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1. Introduction

It is known that various problems in fluid mechanics and other areas of engineering, physics,
and biological systems lead to partial differential equations of variable types. Methods of
solutions of nonlocal boundary value problems for partial differential equations of variable
type have been studied extensively by many researchers (see, e.g., [1-4] and the references
given therein).

The nonlocal boundary value problem

_di;gt) +Au(t) =g(t), 0<t<l,
% —Au(t) = f(), -1<t<0, (1.1)

u(l) =u(-1)+pu
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for differential equations in a Hilbert space H with the self-adjoint positive definite operator
A is considered.

Let us denote by Cf, ([-1,1], H), 0 < a < 1 the Banach space obtained by completion
of the set of all smooth H-valued function ¢(t) on [-1,1] in the norm

(=D)"llpt +7) =Bl

Ta

lellcs, q-111.m) = l@llcq-111,m) + sup
—1<t<t+7<0

i i (1.2)
o sup (DDl 4T) gl

O<t<t+7<1 T4

and denote by Cg,([0,1], H), 0 < a < 1 the Banach space obtained by completion of the set
of all smooth H-valued function ¢(t) on [0, 1] in the norm

A=)t +71)llp(t+ 1) —p®)lln

T

(1.3)

il (o110 = llollcqo),my +  sup
O<t<t+1<1

finally denote by C{([-1,0], H), 0 < a < 1 the Banach space obtained by completion of the
set of all smooth H-valued function ¢(¢) on [-1,0] in the norm

(1.4)

(=1)*[lp(t +7) = p(®)]|
lpllcz-1,010) = ll@llc-10,1) +  sup ¢ LAZALY

a
—1<t<t+7<0 T

Here C([a,b], H) stands for the Banach space of all continuous functions ¢(t) defined on
[a,b] with values in H equipped with the norm

llleqapy,m = 22’;”‘P(t)||H- (1.5)

A function u(t) is called a solution of problem (1.1) if the following conditions are satisfied.

(i) u(t) is twice continuously differentiable on the segment (0,1] and continuously
differentiable on the segment [-1, 1]; the derivatives at the endpoints of the segment
are understood as the appropriate unilateral derivatives.

(ii) The element u(t) belongs to the domain D(A) of A for all t € [-1,1], and the
function Au(t) is continuous on the segment [-1,1].

(iii) u(t) satisfies the equations and the nonlocal boundary condition (1.1).
A solution of problem (1.1) defined in this manner will henceforth be referred to as a
solution of problem (1.1) in the space C(H) = C([-1,1], H).
We say that problem (1.1) is well-posed in C(H), if there exists a unique solution u(t)
in C(H) of problem (1.1) for any g(t) € C([0,1], H), f(t) € C([-1,0],H), and u € D(A), and
the following coercivity inequality is satisfied:

4" eqoag,my + 14 e, *+ 1A% ey < MIINcqo e *+ I lerom + 1AL (1.6)

where M is independent of y, f(t), and g(t).
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Problem (1.1) is not well-posed in C(H) [5]. The well-posedness of the boundary
value problem (1.1) can be established if one considers this problem in certain spaces F(H)
of smooth H-valued functions on [-1,1].

A function u(t) is said to be a solution of problem (1.1) in F(H) if it is a solution of this
problem in C(H) and the functions u"(t) (t € 0,1]), u'(t) (t € -1,1]) and Au(t) (t € -1,1])
belong to F(H).

As in the case of the space C(H), we say that problem (1.1) is well-posed in F(H), if
the following coercivity inequality is satisfied:

"1 o160 + N0 pq-1,01, 1) + 1A p ey < M[||g||p([o,1],H) + e erom + ||A#||H]/ (1.7)

where M is independent of y, f(t), and g(#).
If we set F(H) equal to Cg/l(H) = C(”)‘,l([—l,l],H) (0 < a < 1), then we can establish
the following coercivity inequality.

Theorem 1.1. Suppose p € D(A). Then the boundary value problem (1.1) is well-posed in a Holder
space Cg | (H) and the following coercivity inequality holds:

II”H|IC31([O,1],H) + ”uI”Cg([—l,O],H) + ||Au||cg,1(H)

< m|—1 A (18)
< M|z s * I8lleg qony ] + 14K 1|

Here M is independent of f(t), g(t), and .

