Hindawi Publishing Corporation
Discrete Dynamics in Nature and Society
Volume 2008, Article ID 860152, 12 pages
doi:10.1155/2008 /860152

Research Article

On the Global Asymptotic Stability of
a Second-Order System of Difference Equations

Ibrahim Yalcinkaya

Department of Mathematics, Faculty of Education, University of Selcuk, 42099 Meram Yeni Yol,
Konya, Turkey

Correspondence should be addressed to Ibrahim Yalcinkaya, iyalcinkayal708@yahoo.com
Received 4 June 2008; Accepted 8 September 2008
Recommended by Guang Zhang

A sufficient condition is obtained for the global asymptotic stability of the following system of
difference equations z,+1 = (tpzn1 + a)/ (tn + Zu-1), tnar = (Zatn—1 +a)/(zy +tp1), n=0,1,2,...,
where the parameter ae(0, co) and the initial values (z, tx)e(0, ) (for k = -1,0).

Copyright © 2008 Ibrahim Yalcinkaya. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

1. Introduction

Recently, there has been an increasing interest in the study of qualitative analyses of rational
difference equations and systems of difference equations. Difference equations appear nat-
urally as discrete analogues and as numerical solutions of differential and delay differential
equations having applications in biology, ecology, economy, physics, and so forth. Although
difference equations are very simple in form, it is extremely difficult to understand thor-
oughly the global behaviors of their solutions (see [1-15] and the references cited therein).
In [9, 10] Papaschinopoluos and Schinas studied the behavior of the positive solutions
of the system of two Lyness difference equations
by, +c dx, +e
Xps1 = p ;o Ynl = Y , n=0,12,..., (1.1)

n-1 n-1

where b, ¢, d, e are positive constants and initial values x_1, xo, y-1, Yo are positive.
Iri¢anin and Stevi¢ [6] studied, among others, the following system:

k 1 k-1
x(l) :1+x,(1) x(z) :l+xf,) x(k):1+xf, )
n+l (k-1) 7 Tn+l (ky 77777 Tn+l (k-2) 7 (1.2)
n-1 n-1 xn—l

where k € N.
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In [2], Amleh et al. proved that all positive solutions of the difference equations

Xn + Xp-1Xn-2 _ Xn-1 + XnXn-2 X + Xp-1Xn-2
7 xn+1 - 7 xn+1 - 7
XnXp-1+ Xp-2 XnXp-1+ Xp-2 XnXn-2 + Xn-1

(1.3)

Xn+1 =

where initial values x_,, x_1, xp are positive, converge to 1 as n— oco.

Moreover, Xianyi and Deming [8] proved that the unique positive equilibrium of the
difference equation

XpXp_1+a
Xpp = L8 120,12, (1.4)
Xp + Xp-1

where a € [0, 00) and x_;, xj are positive, is globally asymptotically stable.
In [1], we extended the results obtained in [8] to the following difference equation:

XpXpy_k +a
Xpyp = 2K =012, (1.5)
Xn + Xn—k

where k is nonnegative integer, a € [0,00) and x_g,...,xo are positive and are globally
asymptotically stable.

Also in [14], we extended the results obtained in [8] to the following system of
difference equations:

Zutn1 +a thzn1+a
=—) tyyy=—, =0,1,2,..., 1.6
Zn+1 Z0 b1 n+l t+ 2z n (1.6)
where a € (0,00) and the initial values (zk,tx) € (0,00) (for k = -1,0) are globally

asymptotically stable.
In this paper, we consider the following system of difference equations:

thzn1+a Zutn1 +a
Znal = T tn+1 P E—— n= 0/ 1/ 2/ cecy (17)
t, +2zn Zy + 1ty

where a € (0,00) and the initial values (zk,tx) € (0,00) (for k = —1,0). Our main aim is to
investigate the global asymptotic behavior of its solutions.
It is clear that the change of variables

