hierarchy.
In terms of the loop algebra Qy, consider an isospectral problem as follows:

1
¢ = Uy, u= E(/\IM/ul + 12, M1 — 2), 0, u3 + 1a, Muz — us), 0, us + s, M (us — )" .
(3.9)

Set

V = (\v1, 02 + v3, M2 = v3), Avs, Us + U, M(v5 = 6), Av7, s + 9, A(vs — v9))", (3.10)
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where v = >0 (Vky ms Vkyms - - .,UkM,m)T)(’”, k=1,...,9. Asolution to V, = [U, V] gives

Ol,mx = U * U — U * V34,

U2,mx = U3,m+1 — U2 * U1,m+1,

U3 mx = U2,m+1 — U1 * U1, m+1,

V4,mx = U2 * U5 — UL * Vg, + Us ¥ Vo — U3 * V3 + Uy * U5, — U3 * Vg,

Usmx = 206 me1 — U2 * Vg el + U3yl — Us * U]yl — U * Vi1,

Vbmx = 205,m41 — UL * Ogmi1 + V2 mel — U3 * U1yl — U3 * Vg ml,

U7,mx = U2 * Vg — UL * V9, + Ue * V2 — Us * V3 + Ug * U5, — U3 * Vg
+ Uy * Vg — U3 * Vg, + Ue * Us sy — Us * Vg m,

U8 mx = 209, m41 — U * V711 + U3 a1 — Ue * ULyl + 2V6,me1 — Ud * Vgl
— Uy * U741 — U * D4 ma1,

V9, mx = 208, m41 — U1 * V7,mi1 + U2 mel = Us * OLmal + 205 i1 — U3 * Ug a1

— U3 * U741 — U5 * Uy ma1,

v1,0 = 0l Vo0 = U1, V30 = Uy, v40 = 0Ly,
U5 = Up +2u3z, Ve = Up + 2uy, vy = 0In,
Up % Uy — Uy * U
Vg = Up + 2113 + 2115, V90 = Uy + 2u4 + 2116, U111 = ( 2 2 > ! 1)/
(up * up — Uy * ) (up * Uy — uy * uy)
Vo1 = Upx T U * 5 ’ V31 = Upx T U * 5 ’
_ [(up +ug) * (uo +ug) — (ug +us) * (ug +uz)]  (up * Uy — Uy * )
V41 = - ’
2 2
B uy * (Uup *xup —uy xuy)  (ug +uz) * [(u2 + ug) * (U +uy) — (ug +uz) * (Ug + us)]
Us5,1 = Ugx — + ’
2 4
up * (U * up —uy xuy)  (up +ug) * [(uo + ug) * (U +uy) — (ug +uz) * (Uy + us)]
Vel = U3 x — + ’
2 4
(Ug * Uy — U3 * U3)
vy = 5 + [(up + ug) * ug — (U + us) * us],
_ (s —uy) * [(ua + ua) * (U2 +ua) — (w1 +uz) * (11 + u3)]
Vg1 = Uex t
4
. (1 —uz) * (Up * Uy — Up * Uy) N (u1 +uz) * (Ug * Uy — U3 * U3)
4 4
(1 +uz) * [(uz + uy) * ug — (U1 + Us) * us]
+ 5 ,
_ (s — up) * [(uz + us) * (up +ug) — (w1 +uz) * (ug +u3)]
V91 = Usx + 1
. (t — ug) * (Up * Uy — Uy * U7) N (U + uy) * (Ug * Ug — U3 * U3)
4 4
. (uo + ug) * [(uz + uy) * ug — (U1 + u3) * us]
5 )

(3.11)
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Similar to (2.9), we obtain

(UZ,nx + v3,nx) )‘(UZ,nx - v3,nx) (UZ,nx + U3,nx)
2 s 2 s 0, U5, nx + U6,nx + f/

v, [u, Vi’”] - <0,

A (UZ,nx - US,nx)

)‘(US,nx - Ué,nx) + s 0/ (US,nx + U9,nx + U5 nx + Ué,nx)

