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Verifiable criteria are established for the existence of positive periodic solutions and per-
manence of a delayed discrete periodic predator-prey model with Holling-type II func-
tional response Ny (k + 1) = Ny (k)exp{bi(k) — a1 (k)N1(k — [11]) — a1 (k)Na(k)/ (N1 (k) +
m(k)N>(k))} and Ny(k +1) = Na(k)exp{—ba(k) + ax(k)N1(k — [22])/(N1(k = [12]) +
m(k)Nz(k — [12]))}. Our results show that the delays in the system are harmless for the
existence of positive periodic solutions and permanence of the system. In particular our
investigation confirms that if the death rate of the predator is rather small as well as the
intrinsic growth rate of the prey is relatively large, then the species could coexist in the
long run.

Copyright © 2006 Y.-H. Fan and W.-T. Li. This is an open access article distributed under
the Creative Commons Attribution License, which permits unrestricted use, distribution,
and reproduction in any medium, provided the original work is properly cited.

1. Introduction

In mathematical biology, the dynamics of the growth of a population can be described
if the functional behavior of the rate of growth is known. It is this functional behavior
which is usually measured in the laboratory or in the field. Among the relationships be-
tween the species living in the same outer environment, the predator-prey theory plays an
important and fundamental role. The dynamic relationship between predators and their
preys has long been and will continue to be one of the dominant themes in both ecology
and mathematical ecology due to its universal existence and importance (Berryman [4]).
These problems may appear to be simple mathematically at first sight, they are in fact very
challenging and complicated. There are many different kinds of predator-prey models in
the literature; for more details we can refer to [4, 7]. In general, a predator-prey system
takes the form
, X
X rx(l K) o(x)y, (L1)
y' = y(ug(x) - D),
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where ¢(x) is the functional response function, which reflects the capture ability of the
predator to prey. For more biological meaning, the reader may consult [7, 19]. Massive
work has been done on this issue. We refer to the monographs [8, 16, 21, 24] for gen-
eral delayed biological systems and to [18, 22, 23, 25, 26, 28, 29] for investigations on
predator-prey systems.

Until very recently, both ecologists and mathematicians chose to base their studies on
this traditional prey-dependent functional response predator-prey system which is called
prey-dependent model [12]. But there is a growing explicit biological and physiologi-
cal evidence [3, 11, 14, 17] that in many situations, especially when predators have to
search for food (and, therefore, have to share or compete for food), a more suitable gen-
eral predator-prey theory should be based on the so-called ratio-dependent theory, which
can be roughly stated as that the per capita predator growth rate should be a function of
the ratio of prey to predator abundance, and so should be the so-called ratio-dependent
functional response. This is strongly supported by numerous field and laboratory exper-
iments and observations [2, 9]. A general form of a ratio-dependent model is

o) ol2)
y’w(w(%) —D)~

Here the predator-prey interactions are described by ¢(x/y) instead of ¢(x) in (1.1). This
can be interpreted as when the numbers of predators change slowly (relative to the change
of their prey), there is often competition among the predators, and the per capita rate of
predation depends on the numbers of both prey and predator, most likely and simply on
their ratio. For the system (1.2) with periodic coefficients, in [5] we explored the existence
of periodic solutions with delays. In addition, most research works concentrate on the so-
called Michaelis-Menten-type ratio-dependent predator-prey model:

X = rx(l - i) )4

K) my+x’
fx (1.3)
y':y(—d+ );
my+x

see [3, 11, 14, 17, 27] and references therein. The functional response function ¢(u) =
cu/(m+u), u = x/y, in the above model was used by Holling [10] as Holling-type II
functional response, it usually describes the uptake of substrate by the microorganisms
in microbial dynamics or chemical kinetics [7].

