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We study the difference equation x,4+1 = x,-1/(p + x,,), n = 0,1,..., where initial values
X_1,%0 € (0,+00) and 0 < p < 1, and obtain the set of all initial values (x_1,xp) € (0,+00) X

(0,+00) such that the positive solution {x,},__, is bounded. This answers the Open Prob-
lem 2 proposed by Kulenovi¢ and Ladas.
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Kulenovi¢ and Ladas in [2] (also see [1]) studied the following difference equation:

Xn—1
= R =0,1,..., 1
Xl et n (1)
where initial values x_;,xp € (0,+) and p € (0,+00), and obtained the following theo-
rem.

Tueorem 1. (i) If p > 1, then the unique equilibrium 0 of (1) is globally asymptotically
stable.

(ii) If p = 1, then every positive solution of (1) converges to a period-two solution.

(iii) If 0 < p < 1, then 0 and X = 1 — p are the only equilibrium points of (1), and
every positive solution {x,},__; of (1) with (xy —X)(xn+1 —X%) <0 for some N > —1 is
unbounded.

They proposed the following open problem.

Open Problem 2. Assume that 0 < p < 1. Determine the set of initial values x_1,x € (0,
+00) for which the solution {x,},~_; of (1) is bounded.

n=

In this note, we will answer the above open problem.
Write D = (0,+) X (0,+) and define f : D — D by, for all (x,y) € D,

fen=(r5) @)
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2 The solutions of a difference equation
It is easy to see that if {x,},__; is a solution of (1), then f"(x_1,x9) = (x,-1,%,) for any
n = 0. From Theorem 1, we have the following corollary.

CoROLLARY 3. Let 0< p <1, (x_1,%0) € D, and (x,_1,%,) = f"(x_1,%0) for any n > 0.
If there exists N = —1 such that (xy — X)(xn+1 — X) <0, then {x,};-_, is a unbounded
solution of (1).

Let
Ay =(0,%) X (0,%), Ay = (X,+00) X (X,+),
Az = (0,X) X (x,+00), Ay = (X,+00) X (0,X),
Ry = {x} x(0,%), Ly = {x} X (x,+),

R, = (0,%) x {x}, Ly = (%,+00) X {x}.

Then D = (Uf_;A;) ULy UL; URy UR; U {(X,X)}.

LemMa 4. The following statements are true.
(i) f is a homeomorphism.
(11) f(L]) =1Ly and f(L()) C Ay,
(111) f(R]) =Ry and f(R()) C As.
(IV) f(A3) CAy and f(A4) C As.
(V) A,UL; C f(Az) CAyUL UA, andA1 UR; C f(Al) CATUR{UA;.

PTOOf (i) Since f(xl,)/l) # f(xz,)/z) for any (xl;)’l)>(x23}/2) € D with (x1,}/1) # (x2>y2)
and f~'(u,v) = (v(p+u),u) is continuous, f is a homeomorphism.
(ii) Let (x, y) € Ly and (u,v) = f(x,y) = (y,x/(p+y)), then y = X and x > X, it follows

X X

Tty (p+m

u=y=x, =X, (4)
which implies f(L;) C Ly.

On the other hand, let (u,v) € Lo and (x, y) = f '(u,v) = (v(p +u),u), then u = X and
v > %, it follows

y=u=%, x=v(p+u)>x(p+%x) =%, (5)

which implies f~1(Ly) C Ly. Thus f(L;) = L.
Now let (x, y) € Lo and (u,v) = f(x,y) = (y,x/(p+ y)), then x = X and y > X, it follows

u=y>%, V:(piy)<x’ (6)

which implies (L) C As.
The proof of (iii) is similar to that of (ii).
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(iv) Let (x,y) € Az and (u,v) = f(x,y) = (y,x/(p+y)), thenX < y and 0 < x <X, from
which it follows

X X
<

(pty) (p+X)

=X, u>x (7)

Thus (4,v) € A4. In a similar fashion, we may show f(A4) C As.

(v) Let (x,y) € A; and (u,v) = f(x,y) = (y,x/(p+ y)), then y >Xand x >X, from
which it follows u > X. Since f is a homeomorphism and Ly U L; U {(X,X)} is the bound-
ary of A, with f(L;) = Lo and f(Ly) C A4, we obtain A, UL, C f(A;) CA UL UA,.
We similarly have A; UR; C f(A;) C Aj UR; UA3. Lemma 4 is proven. O

LEmMMA 5. If0< p < 1and {x,};__, is a positive solution of (1) with x, >X =1 — p for all
n=-1(orx,<x=1-pforalln=—1), thenlim,_.x, = X.

