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We develop monotone iterative technique for a system of semilinear elliptic boundary
value problems when the forcing function is the sum of Caratheodory functions which
are nondecreasing and nonincreasing, respectively. The splitting of the forcing function
leads to four different types of coupled weak upper and lower solutions. In this paper, rel-
ative to two of these coupled upper and lower solutions, we develop monotone iterative
technique. We prove that the monotone sequences converge to coupled weak minimal
and maximal solutions of the nonlinear elliptic systems. One can develop results for the
other two types on the same lines. We further prove that the linear iterates of the mono-
tone iterative technique converge monotonically to the unique solution of the nonlinear
BVP under suitable conditions.

1. Introduction

Semilinear systems of elliptic equations arise in a variety of physical contexts, specially in
the study of steady-state solutions of time-dependent problems. See [1, 4, 5], for exam-
ple. Existence and uniqueness of classical solutions of such systems by monotone method
has been established in [2, 4]. Using generalized monotone method, the existence and
uniqueness of coupled weak minimal and maximal solutions for the scalar semilinear
elliptic equation has been established in [3]. They have utilized the existence and unique-
ness result of weak solution of the linear equation from [1]. In [3], the authors have con-
sidered coupled upper and lower solutions and have obtained natural sequences as well
as alternate sequences which converge to coupled weak minimal and maximal solutions
of the scalar semilinear elliptic equation.

In this paper, we develop generalized monotone method combined with the method
of upper and lower solutions for the system of semilinear elliptic equations. For this pur-
pose, we have developed a comparison result for the system of semilinear elliptic equa-
tions which yield the result of the scalar comparison theorem of [3] as a special case.
One can derive analog results for the other two types of coupled weak upper and lower
solutions on the same lines. We develop two main results related to two different types
of coupled weak upper and lower solutions of the nonlinear semilinear elliptic systems.
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We obtain natural as well as intertwined monotone sequences which converge uniformly
to coupled weak minimal and maximal solutions of the semilinear elliptic system. Fur-
ther using the comparison theorem for the system, we establish the uniqueness of the
weak solutions for the nonlinear semilinear elliptic systems. The existence of the solution
of the linear system has been obtained as a byproduct of our main results.

2. Preliminaries

In this section, we present some known comparison results, existence and uniqueness
results related to scalar semilinear elliptic BVP without proofs. See [1, 3] for details.
Consider the semilinear elliptic BVP

SFu=F(x,u) inU,
. (2.1)
u=0 ondU (in the sense of trace),

where U is an open, bounded subset of R” and u: U — R is unknown, u = u(x). Here
F:U — R is known. F € L*(U), F(x,u) is a Caratheodory function, that is, F(,u) is
measurable for all u € R and F(x, -) is continuous a.e. x € U. &£ denotes a second-order
partial differential operator with the divergence form

m

Fu=-> (aij(x)uxi)xj +c(x)u (2.2)

ij=1

for given coefficient functions a;j(x),c(x) € L*(U) (i = 1,2,...,m). We assume the sym-
metry condition a;; = aj; (i,j = 1,...,m), c(x) = 0, and the partial differential operator &£
is uniformly elliptic such that there exists a constant 6 > 0 such that

> aij(x)é; = 011 (2.3)
ij=1

fora.e.x € Uandall £ € R™,
We recall the following definitions for future use.

Definition 2.1. (i) The bilinear form B[-, -] associated with the divergence form of the
elliptic operator & defined by (2.2) is

Blu,v] = JU [ i i (%) ty, Vx,; +c(x)uv} dx (2.4)
ij=1

for u,v € H}(U), where H} (U) is a Sobolev space W(}’Z(U).
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(ii) We say that u € H}(U) is a weak solution of the boundary value problem (2.1) if
Blu,v] = (F,v) (2.5)

for all v € H} (U), where (-, -) denotes the inner product in L?(U).

Definition 2.2. The function ay € H'(U) is said to be a weak lower solution of (2.1) if,
g <0onodU and

JU [él aij(X) 0o, vy, + C(X)OCovi| dx < JUF(x, ap)vdx (2.6)

for each v € H}(U), v > 0. If the inequalities are reversed, then a is said to be a weak
upper solution of (2.1).