On the other hand, though most predator-prey theories are based on continuous mod-
els governed by differential equations, the discrete time models are more appropriate than
the continuous ones when the size of the population is rarely small or the population has
nonoverlapping generations [1, 21]. And in ecosystems, an important theme that inter-
ested mathematicians as well as biologists is whether the species in these systems would
survive in the long run. That is, whether the ecosystems are permanent. As far as we know,
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few investigations have been carried out for the permanence on delayed discrete ecolog-
ical systems since the dynamics of these systems are usually more complicated than the
continuous ones. Just as pointed out in [8], even if the coefficients are constants, the
asymptotic behavior of the discrete system is rather complex and “chaotic” than the con-
tinuous one. For example, consider the logistic equation

0

x'(t) = rx(t)[ e

], t>0, (1.4)

where r and K are both positive constants, and its corresponding discrete equation

x(n+1)=x(n)exp{r[l—%]}, n=0,1,2,.... (1.5)

It is known from the works of May [20] that for certain parameter values of r, the asymp-
totic behavior of the solutions of (1.5) is complex and “chaotic.” While the solutions of
(1.4) are normal.

Now we introduce some notations and definitions for the sake of convenience. Denote
Z, R, and R* as the sets of all integers, real numbers, and nonnegative real numbers,
respectively. Let C denote the set of all bounded sequence f :Z — R, C, the set of all
feCsuchthat f >0,and C, ={f € C, | f(k+w) = f(k), k€ Z},1, ={0,1,...,w — 1}.
We also define

w—

1
s fk),  fr=inf i), F=— > fk) (1.6)
@ 0

kel, k=
for any w-periodic sequence { f (k)}, where k € Z.

In view of periodicity of the actual environment, we begin with the periodic continu-
ous ratio-dependent predator-prey system with Holling-type II functional response:

dl\;lt(t) =Ni()[bi(t) — a1 (N1 (t—71) ] - I\(;il((l‘t))firgz)t;\lf\zlj)t)’
(1.7)
ANy () a (N (t — 1)
dt NZ(t)[ —ba(D)F N (t—12) +m(t)Ny (t — 12) ]’

where N;(t) and N, (¢) represent the densities of the prey population and predator popu-
lation at time ¢, respectively; 7, = 0 and 7, > 0 are real constants; b; : R — R and m, a;,«;:
R — R* (i = 1,2) are continuous periodic functions with period w > 0 and f(;v bi(t)dt >0
(i =1,2); by(t) stands for prey intrinsic growth rate, b,(t) stands for the death rate of the
predator, a;(#) and a, () stand for the conversion rates, m(t) stands for half capturing
saturation; the function N;(¢)[b;(¢) — a1 (¢)N; (f — 71)] represents the specific growth rate
of the prey in the absence of predator; and N (¢)/(N;(¢) + m(t)N,(#)) denotes the ratio-
dependent response function, which reflects the capture ability of the predator. Similar
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to the arguments of [6], we can obtain a discrete time analogue of (1.7):

(RN (k) }
N1 (k) +m(k)N (k) )”

Ni(k+1) = Nl(k)exp{bl(k) —a (k)N (k- [1])
(1.8)

Nz(k+1):N2(k)eXp5L_b2(k)+ o (k)Ni (k = [12]) }

Ny (k= [12]) + m(k)N (k = [12])

where [f] denotes the integer part of t > 0.

The exponential form of (1.8) assures that, for any initial condition N(0) > 0, N (k)
remains positive. In the remainder of this paper, for biological reasons, we only consider
solutions N (k) with

Ni(=k) >0, k=1,2,...,max{[n1],[n2]}; Ni(0)>0, i=1,2. (1.9)

If [71] = [12] = 0, then system (1.8) reduces to

N](k+l) :Nl(k)exp{bl(k)_al(k)Nl(k)_ al(k)NZ(k) }’

Ni(k) +m(k)Na (k)

(k)N (k) }
Ni(k) +m(k)Na (k) )’

(1.10)

No(k+1) = Nz(k)exp{ (k) +
Recently, Fan and Wang [6] considered the existence of positive periodic solution for
system (1.10) and obtained the following.

TueoreM 1.1. Assume that the following conditions hold:
(H1) b, >£a1/m),
(H2) @, > b,.

Then (1.10) has at least one positive w-periodic solution.
Huo and Li [13] further considered the permanent of system (1.10) and established
the following result.

THEOREM 1.2. Assume that
oM
h%>m—1L, af > b, (1.11)

Then system (1.10) is permanent.

In this paper, our aim is to consider the effect of delays for the existence of positive
periodic solutions and permanence of system (1.8). Our results show that delays in (1.8)
are harmless for the existence of positive periodic solutions and permanence of (1.8).
That is to say, we establish the following results.