The proof of this assertion follows from the scheme of the proof of the theorem on
well-posedness of paper [5] and is based on the following formulas:

u(t) = <I - e‘ZAm)_l [(e‘“‘”2 - e"(_”Z)Am)uo
+ <e—(1—t)A‘/2 _ e—(t+1)A”2>u1] + (I _ e—zAW)’

1
X <e‘(1—t)Al/2 - e‘(t+1)A1/2>I A~1/2p-1 <e‘(1—S)A1/2 - e—(5+1)A1/2>g(S)ds
0

1

1
~ J‘ A1/29-1 <67(t+s>Al/2 _ ef|t—s|A1/z>g(S)dsl 0<t<1,
0
t
u(t) = ey +J’ et94f(s)ds, -1<t<0,
0
_ A2 L1/ 2412 a2\
u0—<1+e2A +A (I—e >—26 >
_ -1 1
“ e_Al/Z [ZI e_(l+s)Af(S)dS +I A—1/2 <e—(l—s)A1/z _ e—(s+1)A1/z>g(S)ds
| 0 0

+ (I - e‘2A1/2> <I +e2A 4 Al <I - e‘2A1/2> - 26_(A1/2+A)>_1

_Al2
+2e 4

- 1
x | = ATV2£(0) + foAl/zeSAl/zg(s)ds]
' (1.9)
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for the solution of problem (1.1) and on the estimates

-1
[(=e) <
H—-H

|(1+ &4 + a12(1- 247 - 2@‘<A1/2+A)>_1 (-
H-H~
||A1/2<I+e_2A1/2 +A1/2<I_e_2A1/2> _26_(A1/2+A)>_1|| <M (110)
H-H~
||<A1/2)“e-fA”2 LSS t>0,0<ac<],
|A%e Ay g <75, t>0,0<a<1.
Remark 1.2. The nonlocal boundary value problem for the elliptic-parabolic equation
du(t
% +Au(t) = f(t), O<t<1,
d?u(t
- ;g ) +Au(t) = g(t), -1<t<0Q, (1.11)

u(l)=u(-1)+pu

in a Hilbert space H with a self-adjoint positive definite operator A is considered in paper
[6]. The well-posedness of this problem in Holder spaces C*(H) without a weight was
established under the strong condition on p.

Now, the applications of this abstract results are presented.
First, the mixed boundary value problem for the elliptic-parabolic equations

ga—uy— (a(x)uy), +6u=g(tx), 0<t<l O0O<x<l,
ur+ (a(x)uy), —6u=f(t,x), -1<t<0,0<x<1,
u(t,0) =u(t,1), u,(t,0)=u.(t,1), -1<t<1, (1.12)
u(l,x) =u(-1,x) +pu(x), 0<x<1,

u(0+,x) = u(0-,x), u;(0+,x) = u;(0—,x), 0<x<1

is considered. Problem (1.12) has a unique smooth solution u(t, x) for a(x) > a > 0 (x €
(0,1)),and g(t,x) (t€0,1],x € [0,1]), f(t,x) (t € [-1,0],x € 0,1]) the smooth functions and
6 = const > 0. This allows us to reduce the mixed problem (1.12) to the nonlocal boundary
value problem (1.1) in the Hilbert space H = L,[0,1] with a self-adjoint positive definite
operator A defined by (1.12).
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Theorem 1.3. The solutions of the nonlocal boundary value problem (1.12) satisfy the coercivity
inequality

llaellcg, oy Latonny + lellcg(-vonLatonn + lulley, (-1,11,mw210.1)
(1.13)
<M [—a(l [I18cs, o at01p + I fllcs o atoan ] + ||,4||W22[0,1]],

where M is independent of f(t,x), g(t,x), and p(x).

The proof of Theorem 1.3 is based on the abstract Theorem 1.1 and the symmetry
properties of the space operator are generated by problem (1.12).