In order to discuss the results on monotone iterative technique, we need to consider
the existence and uniqueness of weak solutions of linear boundary value problems. The
result on the existence of weak solutions for the linear BVP can be obtained from the
Lax-Milgram theorem which is stated below. In the following theorem, we assume that
H is a real Hilbert space, with norm || - || and inner product (-, -), we let (-, -) denote the
pairing of H with its dual space.

TuEOREM 2.3 (the Lax-Milgram theorem). Assume that B: H x H — R is a bilinear map-
ping, for which there exist constants o, 3 > 0 such that

(1) |B[u,v]| < allullllv]l, u,v € H;

(ii) Bllull? < Blu,u], u € H.
Also assume that F : H — R is a bounded linear functional on H.

Then there exists a unique element u € H such that

Blu,v] = (f,v) (2.7)

forallv e H.

The following theorem proves the unique solution of the linear BVP, which is [3, The-
orem 5.2.4].

THEOREM 2.4. Consider the linear BVP

Pu=h(x) inU,

u=0 ondU (in the sense of trace). (2:8)

Then there exists a unique solution u € H}(U) for the linear BVP (2.8) provided 0 < ¢* <
c(x) a.e. in U and h € L2(U).

The next theorem is a comparison theorem, a modified version of which is needed in
our main results. This is [3, Theorem 5.2.5].
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THEOREM 2.5. Let ay, 3o be weak lower and upper solutions of (2.1). Suppose further that F
satisfies

F(x,u1) —F(x,u2) < K(u1 —uy) (2.9)
whenever uy > u a.e. for x € U and K(x) >0 for x € U. Then, if0< c — K € L'(U),
ag(x) < Bo(x) inUa.e. (2.10)

The following corollary is the special case of Theorem 2.5.

COROLLARY 2.6. For p € HY(U) satisfying

JU [ i aij (%) Px; Vx; +c(x)pv} dx <0 (2.11)

ij=1
for each v € Hy(U), v=0a.e. and p <0 on oU, p(x) < 0in U a.e. provided c(x) > 0.

The next two theorems [1] are needed to prove that a bounded sequence in a Hilbert
space contains a weakly, uniformly convergent subsequence.

TaEOREM 2.7 (weak compactness). Let X be a reflexive Banach space and suppose that the
sequence {ux}y_, € X is bounded. Then there exist a subsequence {ukj};?‘;l < {ux}p, and
u € X such that {ukj };‘;1 converges weakly to u € X.

TuEOREM 2.8 (the Ascoli-Arzela theorem). Suppose that {fi};_, is a sequence of real-
valued functions defined on R" such that

| fix)| <M (k=1,2,....xeR") (2.12)

for some constant M, and the { fi.} 7, are uniformly equicontinuous, then there exist a sub-
sequence { fi; ;"’:1 < {fx}i2, and a continuous function f such that fy, — f uniformly on
compact subset of R".

3. Main results

In this section, we develop monotone iterative technique for system of semilinear elliptic
BVP. The results of [3] will be a special case of our results for the scalar semilinear elliptic
BVP.

We first consider the following system of semilinear elliptic BVP in the divergence
form

Lu=f(x,u)+g(xu) inU,

u=0 onoU (in the sense of trace), (3.1)

where u: U — RN, Lu = (L', P22, ,$NuN), and Fruk = —(Zgzlaf‘j(x)uﬁi)xj +
ck(x)uk with the bilinear form B[uk,vk] = oS af-‘j (x)u,’ﬁiv’;j + ck(x)ukvk)dx for k =
1,2,...,N. Here f,g: U x RN — RN are Caratheodory functions. Other assumptions on

af-‘j,ck are the same as for a;;,¢ in Section 2.
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In this paper, here and throughout, we assume all the inequalities to be componentwise
unless otherwise stated.

In order to develop monotone iterative technique for the BVP (3.1), we need to prove
the following comparison Lemma 3.1 relative to the elliptic system

SFu=F(x,u) inU,

2
u=0 ondU (in the sense of trace), (3.2)

where assumption for Lu, Pkuk B[uk,v*] are the same as they are in (3.1).