THEOREM 1.3. Assume that (H1) and (H2) hold. Then (1.8) has at least one positive w-
periodic solution.

Since its proof is similar to that of [6], we omit it here.

THEOREM 1.4. Assume that (H1) and (H2) hold. Then system (1.8) is permanent.
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Clearly, Theorem 1.3 extends Theorem 1.1; Theorem 1.4 extends and improves Theo-
rem 1.2 by weaker conditions (H1) and (H2) instead of (1.11). In particular our investi-
gation confirms that if the death rate of the predator is rather small as well as the intrinsic
growth rate of the prey is relatively large, then the species could coexist in the long run.

2. Proof of Theorem 1.4

In this section, we prove Theorem 1.4. Before proving our main result, we list the defini-
tion of permanence and prove a lemma.

Definition 2.1. System (1.8) is said to be permanent if there exists two positive constants
A1 and A, such that

A < liminf N;(k) <limsupNi(k) <A, i=1,2, (2.1)

k=0 k—oo

for any solution (N (k),Nz(k)) of (1.8).
The following lemma will be useful to establish the main result.
LemMma 2.2. The problem
x(k+1) = x(k)exp {a(k) — b(k)x(k)},

(2.2)
x(0) = x9 >0,

has at least one periodic solution U if b € Cy, a € C, and a is an w-periodic sequence with
a > 0; moreover, the following properties hold:

(a) U is positive w-periodic;

(b) U has the following estimations for its boundary:

exp{— (lal+a)w} < Uk) < %exp{(m+ﬁ)w}, (2.3)

SlIRNY

especially,

a

> exp{—aw} < U(k) < =exp{aw}, (2.4)

SIS

ifa e C,.

Proof. First, we prove (a). Notice that in (1.8), let a;(k) =0, 71 = 0, then (1.8) can be
reduced to

Ni(k+1) = Ny(k)exp {b1(k) — a1 (k)Ny (k)},
(2.5)

a2 (k)Ny (k = [12]) }

Na(k+1) = Nz(k)exp{ —ba(k) + Ny (k = [12]) + m(k)N (k = [12])
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and the condition (H1) of Theorem 1.1 reduces to El > 0. By Theoiem 1.3, (2.5) has at
least one positive w-periodic solution provided that b; > 0 and &, > b,. This implies that

Ni(k+1) = Ny(K)exp {bi (k) — a1 (k)N (k) (2.6)

has at least one positive w-periodic solution under the assumptions b; > 0. That is to say,

x(k+1) = x(k)exp{a(k) — b(k)x(k)},
(2.7)
x(0) = x9 >0,

has at least one positive w-periodic solution provided that @ > 0. The proof of (a) is com-
plete.

The first part of (b) can be proved by the same method as that in [6], we only need to
prove the second part of (b). In view of (a), set U(k) = exp{z(k)}, then

z(k+1) —z(k) = a(k) — b(k) exp {z(k)}; (2.8)
thus
w-1 w—1
0= (zk+1)—z(k) =aw— 5 b(k)exp {z(k)}, (2.9)
k=0 k=0
this implies
(z(k)* <1n (%) < ()™ (2.10)

Denote z(¢) = (z(k))t, where & € 1,,. By (2.8), z(k+ 1) — z(k) < a(k), then for any k € I,
and k > &, we have

k k
Z(z(i+1)—z(i)) sZa(i), (2.11)
i=¢ i=&
since a € C,,
k
(z(i+1) - z(i)) < > a(i) < aw, (2.12)
i=¢ i=§
this shows that
z(k+1)<z(é)+aw, forkel,, k=& (2.13)

On the other hand,

2(k+1) — z(k) = a(k) — b(k) exp {z(k)} = —b(k) exp {z(k)}; (2.14)
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hence
&-1 &-1
(z(i+1) = 2() = = > b(i)exp {2(i)}
i=k i=k
(2.15)
w—1
> — Z b(i)exp{z(i)} = —aw, forkel,, k<&-1;
i=0
therefore
z(k) <z(&)+aw, forkel,, k<&-1. (2.16)
By (2.13) and (2.16), we can obtain z(k) < z(¢) +aw, for k € I,,; thus
Uk) = exp [z(k)} < %exp{ﬁw}, (2.17)
by a similar analysis as above, we can obtain
Uk) = %exp{—ﬁw}. (2.18)
This completes the proof of the second part of (b). O

To prove Theorem 1.4, we need the following several propositions. For the rest of this
paper, we consider the solution of (1.8) with initial conditions (1.9). For the definition of
semicycle and related concepts, we refer to [15].