(zn/ tn) = <\/Exn/ \/ayn> (18)

reduces the system (1.7) to the system
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Xy = Ty = n=0,1,2,..., (1.9)

where the initial values (x, yx) € (0, o) for (k = -1,0).
We need the following definitions and theorem.
Let I be some interval of real numbers and let

fig:IxI—1 (1.10)

be continuously differentiable functions. Then, for all initial values (xx, yx)el, k = 1,0, the
system of difference equations

Xn+l = f(xnryn—l)/ Yne1 = g(ynlxn—l)/ n= O/ 1121- cey (111)

has a unique solution {(x,, yx)},._;-

Definition 1.1. A point (x, y) is called an equilibrium point of the system (1.11) if
x=fxy), y=g®v). (112)

It is easy to see that the system (1.9) has the unique positive equilibrium (x,y) =

(1,1) [7].

Definition 1.2. Let (x,y) be an equilibrium point of the system (1.11).

(a) An equilibrium point (x, i) is said to be stable if for any € > 0 there is 6 > 0 such that
for every initial points (x_1, y-1) and (xo, yo) for which ||(x_1, y-1)—C, 1) || +1| (x0, yo)— (X, y)|| <
0, the iterates (x,, y,) of (x_1,y-1) and (xo, yo) satisfy ||(xn, y») — (X, y)|| < € foralln > 0. An
equilibrium point (x,7) is said to be unstable if it is not stable (the Euclidean norm in R?

given by ||(x, )| = 1/x2 + y?) is denoted by ||-||.
(b) An equilibrium point (x,y) is said to be asymptotically stable if there exists r >
0 such that (x,, y,) — (x,y) as n— oo for all (x_1,y-1) and (xo,yo) that satisfy ||(x_1,y-1) —

W+ 1l (xo, yo) = G, ) <7 [7].

Definition 1.3. Let (X,y) be an equilibrium point of a map F = (f, g), where f and g are
continuously differentiable functions at (x, 7). The Jacobian matrix of F at (X, ) is the matrix

of _ . of _ _
- a—i(x,y) %(x,y)
Je(x,y) = 5 . (1.13)

08 o o 08
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The linear map Jr(X,y) : R> —R? given by

of _ . of _ _
B ey
Je(p, @) (x,y) = g og (1.14)
I T Y)xH @(?I?)y

is called the linearization of the map F at (X,y) [7].

Theorem 1.4 (linearized stability theorem [7]). Let F = (f, g) be a continuously differentiable
function defined on an open set I in R?, and let (x,y) in I be an equilibrium point of the map F =

(f, 8)-

(a) If all the eigenvalues of the Jacobian matrix Jr(x,y) have modulus less than one, then the
equilibrium point (X,y) is asymptotically stable.

(b) If at least one of the eigenvalues of the Jacobian matrix Jp(X,Yy) has modulus greater than
one, then the equilibrium point (x,y) is unstable.

(c) An equilibrium point (X,y) of the map F = (f, g) is locally asymptotically stable if and
only if every solution of the characteristic equation

A2 —trJr (%, Y)A + detJp (X, ) = 0 (1.15)

lies inside the unit circle, that is, if and only if

|te]E (X, 7)| < 1+det/p(X,7) <2 (1.16)

Definition 1.5. Let (x,y) be positive equilibrium point of the system (1.11).

A “string” of consecutive terms {x,...,xn} (resp., {Vs,.-., Ym}), s 2 -1, m < oo is
said to be a positive semicycle if x; > x (resp., y; > V), ie{s,..., m}, xs_1 <X (resp., Ys-1 <Y),
and x,,41 < X (resp., Ym+1 < V).

A “string” of consecutive terms {xs,...,X;} (resp., {Ys,..., Ym}), s 2 -1, m < oo is
said to be a negative semicycle if x; < X (resp., y; <Y), ie{s,..., m},xs.1 = X (resp., Ys-1 = V),
and X1 > X (resp., Y1 2 ).