Proof. We will prove the lemma for x, > X = 1 — p for all n > —1. The case for x, <x =
1 —pforall n = —1is similar. From x,, = X foralln = —1 and

X — Xn
Xptl —Xn—1 = ——Xn—1» 8
n+l n—1 P + X n—1 ( )
it follows that the sequences {x,,,—1} and {x,,} are monotone decreasing. Let lim,, .., X3, =
a and lim,,— . X24+1 = b. By (8), we have a = b = X. Lemma 5 is proven. O

Set
x=g)=(p+y)x (y>0), 9)

then y = hy(x) = g;'(x) = x/x — p is an increasing and differentiable function which
maps (pX,+o0) onto (0,+c0). Let

x=g(y)=(p+yh(y) (y>px), (10)

then y = h3(x) = g; ' (x) is an increasing and differentiable function which maps (0,+c0)
onto (pXx,+).

Assume that for some positive integer n we already define increasing and differentiable
functions hy,(x) and hyp1 (x) such that hy, maps (p"X,+c0) onto (0,+00) and k41 maps
(0,+0c0) onto (p"x,+0c0). Set

X =gn2(y) = (p+ yY)han(y) (y>0), (11)

then y = hyun(x) = g{nﬁrz(x) is an increasing and differentiable function which maps
(p™*'X,+00) onto (0,+00). Set

x=gn3(y) = (p+hawma(y) (y>p"'x), (12)

then y = hyu3(x) = g5,13(x) is an increasing and differentiable function which maps
(0,+00) onto (p"*'X,+00). In such a way, we construct a family of increasing and dif-
ferentiable functions y = h,(x).
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Let Pp = A, and Qp = A,. For any n > 1, write

Po=f""Pu1),  Qu=f""Qu1),  La=f"(Lui-1),  Ru=f"(Ru).
(13)

From Lemma 4 we have that L, = fﬁl(Ll) C Py, R = fﬁl(Rl) C Qq, Py = fﬁl(Po) C Py
and Q; = f1(Qo) C Qo, which implies that for any n > 1,

Ln+1 CPn—ly Rn+1 CQn—la Pn CPn—lr Qn CQn—l- (14)

Let (x,y) € L,. Since f(L,) = Ly and (u,v) = f(x,y) = (y,x/(p+ y)), it follows that

X

(p+y)

=v=X, y=u>Xx (15)

Thus x = g(y) = (p+y)x >X (y >X%) and L, = {(x,y) : y = ha(x), x >X}. In a similar
fashion, we may show R, = {(x, y) : y = ha(x), pX <x < X}.

Since f is a homeomorphism, f(P;) = Py, and Ly U L; U {(¥X,X)} is the boundary of Py
with f(Ly) = Ly and f(L;) = Ly, we have

Py ={(x,y):x<y<hy(x), x >x}. (16)
In a similar fashion, we may show
Q ={(xy):0<y<x 0<x<px}U{(x,y) : ha(x) < y <X, px <x <X} (17)

Let (x,y) € Ls. Since f(L3) = Ly and (u,v) = f(x,y) = (y,x/(p+ y)) € Ly, it follows
that

Giy) = TR =0) y=u>% (18)

Thusx = g3(y) = (p+y)ha(y) >x (y >%) and L3 = {(x, y) : ¥ = h3(x), x >%}. In asimilar
fashion, we may show R3 = {(x,y) : y = h3(x), 0 <x <X}.
Since f is a homeomorphism, f(P,) = Py, and L; U L, U {(X,X)} is the boundary of P,
with f(L3) = Ly and f(L,) = L, we have
Py = {(x,y) : h3(x) < y < ha(x), x >X}. (19)

In a similar fashion, we may show

Q={(xy):0<y<hs(x), 0<x < px} U {(x,y): ha(x) < y < h3(x), px < x < X}.
(20)
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Using induction, one can easily show that for any n > 2,
Ly ={(x,y):y =huy(x), x >X}, (21)
and forany n > 1,