LemMMA 3.1. Let ay,fo be weak lower and upper solutions of (3.2) when F: U x RN —
RN, u € Hj(U). Suppose further that F(x,u) is quasimonotone nondecreasing in u for each
component k and satisfies

(u' —v') (3.3)

=

Il
—_

Fr(xul,u?,.. o ulN) — FR(x, v 02, 0N) < KF
1

whenever u > v a.e. for x € U and K* >0 fork = 1,2,...,N. Then, if0 < ¢* = NK € L'(U),
where K = maxK* for k = 1,2,...,N,

oclg(x) < [)’é(x) inU a.e. fork =1,2,...,N. (3.4)

Proof. From the definition of weak lower and upper solutions, we get

| [ S (o), — 5,07 + k() —ﬁé)v"]dx < | TP (xia0) = F¥ (o) ¥

ij=1
(3.5)

for each vk € H}(U), v* = 0 a.e. and k = 1,2,...,N. Choose v* = (af — p§)* € H} (U),
vk>0a.e.
Since

k k ko gk
a0, — Pox; ae onag > fy, (3.6)
0 a.e.on af < Bk, '

<%—%g:{

using the ellipticity condition (2.3), and (3.3), we integrate (3.5) on the region where
oclé >,8'(§, fork =1,2,...,N, and we have

[ 0l B I i) o — )t < |

ao>Po

N
KFS (ah — ) (o ) .
. (3.7)
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We have N such inequalities for k = 1,2,...,N. When we add all N inequalities together,
we obtain

LP;;O(zek'“Ox: Bl +Zc |a§—ﬁ§|2)dx
L Z'“é‘ﬁo [ZK" ]dx,

0>p 0 k=1

N
(2 0410h ol 3kl o= [ NR S -

060 >Bo 0>Po k=1

N
[ 36 ok~ B+ (F) ~ NK) | af = B[ ) ax <.

<Xo>/50 k=1
(3.8)

From our assumption, the integrand is nonnegative. Hence, the only possibility to keep
our inequalities hold true is that the domain of integration is an empty set. Hence, we
have oy < fp a.e.in U. O

If, in (3.2), F(x,u) = A(x)u, where A(x) is an N X N matrix, we have the following
corollary for the linear system.

CoROLLARY 3.2. Let F(x,u) = A(x)u in (3.2) and all the assumptions of Lemma 3.1 hold,
further let

N
Alx)u—A(x)v < (Kl,Kz,...,KN),<Z(ui—vi)) (3.9)
i-1

whenever u> v a.e. for x € U and K* >0 for k = 1,2,...,N. Then, if 0 < & -~ NKF e
LY(U), where K* = max(|aki |, |axzl,..., lakn|) for k = 1,2,...,N,

< ﬁé(x) in U, a.e. fork =1,2,...,N. (3.10)

The next corollary is a special application of Lemma 3.1.

CoroLLARY 3.3. For p* € H'(U), k = 1,2,...,N, satisfying

J [g x)p v}+c§(x)pkvk:|dxs0 (3.11)
Uk=1

for each vk € HY(U), vk = 0 a.e. and p* < 0 on U, then p*(x) < 0 in U a.e. provided that
c’(§ >0forxe U, k=12,..,N.

Next, we define two types of coupled weak lower and upper solutions of (3.1). In order
to avoid monotony, our main results are developed relative to these two types of coupled
weak lower and upper solutions only.
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Definition 3.4. Relative to the BVP (3.1), the functions ag, By € H!(U) are said to be
(i) coupled weak lower and upper solutions of type I if

B[(Xé,vk] = (fk(x)‘xO) +gk(x)/30))vk))

(3.12)
B[ é)vk] = (fk(x,ﬁo) +gk(x)060)>1’k)>
for each vk € H} (U), vk = 0 a.e.in U and k = 1,2,...,N;
(ii) coupled weak lower and upper solutions of type II if
Blag, v*] = (f*(x,po) + 8" (x,0),v),
(3.13)

B[ IS;Vk] = (fk(x:(xO) +gk(x,/30),Vk),
for each vk e H(}(U), vk >0ae.in Uandk =1,2,...,N.

We are now in a position to prove the first main result on monotone method for the
system of elliptic BVP (3.1).

THEOREM 3.5. Assume that

(A1) ao,fo € HY(U) are the coupled weak lower and upper solutions of type I with ap(x) <
Bo(x) a.e. in U x RN;

(A2) f,g:UxXRN — RN are Caratheodory functions such that f*(x,u) is nondecreasing
in each component u', g€(x,u) is nonincreasing in each component u' for x € U a.e.
where i,k = 1,2,...,N;

(A3) K(x) = ¢f >0in U ae. andforanyq p € HY (U X RN) with ag < 1, u < fo, the
functzonhk = R, n) +g*(x,u) € LX( )forkzl,Z,...,N.