ProrosITION 2.3. There exists a positive constant Ky such that limsup,_, ., N (k) < K;.

Proof. Given any positive solution (N (k), N2 (k)) of (1.8), from the first equation of (1.8),
we have

Ni(k+1) < Ny (k) exp {bi (k) — ar (k)N: (k — [11])}. (2.19)

Let Ny (k) = exp{u;(k)}, then

ur(k+1) —uy(k) < by(k) —ar(k)exp {ui (k- [11]) }; (2.20)
thus
k-1 k-1
Z (ul(i+1)—u1(i)) < Z b](l), (2.21)
i=k—[11] i=k—[11]

which is equivalent to

k-1
u (k) — z bi(i) < uy (k - [Tl]); (2.22)
i=k—[m]
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hence
k-1
M(k—[n]):exp{m(k—[n])}zexp{m(k)— 5 mm}
B (2.23)
k)exp{ Z bi( }
i=k—[11]
Therefore
k-1
Nl(k+1)le(k)exp{bl(k)—al(k)Nl(k)exp{— > bl(i)}}. (2.24)
i=k—[r]

Consider the following auxiliary equation:
z(k+1) = z(k)exp{ 1(k) —ai(k)z(k) exp{ Z by (i) }} (2.25)
i=k—[m]

By Lemma 2.2, (2.25) has at least one positive w-periodic solution, denote it as z* (k), we
have

z*(k) < b exp{bi+ | by |} := Hy. (2.26)
(ar(k)exp { = S5 1y b1(D)})
Let
z*(k) = exp{ua(k)}, (2.27)
then

k-1
ur(k+1) —uy(k) < by(k) —ai (k) exp{ul(k)}exp{ - > bl(i)},
e (2.28)

uz(k+l)—u2(k):bl(k)—al(k)exp{uz(k)}exp{ Z bi(i }

i=k—[11]
Making the transformation u(k) = u; (k) — u2(k), we can obtain
u(k+1) —u(k) < —ay (k) [ exp {u(k)} — 1] exp {us(k)} exp{ Z by (i) } (2.29)
i=k—[7]

Now we divide the proof into two cases according to the oscillating property of u(k).
First we assume that u(k) does not oscillate about zero, then u(k) will be either eventually
positive or eventually negative. If the latter holds, that is, u; (k) < u,(k), we have

Ni(k) < z* (k) < (2% (k)™. (2.30)
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Whereas if the former holds, then by (2.29), we know u(k + 1) < u(k), which means that
u(k) is eventually decreasing, also in terms of its positivity, we know that limy_. . u(k)
exists. Then (2.29) yields limk-_.. u(k) = 0, which leads to

limsup N (k) < (2% (k))™.

k— o0

(2.31)

Now we assume that u(k) oscillates about zero, by (2.29), we know that u(k) > 0 im-
plies u(k + 1) < u(k). Thus, if we let {u(k;)} be a subsequence of {u(k)}, where u(k;) is the
first element of the positive semicycle of {u(k)}, then limsup, _ ., u(k) = limsup,_ ., u(k;).
Combining

k-2
u(ki) <u(kz—1)—al(kz—l)[eXp{u(kz—l)}—l]exp{uz(kz—l)}eXp{— 2. bl(i)}

i=ki—1-[1]
(2.32)

with u(k; — 1) < 0, we know

k-2
u(klv)sal(kl—l)[exp{u(kl—l)}—l]exp{uz(kl—l)}exp{— z bl(i)}
]

i=ki—1-[7

ki—2
sal(kz—l)exp{uz(kl—l)}exp{— > bl(i)}

i=kj—1-[7]

M

ki—2
< (al(kzl)exp{uz(kll)}exp{ > bdi)})
]

i=ki—1-[7

(2.33)

Therefore
k-2 M
limsupu(k;) < (al(kl —1)exp {uy (ki — 1)}exp{ — z bl(i)}) . (2.34)
|- o0 i=kj—1—[1]

By the medium of (2.27), we have limsup,._., Ni (k) < K;, where

k-1 M
Klelexp{<a1(k)Hlexp{— z bﬂi)}) } (2.35)

i=k—[r:] 0
ProrosiTioN 2.4. Under the condition (HI), there exists a positive constant ky such that
liminfkaoo N, (k) = kl.