A “string” of consecutive terms {(xs, Ys),-.., (Xm, Ym)} is said to be a positive (resp.,
negative) semicycle if {xs,...,%xm}, {Vs, ..., Ym} are positive (resp., negative) semicycles.
Finally, a “string” of consecutive terms {(xs,Vs),..., (Xm, Ym)} is said to be a semicycle
positive (resp., negative) with respect to x, and negative (resp., positive) with respect to
Ynif {xs,..., x5} is a positive (resp., negative) semicycle and {ys, ..., ¥} is a negative (resp.,
positive) semicycle [9].

We now make new definitions. These definitions can be used for different subse-
quences of {x,} (resp., {yx}).
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Definition 1.6. Let (x,y) be positive equilibrium point of the system (1.11).

A “string” of consecutive terms {x2s, X2542, . .., Xom} (1€SP., {Y25,. .., Yom}), s 21, m <
oo is said to be a positive sub-semicycle associated with {x2,} (resp., {y2.}) if x; > X (resp.,
Yi 2 V), ie{2s,25+2,...,2m}, xp5p < X (r€sp., Y2s—2 < Y), and X2 < X (r€Sp., Yoms2 < Y).

A “string” of consecutive terms {x2s, X2642, ..., Xom} (€SP, {Y25,..., Yom}), s>1, m <
oo is said to be a negative sub-semicycle associated with {x2,} (resp., {y2.}) if x; < X (resp.,
Yi <Yy),ie{25,25+2,...,2m}, xp5_p = X (resp., Yos—2 = V), and X2 = X (r€SP., Yoms2 = Y)-

A “string” of consecutive terms {(x2s,Y2s), (Y2642, Y25+2), - - -, (X2m, Yom)} is said
to be a positive (resp., negative) sub-semicycle if {xps, X2542,..., X2m}, {Y2s,-- -, Yom}
are positive (resp., negative) sub-semicycles. Finally, a “string” of consecutive terms
{(x25, Y25), (2542, Y2542) 5 - - - » (X2m, Yom) } 1S s2id to be a sub-semicycle positive (resp., negative)
with respect to x», and negative (resp., positive) with respect to y, if {x2s, X2542,..., Xom}
is a positive (resp., negative) sub-semicycle and {y»s, ..., Y2} is a negative (resp., positive)
sub-semicycle.

Definition 1.7. Let (x,y) be positive equilibrium point of the system (1.11).

A “string” of consecutive terms {X2s-1, X2541, - - ., Xom+1} (x€sp., {Yas-1,..., Yoms1}), S 2
1, m < oo, is said to be a positive sub-semicycle associated with {x,-1} (resp., {yon-1}) if
x; =2 x (resp., yi 2 V), i€{2s+ 1,25 +1,...,2m + 1}, xp5-3 < X (resp., Y2s-3 < ), and Xpp43 < X
(resp., Yomss <Y).

A “string” of consecutive terms {X2s-1, X25+1, - .., Xom+1} (xesp., {Yas-1,..., Yom+1}), S 2
1, m < oo, is said to be a negative sub-semicycle associated with {x2,-1} (resp., {yon-1}) if
x; <X (resp., yi <VY),i€{2s - 1,25 +1,...,2m + 1}, xp5_3 > X (resp., Y2s-3 = Y), and Xoyms3 > X
(resp., Yomsz = V).

A “string” of consecutive terms {(x2s-1, Y2s-1), (X2541, Y2s41), - - - » (X2m+1, Yoms1) } is said
to be a positive (resp., negative) sub-semicycle if {x2s-1, X2541, .-, Xoms1}, {V2s-1,- - s Yoms1 }
are positive (resp., negative) sub-semicycles. Finally, a “string” of consecutive terms
{(x25-1, Y2s-1), (X25+1, Y2s+1), - - - » (Xoms1, Yoms+1)} 1S said to be a sub-semicycle positive
(resp., negative) with respect to x;,.1 and negative (resp., positive) with respect
to yon-1, if {X2s-1,X2s41,.-.,Xoms1} 1S a positive (resp., negative) sub-semicycle and
{Y2s-1, Y2s+1, - - -, Yom+1} 1S @ Negative (resp., positive) sub-semicycle.