Second, let Q be the unit open cube in the n-dimensional Euclidean space R” (0 < xj <
1,1 < k < n) with boundary S, Q=QuUS.In [-1,1] x Q, the boundary value problem for the
multidimensional elliptic-parabolic equation

—uy — ) (a,(X)uy,), = g(t,x), 0<t<l, xeQ,

U + i(ur(x)ux,)xr =f(t,x), -1<t<0, xe€Q, (1.14)

u(t,x)=0, xe€85, -1<t<1; u(l,x) =u(-1,x) + u(x), x€Q,

u(0+,x) =u(0-,x), u(0+,x) =u(0—,x), x¢€ Q

is considered. Problem (1.14) has a unique smooth solution u(t, x) for a,(x) > a > 0 (x € Q)
and g(t,x) (t € (0,1), x € ﬁ), ft,x)(te(-1,0), x€ Q), the smooth functions. This allows
us to reduce the mixed problem (1.14) to the nonlocal boundary value problem (1.1) in the
Hilbert space H = L,(Q) of all the integrable functions defined on Q, equipped with the
norm

||f||Lz(§) = {f...fxeg|f(x)|2dx1...dxn}1/2 (1.15)

with a self-adjoint positive definite operator A defined by (1.14).
Theorem 1.4. The solution of the nonlocal boundary value problem (1.14) satisfies the coercivity

inequality

litllcs go1,.@)) + Melles v @y + il me@)
(1.16)

M[a(l ) [”8”@1( o1L@) T ||f||c'x [-1,0],L2(%)) ] + ||P‘||w2(sz)

where M is independent of f(t,x), g(t,x), and p(x).
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The proof of Theorem 1.4 is based on the abstract Theorem 1.1 and the symmetry
properties of the space operator generated by problem (1.14) and the following theorem on
the coercivity inequality for the solution of the elliptic differential problem in L(€2).

Theorem 1.5. For the solution of the elliptic differential problem

S (@), =w(), xeQ, 1.17)
r=1

u(x)=0, xe€8S, (1.18)

the following coercivity inequality holds [7]:

n
Z””xrxr”Lz(ﬁ) < M”‘U”LZ@)- (1.19)

r=1
2. The first order of accuracy difference scheme

Let us associate the boundary-value problem (1.1) with the corresponding first order of
accuracy difference scheme

—T72(Ups1 — 2uk + Uk—1) + Atk = gk,
gk=g(tx), ti=kr, 1<k<N-1,

T Uk — wiem1) — Auger = fr, fio = f (), (2.1)
ter=(k-1)1, -N+1<k<0,

UN =U-N T U, Ui —Ug=uUuy—UuU_1.

A study of discretization, over time only, of the nonlocal boundary value problem also
permits one to include general difference schemes in applications if the differential operator
in space variables, A, is replaced by the difference operators Aj that act in the Hilbert spaces
H}, and are uniformly self-adjoint positive definite in h for 0 < h < hy.

Let P = P(TA) = (I + TA)"!. Then the following estimates are satisfied [8]:

1Pl < M +67)F, kT|AP |lHon <M, k21, 6>0, (2.2)
||Aﬂ(Pk+r —Pk)“H—>H < M%, 1<k<k+r<N, 0<a, p<1. (2.3)
T

Furthermore, for a self-adjoint positive definite operator A it follows that the operator R = (I+
7B) ™" is defined on the whole space H, it is a bounded operator, and the following estimates
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hold:

IRl < M +67)%, k7|BRM <M, k21, 6>0, (2.4)

()"

B pk+r _ pk
IBP (R~ Rl < Mo 2,

1<k<k+r<N, 0<a, f<1. (2.5)

Here B = (1/2)(tA + /A4 + 12A)). From (2.2) and (2.4), it follows that

NI = R*N) Mg < M, (2.6)
n (I+ (I +TA)(I +27A) RN £ BLA(L + 27A4) (1 - RN
2.7)
—@I +7B)(I + 27 A) ' RN pN-1)~1 ||H <M

Theorem 2.1. Forany g, 1 <k < N -1and fr, — N +1 <k <0, the solution of problem (2.1)
exists and the following formulas hold:

U = (I _ RZN)l{[Rk _ RZN—k]uO

0
+ [RN—k _ RN+k] [PNHO —r Z PS+NfS +l’l]
s=—N+1

(2.8)
N-1
— [RNF— RN*f|(I +7B)(2I + TB) 'B™' Y[RV~ - RN+s]gST}
s=1
N-1
+(I+7B)I +7B)'B' Y [RF* - R*] g7, 1<k<N,
s=1
0
ue =P ug-7 Y PFf,, -N<k<Q0, (2.9)

s=k+1

ug =T, (I +27A) (I + TA) { {(2 +TB)RN [ > PoNf+ ﬂ]

s=—N+1

N-1
_RNle 12 RN s RN+S gsT}
s=1

+ (I -R*™N)B™! Z R gt — (I - R*N)(I +TB)B'Pf, }
- (2.10)

where

Tr = (I+(I+TA) (I +27A) RN+ B A(1+21A) L (I-RN ) - 21 +7B) (I+27 A) 'RVNPN )™
(2.11)
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Proof. By [8,9],

U = (I _ RZN)l{[Rk _ RZN—k]é + [RN—k _ RN+k](P

N-1
— [RN* - RN*K|(I + TB)(2I + TB) "B 3 [RN™ - RN**] gST} (2.12)
s=1

N-1
+(I+7B)I+7B)"'B' Y [RF*I - R**]gr, 1<k<N,
s=1

is the solution of the boundary value difference problem

_T—Z(ukg - Zuk + uk,l) + Auk = Sk,
gk=8(t), te=kr, 1<k<N-1,

uy =¢, UN = (p,

0
=P* -7 Y PFf,, -N<k<0
s=k+1

is the solution of the inverse Cauchy problem

Tk = U-1) = Ak = i, fio = ftia),
ter=(k-1)1, -N+1<k<0, ug=4§.

Exploiting (2.12), (2.14), and the formulas
$=uUN+p, §=1u,
we obtain formulas (2.8) and (2.9). For uy, using (2.8), (2.9), and the formula
Uy —Up =uyg— U1,

we obtain the operator equation
(I - RZN)‘l{[R_RZN—l]uO + [RN—l _RN+1]

0
x [PNuo—T Z P5+Nfs+y]

s=—N+1

N-1
— [RN' = RN*'[(I+7B)(2I + TB) "B D [RN™ - RN**]¢g.r

s=1
N-1
+(I+7B)2I +7B)'B™ 3 [R*" = R™**] g, = 2ug — Pug + TP fo.

s=1

}

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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The operator

I+ I +7A)I+21A) RN+ BTA(I +27A) (I - RN-Y) — 21 + TB) (I + 2t A) 'RV PN-!
(2.19)

has an inverse

-1
TT:<I+(I+TA)(I+ZTA)_1R2N‘1+B‘1A(I+21'A)"1(I—1R2N‘1)—(21+TB)(1+27'A)"1RNPN‘1> )

(2.20)
and the following formula
0
uo =T, (I +TA)I +27A)" { { (2+7B)RN [ DI S A ‘u:I
s=—N+1

N-1
— RN-1g-1 Z [RN—s _ RN+s]gsT} (2.21)

s=1

N-1
+(I-RN)B' Y R gr - (I-RN)(I + TB)B-lpfO}

s=1

is satisfied. This concludes the proof of Theorem 2.1. O

Let F.(H) = F([a,b],, H) be the linear space of mesh functions ¢” = {¢ }%Z defined on
[a,b], = {tx = kh, N, < k < Ny, No7 = a, Np7 = b} with values in the Hilbert space H.
Next on F(H) we denote by C([a, b],, H) and Cox ([-1,1],, H), C(”)‘,l([—l, 0], H), C§([0,1],,
H)(0 < a < 1) Banach spaces with the norms

3 = max
" lc(abl,,m) Nasngb”(pk”H’

(=k)*
o™ llcz, (-111,m) =l llcq-111,,m) +  sup  lQrsr — @illE—
’ ~N<k<k+r<0 r

k+7r)t)*(N - k)*
b osup e - il DD VR
1<k<k+r<N-1 r

’ (2.22)

a

(
o™ llca-101, ) = Nl llc-101,, )+ sUp  [@ksr — @illE——,
—N<k<k+r<0 r

((k+7)T)*(N - k)
lo™llcz, (o1, 1) = g™ llcqort,m +  sup  llgker — @kl - :
1<k<k+r<N-1 r

The nonlocal boundary value problem (2.1) is said to be stable in F([-1,1],, H) if we have
the inequality

lu"lF-11, 1) < M lEqv00,m) + 187 Eqo1,,H) + Il ], (2.23)

where M is independent of not only f7, g7, pbutalso 7.
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Theorem 2.2. The nonlocal boundary value problem (2.1) is stable in C([-1,1],, H) norm.