Proof. Given any positive solution (N; (k), N, (k)) of (1.8), from the first equation of (1.8),
we have

a (k)
m(k)

Ny(k+1) = N, (k)exp{bl(k) ol N (k- [Tl])}. (2.36)
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Set N; (k) = exp{u,(k)}, then
a1 (k)

w(k+1) —u (k) = by(k) - m(k) ar(k)exp {u (k—[n1])}, (2.37)
which yields
k-1 k-1 .
) N ~oar(d) .
Izgm w(i+1)—u (i) = i};n]( D=l )K1>, (2.38)
that is,
k=1 (i)
w (k- [n]) >y (b:i o a(K: ) (239)
thus
Ni(k—[n]) = exp{uy (k= [n1])}
k-1
< _ 061(1) .
< eXP{ul(k) kz[] (b - o (z)Kl)} a0
N®ep] - 3 (b0~ 2D g k)
=N CXP o 1 ( ) a1 1
Therefore
N { _ai(k)
1(k+1) = Ny (k)exp 4 by (k)
(k)
oM EBepd - S (ba9 - 22—y iy
—ap 1 exp e 1\ m(z) a (1)K .
(2.41)

Consider the following auxiliary equation:

k-1
2k 1) =20k exp 3 b () — S8 o )z exp | — S b(i)- 2D ok,
m(k) m(i)

i=k—[11]
(2.42)

By Lemma 2.2 and (H1), (2.42) has at least one positive w-periodic solution, denoted as
*
zi (k), then

by — (ay/m)
(ﬂl k)€Xp{ Z, k-] (b (i) — ar (i)/m(i )—ﬂl(i)Kl)})

R (3 R

zi (k) =

(2.43)
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Now make the change of variables:

zi' (k) = exp {ua (k) }, (2.44)
then
i (k+1) — 113 (k) = by (k) — ‘:1((1];))

k-1 o (0)
_al(k)exp{ul(k)}exp{— > (bl(i)_ 1 —al(i)K1)},

i=k—[n] m(k)
(k1) — () = by (k) ‘;‘;((,’j))
k-1 .
— oy (k) exp {un ()] exp{ - i:k_Zm (bl (i) - ‘;:((1’)) _a (i)K1> }
(2.45)
Denote u(k) = u; (k) — ua(k), we have
u(k+1) —u(k) = —ay (k) [ exp {u(k)} — 1] exp {uy(k)}
(2.46)

k-1 .
Xexp{— N (bl(i)—ijl((;))—al(i)m)}.

i=k—[]

If u(k) does not oscillate, then by a similar analysis as that in Proposition 2.3, we have
liminf Ny (k) = (zF (k)" (2.47)

Whereas if u(k) oscillates about zero, by (2.46), we know that if u(k) < 0, then u(k +
1) = u(k). Thus, if we denote {u(k;)} as a subsequence of {u(k)}, where u(k;) is the first
element of the negative semicycle of {u(k)}, then liminfy_.. u(k) = liminf;_.. u(k;). On
the other hand, from

u(ki) = u(ki—1) —ai (ki — 1) [exp {u(ki — 1)} — 1] exp {uz (ki — 1) }

(2.48)

k-2 .
XCXP{_ Z (bl(i)— a ((ll)) _al(i)Kl)}a

1
i=ki—1-[n1] m
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and u(k; — 1) >0, we know
u(ki) = ai (ki = 1)[1 - exp {u(k; — 1)} ] exp {ua (ki — 1)}

ki—2 .
xexp{— Z (bl(i)—(:nl—((l?—al(i)Kl)}

i=k—1-[1]