2. Some auxiliary results

In this section, we give the following lemmas which show us the behavior of semicycles of
positive solutions of system (1.9). The proof of Lemma 2.1 is clear from (1.9). So, it will be
omitted.

[oe]
n=-1

Lemma 2.1. Assume that {(xp, Yn)}
cases:

is a solution of the system (1.9) and consider the following

(Casea) xg = x_1 =1;

(Caseb) yo=y_1=1;

(Casec) xo=1yo =1,

(Cased) x.1 =y =1.

If one of the above cases occurs, then every positive solution of system (1.9) is equal to (1,1).
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Lemma 2.2. Assume that {(x,,yn)},._ is a positive solution of the system (1.9) which is not
eventually equal to (1,1). Then the following statements are true:

(1) (xp41 — xn-1) (X1 — 1) <0 and (Yps1 = Yu-1) (Yn-1 — 1) <0 for all n > 0;
(ii) (xpe1 = 1) (tp1 =) (yn = 1) > 0 and (yu+1 — 1) (Yn-1 —1)(x, —1) > 0 for all n > 0.

Proof. In view of system (1.9), we obtain

(1 - xn,l)(l + xn,l),

Xp+1 — Xp-1 =

Yn + Xp-1
1-1,-1)(1+y,—
P (L-yn1) (A +Yn 1),
Xn t+ Yn-1 (2 1)
w1 — D) (g —1 '
ooy 1= Gt 2D =1)
Yn + Xp-1
1o W=D (= 1)
Y1 — 1 =
Xn + Yn-1
forn=0,1,2,..., from which the inequalities in (i) and (ii) follow. O

Lemma 2.3. Assume that {(x,,yn)},._; is a solution of system (1.9) and suppose that the case,

(Case 1) xi., yx > 1 (for k = -1,0), holds.

Then, (x2n-1, Yon-1) and (Xon, Yon) are positive sub-semicycles of system (1.9) with an infinite
number of terms and they monotonically tend to the positive equilibrium (x,y) = (1,1).

Proof. If xi, yx > 1 (for k = -1,0), then by Lemma 2.2(ii), it follows that

Xon-1,X2n, Yon-1,Y2n >1 VY120,

(2.2)

that is, these positive sub-semicycles have an infinite number of terms. Furthermore,
according to Lemma 2.2(i), we know that (x2,-1, Y2n-1) and (x5, Y2n) are strictly decreasing

for all n > 0. So, the limits

lim x2,-1 =11,

n— oo

lim yp,-1 =13,
n— oo

exist and are finite. From (1.9), we can write

YonXon-1 +1
Xopy1] = — i,
Yon + Xon-1

taking limits on both sides of (2.4), we have

_l4ll+1
e l4+11/

Yonel =

lim Xop = 12,

n—oo

2.3
lim Yon = 14. ( )
Xy #1090 (2.4)
Xon + Yon-1
1213 +1
= 2.
3 12 T 13 7 ( 5)

and thus [; = I3 = 1. Similarly, one can see that [, = I; = 1. Therefore, the proof is complete. [
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Lemma 2.4. Assume that {(x,,yn)},. _; is a solution of system (1.9), and consider the following
cases:
(Case 2) x_1,y-1 > Land xp,yo < 1;

(Case 3) x_1,y-1 <land xo,y0 > 1;
(Case 4) x_1,x0 < land y_1,y0 > 1;
(Case 5) x_1,x0>1land y_1,y0<1;
(Case 6) x_1,y-1,y0 < 1 and xo > 1;
(Case 7) xo0,y-1,y0 <land x_1 > 1;
(Case 8) x_1,x0,y-1 <land yo > 1;
(Case 9) x_1,x0,y0 <land y_; >1;
(Case 10) x_1,x0,Yy-1,Yo < 1.