Proof. By [9],

0 T
< .
60| oy < M hetr01m + o] (2.24)

for the solution of the inverse Cauchy difference problem (2.15) and

Ik g leqon. i + luollsy + llunllz] (2.25)

|| <M
c([o1],,H)

for the solution of the boundary value problem (2.13). The proof of Theorem 2.2 is based on
the stability inequalities (2.24), (2.25), and on the estimates

luoller < MINf leq-101,,0) + 187 leqor,, m) + lIplla],
(2.26)

lunlle < M f llea-von,. 1) + 187 leqoar, m + 1pllH]

for the solution of the boundary value problem (2.1). Estimates (2.26) are derived from
formula (2.10) and estimates (2.2), (2.4), (2.7). This concludes the proof of Theorem 2.2. [

The nonlocal boundary value problem (2.1) is said to be coercively stable (well-posed)
in F([-1,1],, H) if we have the coercive inequality

" (T2 (g1 — 20 + Up_1) }]1\]_1 ||F([0,1]T,H)

- 0 _
+ ” {T 1 (uk - uk—l) }—N+1 ”F([*LO]T,H) + || {A‘uk }]_\I]\f1 ||F([_1,1]T,H) (227)

< MIIf Neq-vo1,m) + 87 IF 011, 1) + 1Al E],

where M is independent of not only f7, g7, p but also 7.
Since the nonlocal boundary value problem (1.1) in the space C([0,1],H) of
continuous functions defined on [-1, 1] and with values in H is not well-posed for the general
positive unbounded operator A and space H, then the well-posedness of the difference
nonlocal boundary value problem (2.1) in C([-1, 1],, H) norm does not take place uniformly
with respect to 7 > 0. This means that the coercive norm
T -2 N-1
lu™ k. ey = {77 (ierr = 20k + 1) by lleqony, 1) (228)
- 0 - :
+ {7 e = ) Yo leqer.on, ) + AR N e, m

s

tends to oo as 7 — 0*. The investigation of the difference problem (2.1) permits us to establish
the order of growth of this norm to oo.
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Theorem 2.3. Assume that y € D(A) and fo € D(I + TB). Then for the solution of the difference
problem (2.1) we have the almost coercivity inequality

[l < Ml Aplle + (I +7B) fol

, 1 i . (2.29)
+min | In— 1+ |InflAlla—ul I leq-vo,m + 18" lcqon,mll,
where M is independent of not only f*, g%, pbut also .
Proof. By [9],
- 0
™ ke = we1) Yo leenon, i + 1A N leror,m
. 1 (2.30)
<M min { 1n 2,1+ 11 LA {1 o100 + Al
for the solution of the inverse Cauchy difference problem (2.15) and
) _ N-1 N-1
” {77 (s = 2upe + k1) ||C([0,1]T,H) * ” {Auch ||C([O,1]T,H)
(2.31)

. 1
< M min { In 2, 1+ |10 J Al 17 o + Aol + A |

for the solution of the boundary value problem (2.13). Then the proof of Theorem 2.3 is based
on the almost coercivity inequalities (2.30), (2.31), and on the estimates

[Auoller < M|l Aplla + (T +7B) follu

. 1
+min { In ;/1 +|InlAllg - Hl } Uf Nleq-vo1,, 1) + 18" Icqoa1,, )11,

(2.32)
lAunlly < Ml Aplla + I+ 7B) folla

. 1
+min { In ;/1 +|In|Allg - H| } Uf Nleq-v01,,8) + I8 Icqor,, 1]

for the solution of the boundary value problem (2.1). The proof of these estimates follows the
scheme of papers [8, 9] and relies on formula (2.10) and on estimates (2.2), (2.4), and (2.7).
This concludes the proof of Theorem 2.3. O