Then for any solutlon u(x) of BVP (3.1) with ap(x) < u(x) < o(x), there exist monotone
sequences {0, (x)}, {Bn(x)} € H} (U x RN) such that of — p BE— y weakly in H} (U) as
n — oo and (p,y) are coupled weak minimal and maximal solutions of (3.1), respectively,
that is,

Frpk = fHxp) +g"(xy) inU, pt =00naU, (3.14)
3.14
LYk = frxy) +g4(ep) inU, y* =00naU,

fork=1,2,...,N.

Note. Here and in Theorem 3.8, when we say that p,y are coupled weak solutions means
that they satisfy the following variational form:

Blp ] = [ (74 + 6oy lvias,

(3.15)
B[yk,v"] =J [F*x,p) +g5(x,p) vk dx.
Proof. Consider the linear BVP
Kp+1 = k( ) k(x> n) in U, (xﬁ =00n8U,
= e o . (3.16)

Swpk/))nﬂ = fk (x, Bn) +gk (x,an) inU, ﬁlr(;ﬂ =0ondU,
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where n =0,1,.... The variational forms associated with (3.16) are
Bl = || [ Gren) 44 () Il
U

(3.17)
BIBS ] = || [5G0+ (o) i,
U
for all vk € HY(U),v* = 0 a.e.in U for k = 1,2,...,N.
We want to show that the weak solutions «,,, of (3.16) are uniquely defined and
satisfy

<< <a,<fy<---<Pi <Py aeinlU. (3.18)

For each n > 1, if we have oy < o, < 8, < Py, then by hypothesis (A3), h’f(x) = fk(x o) +
g5(x,By) € L2(U), Hi(x) = f*(x,Ba) + g¥(x,a,) € L*(U), and c¥(x) = ¢f > 0. Hence,
Theorem 2.4 implies that BVP (3.16) has unique weak solution af and pk for k = 1,
2,...,N.

In order to show that (3.18) is true, we first prove that a¥ > af a.e. in U for each kth
component. Now let pk = af — af so that p* < 0 on U and for vk € H}(U), vk = 0 a.e.
in U, by the definition of type I of coupled weak lower and upper solutions, we have

B[p",v] = Blog;,v"] - Bla],v"]

(3.19)
< | 14 Gran) + g o) i = | (7o) +g(xo) I dx =0,
U U
Hence, by Corollary 2.6, p* < 0in U a.e., that is, af < af in U a.e. Similarly, we can show
that 8% < & a.e.in U, where k = 1,2,...,N.
Assume, for some fixed n > 1, a, < a4 and B, = B,41 a.e. in U. Now consider pk =
ok, —ak,,, with p* =0 o0n 9U, and using the monotone properties of f,g, we get

B[pk, 4] = Lj LF* (o) + 85 (%, ) — F* (6rtmen) — g5 (5, Bust) [Fdx < 0. (3.20)

By Corollary 2.6, we get o, < X, a.e. in U. Similarly, we can show that g£,, > gk, a.e.
in U componentwise. Hence, using the induction argument, we get a%_, < ok, g5_, > pk
ae.in Uforalln > 1.

Now we want to show that a; < 8 a.e. in U. Consider p* = af — f¥ and p* = 0 on 9U.
Since ay < o, by the monotone properties of f,g, we have

B[p*.vF] = JU [F¥(x,a0) + 8" (x,Bo) — ¥ (x,B0) — gF (x,0) ]vFddx < 0. (3.21)

Hence, oc}f < ﬁ’f a.e.in U for k = 1,2,...,N by Corollary 2.6.
Assume of < BE a.e. in U for some fixed n > 1. We can also prove ok, < ﬁﬁﬂ a.e.in U
using similar argument. By induction, (3.18) holds for n > 1.
Since monotone sequences {a,}, {4} € H&(U x RN), there exist pointwise limits for
each component k, where k = 1,2,...,N. That is,
215130 (x’,j (x) = pk(x) a.e.in U, lim ﬁ’,j(x) = yk(x) a.e.in U, (3.22)

n—oo
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where pk, y* € H}(U), since a Hilbert space is a Banach space which is a complete, normed
linear space.
For each n > 1, we note that for each vk € H} (U), ak satisfies