If one of the above cases occurs, then the following hold.

(i) Every positive sub-semicycle associated with {x2,-1} and {x2,} (resp., {yon-1} and {y2,})
of system (1.9) consists of one term.

(ii) Every negative sub-semicycle associated with {xy,-1} and {x2,} (resp., {yon-1} and {y2,})
of system (1.9) consists of two terms.

(iii) Every positive sub-semicycle of length one is followed by a negative sub-semicycle of length
two.

(iv) Every negative sub-semicycle of length two is followed by a positive sub-semicycle of length
one.

Proof. If Case 2 occurs, then in view of inequality (ii) of Lemma 2.2 we have: x1,11 <
1; x3,3 <1 and

Xon+5, Yones > 1 Xens7, Yeone7 <1, Xenso, Yonso <1 VYn >0, (2.6)

which imply that every positive sub-semicycle associated with {x2,-1} and {12,-1} of system
(1.9) of length one is followed by a negative sub-semicycle of length two, which in turn is
followed by a positive sub-semicycle of length one.

Similarly, if Case 2 occurs, then in view of inequality (ii) of Lemma 2.2 we have
Xen+2, Yons2 > 1 Xenea, Yonsa <1, Xense, Yonso <1 V1 20, (2.7)

which imply that every positive sub-semicycle associated with {x;,} and {y2,} of system
(1.9) of length two is followed by a negative sub-semicycle of length four, which in turn is
followed by a positive sub-semicycle of length two.

Proofs of the other cases are similar, so they will be omitted. Therefore, the proof is

lete.
complete 0

We omit the proofs of the following two results since they can easily be obtained in a
way similar to the proof of Lemma 2.4.
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Lemma 2.5. Assume that {(xXn, yn)},._; is a solution of system (1.9) and consider the following
cases:

(Case 11) x_1,y-1,Yo > Land xy < 1;

(Case 12) x_1,x0,yo >land y_1 <1;

(Case 13) x_1, 1o > 1 and xp, y-1 < 1.
If one of the above cases occurs, then the following hold.

(1) (x2n-1, Y2n) is a positive sub-semicycle of system (1.9) with an infinite number of terms
(monotonically tend to the positive equilibrium (x,y) = (1,1)).

(ii) Every positive sub-semicycle associated with {xy,} and {yan-1} of system (1.9) consists of
one term.

(iii) Every negative sub-semicycle associated with {x2,} and {ya,-1} of system (1.9) consists of
two terms.

(iv) Every positive sub-semicycle of length one is followed by a negative sub-semicycle of length
two.

(v) Every negative sub-semicycle of length two is followed by a positive sub-semicycle of length
one.

Lemma 2.6. Assume that {(x,, Yn)},._, is a solution of system (1.9) and consider the following
cases:

(Case 14) x_1,x9,y-1 > Land yy < 1;

(Case 15) xo,y-1,y0 > land x_1 < 1;

(Case 16) xo,y-1 > L and x_1,yo < 1.
If one of the above cases occurs, then the following hold.

(1) (%20, Yon-1) is a positive sub-semicycle of system (1.9) with an infinite number of terms
(monotonically tend to the positive equilibrium (x,y) = (1,1)).

(ii) Every positive sub-semicycle associated with {xy,-1} and {y2,} of system (1.9) consists of
one term.

(iii) Every negative sub-semicycle associated with {x,-1} and {y2,} of system (1.9) consists of
two terms.

(iv) Every positive sub-semicycle of length one is followed by a negative sub-semicycle of length
two.