Theorem 2.4. Let the assumptions of Theorem 2.3 be satisfied. Then the boundary value problem (2.1)
is well-posed in a Holder space CS’,l([-L 1],, H) and the following coercivity inequality holds:
- N-1
772 (un = 2ux + u-1) )y lles, o1, 1)

+ ||t

T e = 1) Yo el (oo
C([-111,H) -1) §-N+1 IG5 ([-1,01,, H) (2.33)

<M

1
lAplle + 1L+ 7B) folln + m[”fT”CS([—LOIT,H) + 18" ez, qo1,m 1]

where M is independent of not only 7, g7, p butalso T and a.
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Proof. By [8,9],

-1 0 0
” {77 (uk —ux-1)} N1 C((-1,01,.H) + |[{Auc )2y Ca (11,01, 1)
1 (2.34)
<M |———|f"cacr- A
= [a(l — M lesavom + | uOHH]
for the solution of the inverse Cauchy difference problem (2.15) and
-2 _ N-1 No1
” {77 (Ug1 — 2up + up1) 4 Ca (01, H) + ” {Aui )y e o
(2.35)

187 ct o100 + DAuolly + Ao

< M[a(ll—a)

for the solution of the boundary value problem (2.13). Then the proof of Theorem 2.4 is based
on the coercivity inequalities (2.34), (2.35), and on the estimates

1
Aty < M [NAWL + 18+ B foll + —— (1 g, + e oo ]|

1
Al < M {14l 10+ B fll + o (1 e san o + 1l o0 |

(1-a)
(2.36)

for the solution of the boundary value problem (2.1). Estimates (2.36) are derived from the
formulas

Aug =T (I +21A) " (I + TA)

X{{(2+TB)RN[—T 20: APS*N(fS—f_N+1)+A#]

s=—N+1

N-1 N-1
- RN‘lAB‘Z{ > BRV (g5 — gn-1)T+ D, BRN" (g - gs)T} }

s=1 s=1

N-1
+(I-R*N)AB?> BR"'(g, - gl)T}

s=1
+ T (I +27A) (I +TA){{(2+TB)RN(PN = I) f_ns1
_ RN—lAB—Z{ (I _ RN_l)gN—l _ (RN—Z _ RZN—l)gl }}
+(I-R*N)AB2(I-RN" ) g1 —-(I-R*™)(I+7B)B ' APf, },
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Auyn = PN {TT(I +2TA) (I +TA)

x{{(2+TB)RN[—T 20: APS*N(fs—f_N+1)+A#]

s=—N+1

N-1 N-1
- RN-lAB-Z{ > BRV (g5 — gn-1)T+ D, BRN" (g - gs)r} }

s=1 s=1

N-1
+(I-R*N)AB?> BR"'(g, - gl)T} }

s=1

0

-T Z AP™N(fo — fona) + Ap+ (PN =) fonm
s=—N+1

+ PN{T (I +27A) (I +TA) {2+ B)RVN(PN = 1) f_no1
_ RN—lAB—Z{(I _ RN_l)gN—l _ (RN—Z _ RZN—l)gl}}

+ (I -R*M)AB2(I-RV"Yg - (I - R*N)(I +7B)B'APfy}}
(2.37)

for the solution of problem (2.1) and estimates (2.2), (2.4), and (2.7). This concludes the proof
of Theorem 2.4. O

Now, the applications of this abstract result to the approximate solution of the
mixed boundary value problem for the elliptic-parabolic equation (1.14) are considered. The
discretization of problem (1.14) is carried out in two steps. In the first step, the grid sets

éh= {x=xm= (hlmll"'lhnmn)/ nm= (mll"‘/mn)IOSmTSNTI hrNr=1/ r=1/”'1n}1

Q=0,nQ,  S,=Q,nS
(2.38)

are defined. To the differential operator A generated by problem (1.14) we assign the
difference operator A by the formula

x, h _
Ay =—

<ar(x)ug ) . (2.39)
r=1 X
acting in the space of grid functions u"(x), satisfying the conditions u"(x) = 0 for all x € Sj,.
With the help of A} we arrive at the nonlocal boundary-value problem

d2ul(t, x .
B diz ) +Ahuh(t,x) =¢"t,x), 0<t<1, xeQy,
du”(t, x)