L}[ﬁ (0 (o )vx)+c(x)0ckvk}dx JU[fk(x,ocn_l)+gk(x,/3,,_1)]vkdx. (3.23)

ij=1

We now use the ellipticity condition and the fact that c*(x) > ¢/ (x) > 0 with v* = ok to get

JU [0"(0(’,‘,),()2 +¢f (x) (txﬁ)z]dx < J [ R (1) + g (o6, Ba1) J¥5dx. (3.24)

U

Since the integrand on the right-hand side belongs to L?(U), we obtain the estimate

sup”“lr(z”Hg(U) < 0o, (3.25)
n

Hence, there exists a subsequence {ak } which converges weakly to p*(x) in Hg(U) by
Theorem 2.7. Similarly, we can show that sup,, || IBﬁ I Hi(u) < . Hence, there exists a sub-
sequence {ff } which converges weakly to y*(x) in H; (U) using Theorem 2.7.

Sequence {ak(x)} maps U into R for each k = 1,2,...,N. It is easy through contradic-
tion method to show that for each € > 0, there exists § > 0 such that |x — y| < § implies
that [|ak(x) — a&(xo) lwr2(u) < € for x,y € U. Hence, {ak(x)} is equicontinuous on U.
Similarly, we can show that {fk(x)} is also equicontinuous on U. Then by the Ascoli-
Arzela theorem, the subsequences {(xﬁi}, {[3’,;} converge uniformly on U. Since both of
the sequences {aX(x)}, {ﬁ’,‘l(x)} are monotone, the entire sequences converge uniformly
and weakly to p*(x),y*(x), respectively, on U for k = 1,2,...,N. Therefore, taking the
limit as n — oo for (3.17), we obtain

BLt ot = [ (74 o) oI,

(3.26)

B[y*,v¥] =J [F*(x,y) + g5 (x,p)]vkdx.
Hence, p,y are the coupled weak solutions of (3.1). Finally, we want to prove that p and
y are the coupled weak minimal and maximal solutions of (3.1). That is, if u is any weak
solution of (3.1) such that ap(x) < u(x) < Bo(x) a.e. in U X RY, then the following claim
will be true. For k = 1,2,...,N,

(x'g(x) < pk(x) <uk(x) < yk(x) < ﬁé(x) a.e.in U. (3.27)

To prove that for any fixed n > 1 ak(x) < uf(x) < BE(x) a.e. in U, we assume that for
some fixed n > 1, ak(x) < [3" ) a.e. in U is true, since ap(x) < u(x) < fo(x) is
claimed from the hypothes1s. Let pF= = ok, — uk, with p* = 0o0n dU. Using the monotone
properties of f,g, we obtain

B[p*.vF] = JU [F* () + 85 (x, Ba) — fR(x,u) — gF(x,u) [vkdx < 0. (3.28)
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Hence, by Corollary 2.6, af,, < u* a.e. in U. In a similar way, we obtain u* < X, ;. By

induction, af(x) < u*(x) < fk(x) a.e. in U for all n > 1. Now taking the limit of af, BX as
n — oo, we get (3.27). This completes the proof. O

Remark 3.6. (1) When N = 1, the results of Theorem 3.5 yield the scalar result of [3],
which is [3, Theorem 5.2.1].

(i) In (3.1), if g(x,u) = 0, f(x,u) is not nondecreasing in some uk

components, where

k=1,2,...,N, then we can construct 7 (x,u) = fk (x,u) + d*u* which is nondecreasing
in each u¥ with d* > 0. Let g%(x,u) = —d*uk which is nonmcreasmg in u*. Then we can
solve the BVP

m
Fruk = —( Z af»‘j(x)uﬂ‘q> + K (x)uk = fk(x,u) +3% (o, u), (3.29)
i,j=1 Xj
where (f)¥(x,u) is nondecreasing in each u!, g*(x,u) is nonincreasing in each u/ for I,k =

1,2,...,N. Assume that the type-I coupled weak upper lower solutions of (3.1) are also
the type-I coupled weak upper lower solutions of the new constructed elliptic BVP (3.29),
then Theorem 3.5 still can be applied to (3.29) and the solutions of (3.29) will be the
solutions for (3.1).