(v) Every negative sub-semicycle of length two is followed by a positive sub-semicycle of length
one.

3. Main result

Theorem 3.1. The positive equilibrium point (x,y) = (1,1) of the system (1.9) is globally
asymptotically stable.

Proof. We must show that the positive equilibrium point (x,7) = (1,1) of the system
(1.9) is both locally asymptotically stable and (x,,y,) — (X,y) as n— oo (or equivalently
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(x2n-1, Yon-1) — (%, ) and (x24, Y2u) — (X, ) as n—oo). The characteristic equation of the
system (1.9) about the positive equilibrium point (x,y) = (1,1) is

A2-0A+0=0, (3.1)

and so it is clear from Theorem 1.4 that positive equilibrium point (x,y) = (1,1) of the
system (1.9) is locally asymptotically stable. It remains to verify that every positive solution
{(xn, Yn)};._; of the system (1.9) converges to (x,y) = (1,1) as n— oo. Namely, we want to
prove

im xp, = limxy,.1 =x=1,
n—oo n—oo

(3.2)
lim vy, = lim yp,1 =y = 1.

n—oo

If the solution {(x,, y,)};._; of (1.9) is nonoscillatory about the positive equilibrium
point (x,y) = (1,1) of the system (1.9), then according to Lemmas 2.1 and 2.3, respectively,
we know that the solution is either eventually equal to (1,1) or an eventually positive one
which has an infinite number of terms and monotonically tends the positive equilibrium
point (x,y) = (1,1) of the system (1.9) and so (3.2) holds. Therefore, it suffices to prove
that (3.2) holds for strictly oscillatory solutions. Now, let {(x,, ¥»)},._; be strictly oscillatory
about the positive equilibrium point (x,y) = (1,1) of the system (1.9). By virtue of
Lemmas 2.2(ii) and 2.4, one can see that every positive sub-semicycle associated with
{x2n-1} (resp. {x2.}, {y2n-1}, {y2}) of this solution has one term, and every negative sub-
semicycle associated with {xp,-1} (resp., {x2.}, {v2n-1}, {y2n}) except perhaps for the first has
exactly two terms. Every positive sub-semicycle of length one is followed by a negative sub-
semicycle of length two.

We consider the sub-semicycles associated with {x2,} and {y2,}.

For the convenience of statement, without loss of generality, we use the following
notation. We denote by x2, and v, the terms of a positive sub-semicycle of length one,
followed by x2p12, X2p+4 and yops2, Yopa Which are the terms of a negative sub-semicycle of
length two. Afterwards, there are the positive sub-semicycles x;,.¢ and 2+ in turn followed
by the negative sub-semicycles, and so on.

Therefore, we have the following sequences consisting of positive and negative sub-
semicycles (forn =0,1,...):

{x2p+6n }:0:0, {x2p+6n+2/ Xp+6n+4 }ZO:O/ {]/2p+6n };1“;0/ {y2p+6n+2/ Yop+én+d }:lo:o- (3.3)

We have the following assertions:

(i) xopren+2 < Xopren+a and Yopreni2 < Yopronid;
(1) x2prenXoprens2 > 1 and yoprenYoproniz > 1;

(iii) x2p+en+aXopronts < 1 and YoprentaYopronie < 1.
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In fact, inequality (i) immediately follows from Lemma 2.2(i). From the observations