2
+ —
+ (UZ,nx . U3,nx) , (US,nx — Vg + Vs nx — v6,nx) i (U2,nx 5 U3,nx) > )
(3.12)
Therefore, the zero-curvature equation
u - v+ U, ve] =0 (3.13)
admits the following bigger integrable system:
u o 0 -0 0 o 0 Uon+ U5, + 08
Us 0 -0 0 0 0 -0 —U3n — UOpn — U9n
u, = Us _ -0 0 0 0 o O Oy + 2175/,1 + U8 n
b Uy B 0 0 0 -0 0 -0 —03n — 206,71 — 09
Us o 0 o 0 -0 0 Vo +Usy
Up ¢ 0 -0 0 -0 0 o —U3n — Uen
(3.14)
V20 + Us0 + Ugp
—0U3,0 —Up,0 — V90
_ _ron| U20+20s0+ 080
= Jobu = oLy —v30 — 2060 — V90
02,0+ V50
—U3,0 — Up,0

where ], is the Hamiltonian operator. Similar to (2.13), by employing (3.11), after tedious
calculation, the recurrence operator L, can be obtained and here we omit it.

Taking us = uy = 0 in (3.14) reduces to an integrable coupling of the Guo hierarchy;
taking us = ug = 0in (3.14) reduces to another integrable coupling of the Guo hierarchy. Here
we note that except the first variables u3, 1, all integrable couplings presented above are
nonlinear, since the supplementary systems (3.14) with n > 1 are nonlinear with respect to the
four dependent variables u3, 14, U5, 145. SO, in term of the definition of integrable couplings, we
conclude that the system (3.14) is nonlinear bi-integrable couplings of the multicomponent
Guo hierarchy.

In order to deduce to the Hamiltonian structure of (3.14), we rewrite (3.5) as follows:

[a,b] = a"R(b), (3.15)
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where
R(b)
0 2b, -2b; 0 2bs —2bs 0 2bg —2by
b; -2by O b —2by 0 by —2b; 0
-b, 0 2b —bs 0 2b, —bg 0 2b;
0 0 0 0 2(by+bs) -2(b3+2b) 0 2bs +bs) ~2(bs +bs) | (3.16)
= 0 0 0 b3 + b6 —2(1’)1 + b4) 0 b6 + bg —2(b4 + b7) 0 .
0 0 0 —bz - b5 0 Z(b] + b4) —b5 - bg 0 2(b4 + b7)
0 0 0 0 0 0 0 2(by +bs) ~2(bs +be)
0 0 0 0 0 0 b3 + b6 —2(b1 + b4) 0
0 0 0 0 0 0 —(by + bs) 0 2(by + by)

Solving the matrix equation for the constant matrix F: R(b) x F = —(R(b) * F ), FT = F,
presents

2w 0 0 2hy 0 0 20y 0 0\
0 0 Iy 0 0 Iy 0 0 Iy
0 Iy 0 0 Iy O O Iy O
2y 0 0 4y O 0 20y 0 O
F=| 0 0 Iy 0 0 2[4 0 0 Iy | (3.17)

0 Iy O O 2Im O 0 Im O
2Ipy 0 0 2Ip O 0 0 0 O

0 0 I O 0O Im 0 0 O

0 Iy 0 0 Im O 0 0 0/

Then in terms of F, define a linear functional

al *« Fxb

{a, b}

= 2(a1+a4+a7)*b1+(a3+a6+a9)*b2
(3.18)
+ (ap + as + ag) * by + 2(ay + 2a4 + ay) * by + (as + 2a¢ + ay) * bs

+ (ap + 2as + ag) * bg + 2(ay + ag) * by + (az + ag) * bg + (az + as) * bg.

It is easy to find that {a, b} satisfies the variational identity (2.18). By using the above linear
functional, we have

1
{V,LIA} =)L(Ul +U4+U7) +§(vz+vg+v5+v6+vg+vg)* (u1 —uz)

1 1
+ 2(02+U3+27)5+2’Z)6+’08+’09)* (us —uyg) + E(vz+vg+v5+v6)* (us — ug),

{(V, Ui } = Moz + 05 + v3), {(V,Uw,} = AM(-v3 - v6 — 19), {V,Uy,} = Moz + 205 + 3),

{(V,Uy} = M-v3 — v — v9), {V,Uy, } = Moz +05), {V,Uy} = M-v3 — vg).
(3.19)
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Substituting (3.19) into the variational identity (2.18), we have