(iii) In (3.1), if f(x,u) = 0, g(x,u) is not nonincreasing in some #* components, where
k=1,2,...,N, then we can constructgk(x, ) = g¥(x,u) — d*uF which is nondecreasing in

k

each u* w1th dk > 0. Let f x,u) = d*u¥ which is nondecreasing in #*. Then we can solve
the BVP

P - —( > k()) s = Flow g, (3.30)

ij=1 2

where fk(x,u) is nondecreasing in each u/, g°(x,u) is nonincreasing in each u! for I,k =

.,N. Assume that the type I coupled with upper lower solutions of (3.1) are also the
type-I coupled weak upper lower solutions of the new constructed elliptic BVP (3.30),
then apply Theorem 3.5 to (3.30) and get the solutions we need for (3.1).

(iv) Other varieties on the properties of f(x,u), g(x,u) such as f(x,u) is not nonde-
ceasing in every u¥ component and g(x,u) is not nonincreasing in every u*¥ component,
we can always use the idea in (i), (iii) to solve the new constructed elliptic BVP un-
der suitable assumption of coupled upper and lower solutions for the newly constructed
problem.

The following corollary is to show the uniqueness of the solution for (3.1).

COROLLARY 3.7. Assume, in addition to the conditions of Theorem 3.5, f and g satisfy

N
FEOou it uN) = vt vA L vN) < N (Ul =),

(3.31)
M)

1
N . .
gk(x,ul,uz,...,u —gk(x,vl,vz,...,vN) > —NQZ (' =",
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where u > v,N;,N; >0, C— N(N; +N,) >0 a.e. in U where C = minck(x), x € U and
k=1,2,...,N.
Then p* = uF = y* is the unique weak solution of (3.1).

Proof. Since we have p <y, let p* = y* — p¥ and p* = 0 on U, we get

B[pk’v] = JU ( Z afjp];ivxj +Ckpky)dx

ij=1

= J [fk(x,y) +gk(x,p) — fk(x,p) —gk(x,y)]vdx (3.32)

sj (N1 +N>) ( )vdx
i=1

We have N such inequalities for k = 1,2,...,N. Adding N of them together, we obtain

JU ( % iz (af;pkv,) +k§ (Ckpkv)>dx < JUN(Nl +N,) (épk>vdx,

Mz

N
J sz};iVxJ + > [k = N(N; +N2) | pFvdx <0, (3.33)
U= 11] 1 k=1

J Z[ sz};,ij)"'[Ck—N(N1+N2)]ka}dx§0.
i,j=1

However,

J Z |: Z szx,VX] C N(N1+N2)]P V:|dx
7 (3.34)

N m
= J Z |: 2 (ai‘(jpalgf"xj) + [Ck -N(N +Nz)]pkv]dx <0.
Uk=1Lij=1

By assumption, C — N(N; + N,) >0, we have k-~ NN, +N,)>0fork=1,2,...,N. Us-
ing Corollary 3.3, we have yk < p" for k = 1,2,...,N. Hence, (3.1) has unique weak solu-
tion. O

We also have similar results for coupled weak lower upper solutions of type II. We state
the result below with a brief sketch of the proof.

THEOREM 3.8. Assume that

(A1) ag,fo € H(U) are coupled weak lower and upper solutions of type I with ay < fBo
a.e. in U x RN;

(A2) f,g: U xRN — RN are Caratheodory functions such that f*(x,u) is nondecreas-
ing in each component u', g*(x,u) is nonincreasing in u' for x € U a.e. where i,k =
1,2,...,N;

(A3) c*(x) = ¢t >0in U a.e. and for any n,u € H'(U) with ag < 1, u < P, the function

k(x) = f*(x,n) + g5 (x,p) € L2(U).
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Then for any solution u(x) of BVP (3.1) provided op(x) < u(x) < Bo(x), ap < 1,00 < Po,
there exist intertwining alternating sequences {0n(x), Ban+1(x)} and {Ban(x), 2ni1(x)} €
H} (U x RN) satisfying

=Pfi<- < =PunSUsdy <Pfu=<--=<a =P (3.35)

such that {ak,(x), 5,1 (x)} — pk and {B5,(x), a5, (x)} — y* weakly in H}(U) as n — oo
and (p,y) are coupled weak minimal and maximal solutions of (3.1), respectively,

Lpk = fRx,p)+g5(x,p) inU, pF=00n0U,
(3.36)
Ly* = fX(x,p) +g5(x,y) in U, y* =00ndU,

fork=1,2,...,N.