Rop = {(x,y) 1y = han(x), p"x <x <X},
Raps1 = {(x,9) 1y = hap1 (%), 0 < x <X},
Qo = {(x,9):0< y <hyps1(x), 0< x < p"X}
U {(x,y) t han(x) < y < hppar (x), p"X <x <X},

. (22)
Qan1 = {(%,9):0< y < hppyr (x), 0 < x < p"*'x}
U{(%,)) t hopa(x) < y < by (x), p™x < x <},
Pyy = {(x,y) t hopi1 (x) < y < hoa(x), x > X},
Py = {(%,9)  hans1(x) < y < hapsa(x), x > X}.
By (14), it follows that for x > X,
X< h3(x) <hs(x) < -+ < hy(x) < hy(x) (23)
and for0<x <X,
X=hs(x) = hs(x)>---, (24)
and foranyn>=2and p"x<x <X
han-1(x) = han(x) = hyp—(x). (25)
From (23), (24), and (25) we may assume that for every x >0,
F(x) = lim ot (9, GG) = lim o) (n>1og, (2)): (26)

Then F(x) < G(x) if x >xand F(x) > G(x) if 0 < x < X.
LEMMA 6. F(x) and G(x) are continuous.

Proof. We first show that F(x) is continuous. Let x,xy € (0,40o). Choosing N >0 such
that x,xy € (pVx,+0o0), then for every n > N + 1, there exists ¢, between x and x, such
that

| hon1(x) = hoper (x0) | = | By (cn) | |x = x0]. (27)
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Let &, = hyut1(cy), then h,(&,) = 0 and
h2n(£n) + (P +En)hén(fn) = hyy, (En) = hy, (h2n+1 (Cn))
> han(hane1 (pN%)) = hon (hone2 (pV%))s
1

h n —h n = 7 - (28)
(a1 () = ko () | ‘ (on &)+ (p+ BN &) | 1<

< |t P

= | han (hont2 (pNX)) o
Thus

. 1
|F(x) = F(xo) | = lim | han1 () = Bani (x0) | < ‘ o (owss (P5)) lx—x|, (29)

which implies F(x) is continuous. In a similar fashion, we may show that G(x) is also
continuous. O

[

Let S be the set of initial values (x_1,x9) € D such that the positive solution {x,};__;
of (1) is bounded. Then we have the following theorem.

THEOREM 7. Let0< p <1, then S = Wi U {(X,X)} U W», where W) = {(x,y): F(x) <y <
G(x), x <x} and W, = {(x,y) : G(x) < y < F(x), 0 < x <X}. Moreover, every positive so-
lution {x,},-_; of (1) with initial value (x_1,x0) € S converges to X.

Proof. Let (x_1,x0) € W1 U {(¥,X)} U W, and {x,},-_; is a positive solution of (1) with
initial value (x_1,x0).

If (x_1,x0) = (X,X), then {x,,},_, isa trivial solution of (1), which implies lim,_« x, =
xand (x_1,x) € S.

If (x_1,x0) € Wi, then (x_1,x9) € P, for any n > 0, which implies f"(x_1,x0) = (Xn-1,
Xn) € A, for any n = 0. Thus it follows from Lemma 5 that lim,,—.. x, = X and (x_;,x) €
S. In a similar fashion, we may show that if (x_;,x) € W5, then lim,_x, = X and
(X_I,X()) es.

Now let (x_1,x0) € D — Wy U {(x,X)} U W, and {x,},-_, is a positive solution of (1)
with initial value (x_1,x).

If (x_1,%0) € A3 UA4 URyUR; ULyU Ly, then by Lemma 4 we have f2(x_;,x)) =
(x1,%2) € {(x,¥): (x —X)(y —X) < 0}, it follows from Corollary 3 that (x_;,x0) & S.

If (x_1,x0) € A» — W1, then there exists n > 0 such that

(x_1,X0) € Py — Ppy1 = f"(A2) — "1 (A2), (30)
from which it follows
F(x-1,%0) = (xu-1,%0) € Ay — f1(A2). (31)

By Lemma 4, we have f"*!(x_;,xy) € A4 U Ly, which implies f"*3(x_1,%0) = (Xy12,%n+3)
€ Ay, it follows from Corollary 3 that (x_1,x) ¢ S. In a similar fashion, we may show that
if (x_1,x0) € A} — W, then it follows that (x_;,x0) & S. Theorem 7 is proven. O
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