6 1
—<A(U1+v4+07)+E(vz+v3+v5+v6+vg+vg)*(ul—uz)

ou
1 1
+—(UZ + U3 + 205 + 206 + Vg + ’()9) * (u3 - u4) + —(Uz + 03+ 05+ ’(J(,) * (u5 - ué)
- 2 (3.20)
0
= .)L_Ya—)t)tr()t('vz + 05+ 03), M(=03 — U6 — 1), A(v2 + 205 + Vg), M(-v3 — Vg — V9),
M(v2 +05), AM(=03 = vs)) .
Comparing the coefficients of 1! yields
6 1
5 \ D1l ¥ Vet + V71 + E(UZ,n + U3+ Usp + Ve + Vg + V9 ) * (U1 — Up)
1
*3 (Vo0 + V3 + 2055 + 206 + Vg + V9 ) (U3 — Ug)
(3.21)

1
+§(U2,n + V3 + Vs + Vs ) * (Us — Us)

= (y = 1) (V20 + Uspu + Vg n), (030 — Vo — Vo), (Van + 2Us.4 + Vg ),
(_US,n - 2'06,n - v9,n)/ (UZ,n + US,n)/ (_US,n - Ué,n))T-
Taking n = 0 in the above equation gives y = 0.

Hence, the nonlinear bi-integrable couplings of the multicomponent Guo hierarchy
(3.14) can be written as a Hamiltonian form

Uu
5
U 6112
2 5 _
_ Us _ 6u3 7 _ 5Hn
u; = w | = ) s Hy=]> 5 (3.22)
Us Oy
Us/ 6
6115

\&r:/

where H,, = —(1/1)[01, 511 + Vs ns1 + 07 n1 + (1/2) (Va0 + 03,0+ Vs, + Ve + Vg + Vo) ¥ (11 — 1) +
(1/2) (Vo0 + U3 + 205, + 206 5 + Vg + V9 ) (Uz — Ug) + (1/2) (V2,0 + U3 + Us . + Vs ) * (s — Ug) ]
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Next, we will derive the nonlinear bi-integrable couplings of the multicomponent Guo
hierarchy with self-consistent sources. Consider the linear problem

¢1j i ¥1,j ¥1j
¢, P2, P2, ¢2,j
il =uua)| ¥ il —va)| . 3.23
iy (u,45) v | Iy (u,47) vi (3.23)
Ps,j ¢2,j ¥s,j ¢s,j
Yej/ . Ye,j Yej/ ¢ Pe,j

According to (2.24) and the definition of {a, b}, we get

Wi= (Prj* o, —Prj* Prj, Poj* Poj bsj* Paj —psj* P3j, Paj* Puj, s * bs s
~ s, * 5,1, Pe,j * o).

(D, D3) + (Dyg, Dy) + (Dg, Dg) — A((D1, D7) + (D3, D3) + (D5, Ds5))
(D, D3) + (Dyg, Dy) + (Dg, D) + A((D1, D7) + (D3, D3) + (D5, Ds5))
_ 1 (@2,(I)2> +2<‘D4,®4> + <(I)6rq)6> - /\((@1,@1) +2<q)3,q)3> + <Q)5,(I)5>)
A (D, Dy) + 2(Dy, Dy) + (D, D) + A((D1, D1 ) +2(D3,D3) + (D5, Ds))
(D2, D) + (Dy, Dy ) — A(( Dy, Dy ) + (D3, D3))
(D2, D) + (Dy, Dy) — A((D1, D1) + (D3, D3))
(3.24)

where ¢;; = (Pij, Pirjre - Pini) s A = diag(hi, ..., AN), @; = (Pi1,-.., ¢in)', i = 1,...,6
j=1,...,N; () stands for the inner product in RN,

Then, according to (2.23) and taking a; = —4, the nonlinear bi-integrable couplings of
the multicomponent Guo hierarchy with self-consistent sources can be rewritten as follows:

8H
(U1, Uz, Uz, U, Us, Ug); = ]26_un + HoW. (3.25)

4. Conclusions

In this paper, we derive the multicomponent Guo hierarchy with self-consistent sources and
its nonlinear bi-integrable couplings by using the Lie algebra Qu. As far as we know, the
existing papers are not designed for constructing the nonlinear bi-integrable couplings of
multicomponent hierarchy with self-consistent sources. This method can be used to derive
the other multicomponent soliton hierarchies with self-consistent sources and their nonlinear
bi-integrable couplings.
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