> —a;(ki—1)exp{ui(ki—1)}

ki—2 .
X exp{ S (bl(i) - ‘;2((1’)) - al(i)Kl)}

i=ki—1-[m1]
k=2

] L
S (-2 —al(iﬂq)}) .

i=ki—1-[r/] m(i)

> (—Klal(kl — 1)6Xp{ —

(2.49)

Therefore

k-2 . L
liminfu(k;) = (—Klal(kl—l)exp{— Z (bl(i)— {Xl(?) —al(i)KI)}> .
e i=ki—1-[1] m(i)
(2.50)
By the medium of (2.44), we have
liinianl(k)
. = o (i) '
> (zf (k) exp (‘Klal(k)exp{ - > (bl(i) - —m(mﬁ)}) ;
i=k—[7,] m(i)
(2.51)
hence liminfi_ . Ny (k) > k;, where
S a@ Y
k= Hexpd | -Ka®exp] - > <b1(z) _al) al(z)Kl) L 2
i=k—[n] m(i)
(]
ProrosriTioN 2.5. If (H2) holds, then there exists a positive constant K, such that
limsup N, (k) < K. (2.53)

k—o0
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Proof. Given any positive solution (N;(k),N>(k)) of (1.8), from the second equation of
(1.8), we have

Nl(k+1)=N2(k)exp{—b2(k)+ o (k)N (k — [12]) }
] [72])

Ny (k= [12]) + m(k)N, (k —

o (k)K;
SNz(k)eXp{—bz(k)+K1+m(k)N2(k_[TZ])} (2.54)

= N>(k)exp {ocz(k) = ba(K) - an (k)| N2k~ [2]) ] }

Ky +m(k)N> (k = [72])

Set N, (k) = exp{u;(k)}, then

u(k+1) —ui (k) < ax(k) = ba(k); (2.55)

thus

k-1 k-1

Z (u1(i+1) —ui(i)) Z (a2 (i) — by (1)), (2.56)

i=k—(1,] lzk—[Tz]
which is equivalent to
k-1
w()— > (o) = ba(i) < ui(k—[12]); (2.57)
i=k—[72]

hence

k—1
M(k—[n])=exp{u1<k—[r2]>}zexp{m(k)— S <az<i>—bz<i>>}

i (2.58)

k-1
= Nz(k)exp{ - > (i) - bz(i))}-

i=k—[r2]

Therefore

Ny(k+1) < N> (k)exp <{txz(k) — by (k)

—(xz(k)[ m(k)N,(k)exp{ — Zz k- [12]( oy (i) — by(i))} ]}

Ky +m()N2 (k) exp { = S5 (1) (aa(i) = ba(i)) }
(2.59)

Here we use the monotonicity of the function u/(a+ u).
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Consider the following auxiliary equation:

z(k+1) = z(k)exp {az(k) —by(k)

[ m(k)z(k)exp { — Zf:kl_[,z] (a2(i) = ba (i) } } }
— (k) )

Ki +m(k)z(k)exp { — S5 (i) — ba(i) }
(2.60)

By the same method as that in [6], (2.60) has at least one positive w-periodic solution,
denote it as z5 (k), then through some simple calculations, we have

2= by (m(k) exp | —(ngf:_klﬁj)ﬁ;zu) ~ b))}’
: (2.61)
X exp{@ — by + |az(k) — by(k) |} := Hs.
Let
25 (k) = exp {up(K)}, (2.62)
then

u(k+1) —ui (k) < aa(k) — ba(k)

—a (k)[ m(k)exp {ul(k)} eXp{ — Zi':kl—[rz] ((Xz(i) _ bz(l))} :|
Ml +m(k)exp (w1 (k) }exp { — S 1) (i) — ba(i)} |

up(k+1) —uz(k) = az(k) — ba(k)

m(k)exp {uy(k)} exp { — Zi:kl,[rz] (a2 (i) — by (7)) }
— (k) .