— - Afu(t,x) = f'(t,x), -1<t<0, x€Qy,
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W(-1,x) = u'(1,x) + ' (x), xeQy

du" (0+, x) 3 du"(0-, x) ~

h _ hio_ _
u'(0+,x) =u"(0—-,x), i i x €Qy
(2.40)
for an infinite system of ordinary differential equations.
In the second step problem (2) is replaced by the difference scheme (2.1):
ul (x) = 2ul(x) + ul_ (x)
_ Tkt ;2 L 4 ATull(x) = gi(x),
gl’(’(x) = gh(tk,x), tr=kt, 1<k<N-1, Nt=1, x€Qy,
ul(x) —ul_ (x)
k k-1 x

- - Aju (%) = fi(x), (2.41)

f,i’(x) = fhi(ty,x), ter=(k-1)1, -N+1<k<-1, x€Qy,

W'y () =l () + (), x €y,
ui’(x) - ug(x) =u, "(x)-u 1(x) x € Q.
Based on the number of corollaries of the abstract theorems given above, to formulate the

result, one needs to introduce the space Ly, = Lz(flh) of all the grid functions ¢"(x) =
{o(hymy, ..., hym,)} defined on Qj, equipped with the norm

1/2
2
"l @, = <Z|<p"(x)| h1-~~hn> : (242)

x€Qy

Theorem 2.5. Let T and |h| = \/h] +--- + hj, be sufficiently small numbers. Then the solutions of
the difference scheme (2.41) satisfy the following stability and almost coercivity estimates:

A "I,
+
C([-1,01, Lan) H{g" C([0,1], Lan) ey, |-

-1
”{u HC( [-1,1], LZh) [” fk -N+1

-2/ h h h N
” (77 (0 =20+, |y ||c<[0,1]T,Lzh>

(2.43)

k- )) H H
n - +
”{T (g = ug_1)} N C(-1,01,,Lan) () n C([-1,1],W32,)

Nl“

<M[||/l ||W2 +T||f() ”Wl +lnT+|h| [” fk —N+1

| 1]
C([~1,0],,Lan) (i) C([0,1],,Lan)

where M is independent of T, h, yh(x), and g,’j(x), 1<k<N-1, f,i’,—N +1<k<0.
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The proof of Theorem 2.5 is based on the abstract Theorems 2.2, 2.3, on the estimate

. 1 1
min { In - 1+]|In ||A;,(||L2h—>Lz;,|} <M lnT|h| (2.44)

as well as the symmetry properties of the difference operator A; defined by formula (2.39)
in Lyp, along with the following theorem on the coercivity inequality for the solution of the
elliptic difference problem in L.

Theorem 2.6. For the solution of the elliptic difference problem,

A’,iuh(x) =uw'(x), xeQ, (2.45)

u'(x) =0, xeSy, (2.46)

the following coercivity inequality holds [7]:

c h
p)| [COEN
r=1

L SMlwl, (2.47)
2h

Theorem 2.7. Let T and |h| be sufficiently small numbers. Then the solutions of the difference scheme
(2.41) satisfy the following coercivity stability estimates:

- N-1
“{T ?(uep — 20y + ) | |

Co1([0,1]7,Lan)

_ 0 N-1
+ ”{T 1(”2 - ”Z—l) }—N+1

o [

CS(I_LOITVLZII) CSJ([_l/l]r/szh)

1 -1
h h h
< M, + 7y, + =y A

o AR

Cé,l([O,l]T,LZh)] ] 4
(2.48)

C3 ([=1,0]7,Lon)

where M is independent of T, h, yh(x), and g,il(x), 1<k<N-1, f,i’,—N +1<k<0.

The proof of Theorem 2.7 is based on the abstract Theorem 2.4, the symmetry
properties of the difference operator A; defined by formula (2.39), and on Theorem 2.6 on
the coercivity inequality for the solution of the elliptic difference equation (2.45) in L.

Note that in a similar manner the difference schemes of the first order of accuracy with
respect to one variable for approximate solutions of the boundary value problem (1.12) can
be constructed. Abstract theorems given above permit us to obtain the stability, the almost
stability, and the coercive stability estimates for the solution of these difference schemes.
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