that
Yoprén+1Xopren + 1 Yopron+1X2psen + 1 1
Xop+on+2 = > > = ,
Yopront1 + Xoprn  Yoprent1Xp,,6q T Xopren  X2prén
(3.4)
_ Xopsen+1Yopren + 1 Xoprent1Yopren +1 1
Yoproni2 = > 5 = ’
Xop+on+l T Yopson  Xopron+1Yppien T Yopron  Yopron
one can see that (ii) is valid.
As for (iii), it is obtained from
Yoprén+5Xopren+ta + 1 Yoprén+5Xopren+a + 1 1
Xop+6n+6 = < 2 = ,
Yopré6nts5 T Xop+on+a y2p+6n+5x2p vomsa T Xop+on+a X2p+6n-+4
(3.5)
Xop+en+5Yoprén+s + 1 Xop+en+5Y2prén+a + 1 1
Yopronte = < > = ’
Xoprons5 T Yoprentd  Xopren+5Yopienea T Yopronsa  Y2prontd
forn=0,1,2,....
Combining the above inequalities, we derive
1 1
< Xopten+2 < Xoprond < ————,
X2p+6n X2p+6n+6
1 (3.6)

< Yopron+e2 < Yopron+sa < —.
Yop+én Yop+éon+6

From (3.6), one can see that {x2p+6n+2};“;0 and {yops6n+2 };‘;O are increasing with upper
bound 1. So the limits

lim xp6n42 = L1, lim y2p16n42 = L2 (3.7)
n— oo n— oo

exist and are finite. Accordingly, in view of (3.6), we obtain

. . 1
lim x2p16n44 = L1, lim x2p16n46 = —,
n— oo n— oo Ll
(3.8)
li L i 1
im = im =—.
e DC}:‘/2];7+6n-¢—4 27 e Ooy2p-+-6n+6 L2

Now, we consider the sub-semicycles associated with {x,-1} and {y2,-1}.

Similarly, for the convenience of statement, without loss of generality, we use the
following notation. We denote by x;,.1 and y2,.1 the terms of a positive sub-semicycle of
length one, followed by x2,.3, X245 and yap.3, Y2p+5 Which are the terms of a negative sub-
semicycle of length two. Afterwards, there are the positive sub-semicycles x2,,7 and y5,.7 in
turn followed by the negative sub-semicycles, and so on.
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Therefore, we have the following sequences consisting of positive and negative sub-

semicycles (forn =0,1,...):

{x2p+en+1 }:;0/ {Xop+6n+3, Xpron+s }Zo:O, {Yopron+1 }Z';O, {Y2p+6n+3, Yoprents } 0

We have the following assertions:

(1) X2p+6n+3 < Xopsen+s and Yopionta < Yopronts;
(i) Xops6ni1Xopren+s > 1 and Yopisni1Yoprents > 1;
(iii) Xoptent5Xoprensy < 1 and YopisnisYopront7 < 1.

Combining the above inequalities, we derive

1
—— < Xoprent3 < Xopront5 < T,
X2p+6m+1 X2p+6n+7

— < Yop+6n+3 < Yop+6n+s5 < —.
Yop+on+1 P P Yop+on+7

}OO

From (3.10), one can see that {x2p46n+3 };‘1‘10 and {yop+eni3t,

bound 1. So the limits

lim x2,16043 = L3, lim y2p16n43 = Ly
n—oo

n—oo

exist and are finite. Accordingly, in view of (3.10), we obtain

. ) 1
lim x5,16045 = L3, lim x2p16n47 = —,
n— oo n— oo L3
. ) 1
lim y2p6n+5 = Ly, lim yopi6n47 = —-
n— oo n— oo L4
It suffices to verify that
Li=l,=13=Ls=1
To this end, note that
Yopren+5Xoprén+da + 1 Xop+en+5Y2pren+s + 1
X2p+6n+6 = ’ Yop+én+6 = .
Yoprén+s5 T Xoprén+d Xop+6n+5 T Yop+én+d

Take the limits on both sides of the above equality and obtain

1 LiLi+1 1 Lyl +1

Ll_ L4+L1’ Lz_ L3+L2,

which imply that L; = L, = 1. Similarly, one can see that L3 = Ly = 1.

(3.9)

(3.10)

are increasing with upper

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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Moreover, by virtue of Lemmas 2.2(ii) and 2.5 (resp., 2.6), one can see that (3.2) holds.
Therefore, the proof is complete. O
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