Ki +m(k)exp {2k} exp{ — i) (o) — ba(i) }
(2.63)

Denote u(k) = ui (k) — ua(k), we have

u(k+1) —u(k)

m(k)K exp {2 (k) }exp { — S5 1) (a2 (i) — ba(i) } ]
Ky +m(k)exp {us(k)} exp { — Zi-:kl,[fz] (e2(i) = bo(i)) }

[ exp {u(k)} —1 }

8 Ky +m(k)exp {uy(k)} exp {u(k)} exp { — zi‘(;kl—[rz] (a2(i) = by () }
(2.64)

= —Oéz(k)[
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First we assume that u(k) does not oscillate about zero, then u(k) will be either even-
tually positive or eventually negative. If the latter holds, that is, u; (k) < u»(k), we have

Na(k) <25 (k) < (25 (k)™ (2.65)

Whereas if the former holds, then by (2.64), we have u(k + 1) < u(k), which means that
u(k) is eventually decreasing, also in terms of its positivity, we obtain that limy_. o u(k)
exists. Then (2.64) leads to limy_, (k) = 0, this implies

limsup N, (k) < (2 (k))M. (2.66)
k— oo
Now we assume that u(k) oscillates about zero; in view of (2.64), we know that u(k) >
0 implies u(k + 1) < u(k). Thus, if we let {u(k;)} be a subsequence of {u(k)}, where
u(kp) is the first element of the positive semicycle of {u(k)}, then limsup,_ , u(k) =
limsup,_., u(k;). Also, from

u(k)) <u(k —1)

[ m(ki—1)Kyexp {us (ki—1) Fexp {— X5 ho1-[n) (@) =ba(i)) } ]
—Oéz(kl—l) k
Ki+m(k;—1) exp {ua (kj—1 )}exp{—zz’kl 5] (a2(i) = by(1))}
x[ exp{u(ki—1)}-1 }
K1+m(kl—1)exp{uz(kl—l)}exp{ (ki— )}exp{ Zz ki—1-[72] (o2 (i)—b2(i)) }
(2.67)

and u(k; — 1) < 0, we know

ulki) < az(ki—1)

[ m(ki— 1)Ky exp {uy (ki —1) exp { - ° t-in (a2(i) = ba(i) } ]

Ky +m(k; — 1)eXP{u2 (ki — 1)}eXP{ Zz ki—1-[n] (o2 (i) = b (i) }
><|: 1—exp {u(k;—-1)} }
K1+M(kz—1)exp{uz(kz—l)}eXp{u(kz—l)}eXP{—Zfi;,Z_l_[TZ] (aa(i)=ba (i)} 1
(2.68)

Consider the function
1—

g(x):p+;x’ p>0,g>0,0<x<1. (2.69)

It is easy to show that g(x) has the property g(x) < g(0). Therefore (2.68) yields

& (ki 1)m(ki— 1) exp {us (k1 ~ 1)} exp{ - z,k';; o (@) — ba())
Ky +m(k —1){uz (ki — 1)} exp{ - Z, ki—1-[n:] (aa(i) = ba(i)) }

u(kl) <

>

(2.70)
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that is,

limsup u(k;)

)

B (az(kl—l)m(kl—l)eXP{Mz(kl—l)}CXP{ S (o] (042(i)—bz(i))})M
N Ky +m(ki—1)exp {uz (ki — 1)} exp{ Ziq:kz—l—[rz (a2 (i) = ba(i)) }
< (o (ki —1)™.

(2.71)

By the medium of (2.27), we have limsup,._., N»(k) < K, where
Ky = Hyexp { (a(K)) " }. (2.72)
O

ProPoSITION 2.6. Under the conditions (H1) and (H2), there exists a positive constant k,
such that liminfy_ . N> (k) > k.

Proof. Given any positive solution (N;(k),N,(k)) of (1.8), from the second equation of
(1.8), we have

No(k+1)

_ ) (k)N (k - [12])
‘NZ(")"P{ Pk ] [2]>}

Ni (k= [12]) + m(k)N, (k -
B —[nl]) _
= Na(R)expaa(k) = ba(k) +az (k)| G +m(k)Nz( [ !
—[=])
= Ny (k)exp 4 ap(k) — by(k) — ap(k) Ni(k k) (k= [12]) ’
(2.73)
then
No(k+1) = Ny(k) exp {(xz(k) ~ by(k) - “Z(k)m(k)ﬁf(k ~[=]) } (2.74)
In view of
) @ (k)Ny (k = [12])
Ny(k+1) = Ny(k) exp{ —by(k)+ Ny (k- [12]) + m(k)N> (k - [12]) } (2.75)