Proof. The sequences {a,}, {,} are defined as the coupled weak solutions in the follow-
ing system of linear elliptic BVP:

Frak = R (x,Bn) + g5 (x,a,) in U, ak,; =00naU, (3.37)

E.Bk[)’ﬁﬂ = fk (x, ) +gk (x,Bn) iInU, ﬂﬁﬂ =0onoU. (3.38)

Since we have ag(x) < u(x) < fo(x) and ap < 1, a1 < Po, let pk= ﬂ’f —a¥ and pF=0o0n
oU. We get B[p*,vF] = [, [ ¥ (x,00) + g5 (x, Bo) — f*(x, Bo) — g°(x,a0)]vFdx < 0, using the
monotone nature of f and g. By Corollary 2.6, we have f8; < «;. Similarly, we can prove
B1 < u < ay. Hence, we obtain

a <P =u<a < f. (3.39)
Our aim is to prove
(Xoﬁﬁlﬁ(xzﬁﬁ3$ S(inSﬁZnJrlSuS(inJr]Sﬁznﬁ"' < a3 S/)’zSOClS/_;().
(3.40)

For that purpose, we assume that for some fixed n = 1, (3.40) is true. We want to show
that (3.40) also holds for n+ 1. Let pk = ﬁ’z‘nﬂ — a5, then

B[Pkavk] = JU [fk (x)(x2n) +gk (x)ﬁZn) - fk (x’ﬂ2n+l) _gk (x)a2n+1)]vkdx <0 (341)

because a2, < Bans+1> Pon = a2n1 and the monotone properties of f,g. Hence, ﬁlgnﬂ <
of ., forallk =1,2,...,N.
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Similarly, we can prove that ax,+2 < Bon+3> Bants < Uy Pant1 < Uy Pansa < Oonil> Gopa <
Ban+a, and u < a,42 by a similar reasoning. Hence, (3.40) is true for n + 1 also.

Notice that of,, a5, 1,85, 851 € HL(U) and hence, arguing as in the proof of
Theorem 3.5 with appropriate modification, we obtain that

ak, — pF  uniformly and weakly in H} (U),

Bs..1 — p*  uniformly and weakly in H} (U),

b1 — y*  uniformly and weakly in H (U), (3:42)
p5, — y* uniformly and weakly in H} (U).
For the variational form of (3.37), when n = 2k, as n — oo, we get
B = | [5G+ p) A, (3.43)
When n =2k +1, as n — oo, we get
B[pk,vk] = JU [ (x,p) + g5 (x,p) vk dx. (3.44)
For the variational form of (3.38), when n = 2k, as n — oo, we get
B[p*,vF] = JU [ F*(x,p) + g5 (x,p) [vFdx. (3.45)
When n =2k +1, as n — o0, we get
B[y v = JU [F*(x,y) + g5 (x, p) |vFdx. (3.46)
Hence, when n — o in (3.37) and (3.38), we obtain
BIYS ] = [ 174 0oy + g p)
v (3.47)

B[] = Lj [f*(x.p) + g (x, ) v dx.

This proves that p* < uF < y¥ a.e. in U, where p and y are coupled weak minimal and
maximal solutions of (3.1). O

Note. We can write a similar remark for Theorem 3.8 on the same lines as Remark 3.6.
We avoid this remark due to monotony.

For the uniqueness of solution for (3.1) with type II coupled weak lower upper solu-
tions, we have following corollary.
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COROLLARY 3.9. Assume, in addition to the conditions of Theorem 3.8, f* and g* satisfy
one-sided Lipschitz condition of the form

IV

FReut,u?,. . ul) — R v Ay

N
NS~ ),
i=1
N
ZM—V

(3.48)
1,2

Lu? N) _gk(xav YV oo bV

gk(x,u Ul U

I/\

where u = v,N;,N; >0, C = N(N; +N,) >0 a.e. in U, where C = minck(x), x € U and
k=1,2,...,N.

Then p* = u* = y* is the unique weak solution of (3.1).
The proof of Corollary 3.9 follows on the same lines as the proof of Corollary 3.7.
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