= Ny(k)exp { — b2(K)},
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if we let N»(k) = exp{u;(k)}, then we can obtain u; (k+1) — u; (k) = —by(k). Thus
k-1 k-1
Y (m+D)-wm@) = Y (=b(D), (2.76)
i=k—[1] i=k—[12]
that is,
k-1
ur(k=[n]) <wm)+ > ba(i)s (2.77)
i=k—[12]
hence

k-1
M(k=[n]) = exp ik [e)] <o @+ S 60|
i (2.78)

k)exp{ Z bal(i }

i=k—[12]

Therefore from (2.74), we have

Nz(k+1)zNz(k)exp{az(k)—bz(k)—%?‘(k) exp{ z b ( 1)}}

i=k—[1]
(2.79)

Consider the auxiliary equation

z(k+1) = z(k)exp{ocz(k) —by(k) - w { Z by ( 1)}} (2.80)

i=k—[1]

By Lemma 2.2 and (H2), (2.80) has at least one positive w-periodic solution, denoted as
*
z5 (k), then

(@2 — ba)k
(ax(kym(k)exp { 1L () 02()}) (2.81)

z5 (k) =

X CXP{ —a +Ez — |062(k) — bz(k) | } = H4.
If we set

z3 (k) = exp {uz(k)}, (2.82)
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then

k—1
(k4 1)~ (k) = ay(K) — by(k) — %@exp{m(k)}exp{ > bz(i)},

i=k—[1,]
k-1
ua(k+ 1) — 13(k) = aa (k) — ba(k) — Wexp{uxk)}exp{ S bzu)}.
i=k—[1]
(2.83)
And let u(k) = ui(k) — up(k), we have
u(k+1) —u(k)
k-1 (2.84)
> - 20 [exp [u(h} - 1] exp {uz(m}exp{ S bzm}.
i=k—[1]

If u(k) does not oscillate, then by a similar analysis as that in Proposition 2.3, we have
liminf Ny(k) = (22 (k)" (2.85)

Whereas if u(k) oscillates about zero, by (2.84), we know that u(k) < 0 implies u(k +
1) = u(k). Thus, if we denote {u(k;)} as a subsequence of {u(k)}, where u(k;) is the first
element of the negative semicycle of {u(k)}, then liminfy_.. u(k) = liminf;_.. u(k;). On
the other hand, the combination of

u(ky) = u(k—1) - oy (k= 1)ym(k;— 1)

ki
f—2 (2.86)
x [exp {u(ki—1)} — 1] exp {uz (k; — 1)}exp{ > bz(i)}
i=ki—1-[1,]
and u(k; — 1) >0 gives
u(l) = 2= lifn(kl‘ D11 = exp {ulki— 1)} exp (s (ki — 1)}
k-2
X exp{ Z bz(i)}
i=kj—1—[1]
e (2.87)
Z,OQ(kl_l)m(kl_l) eXp{Ml(kll)}CXp{ Z bz(l)}
ki i=k—1-[1]

k-2 L
. (_txz(kl—ll){m(kl—l)KzeXp{ Z bz(i)}> '

! i=ki—1-[1]
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Therefore

lirrjionfu(kl)

. (_ oty (ki — 1l)<m(kz "D g exp { "ff b, (i)}>L' (2.88)
! i—ki—1—[1]
By the medium of (2.82), we have
h?iio?le(k)
> (z3 (k))Lexp{<_ “2(kk)1(k1<2exp{ Z by (i })L} (2.89)
i=k—[1,]

Hence liminfy_.. N; (k) > k,, where

k2=H4exp{(—a2(kk):ﬂ(sze p{ Z bﬂz)}) } (2.90)
O

i=k—[r2]

Proof of Theorem 1.4. From Propositions 2.3-2.6, we can easily know that system (1.8) is
permanent. The proof is complete. O

We remark that, in the above discussions, we have obtained that under the conditions
(H1) and (H2), system (1.8) has at least one periodic solutions and it is also permanent.
Naturally we may conjecture whether the existence of positive periodic solutions of sys-
tem (1.8) implies its permanence or the permanence of system (1.8) implies the existence
of positive periodic solutions. This is a more challenging and interesting problem for fu-
ture study.
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