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1. Introduction

Consider the following HHNNss with time-varying delays:

B0 < —am + Say 00, (5t 3y 9)
j=1

+ > > bt (D) g (xj (¢ = 0yjn())) i (1 (£ = viju(t))) (L)

j=11=1

+I(1), i=12,...,n,

where n corresponds to the number of units in a neural network, x;(t) corresponds to the
state vector of the ith unit at the time ¢, ¢;(t) represents the rate with which the ith unit will
reset its potential to the resting state in isolation when disconnected from the network and
external inputs, a;;(t) and b;j(t) are the first- and second-order connection weights of the



2 Discrete Dynamics in Nature and Society

neural network, y;;(t) > 0, 0iji(t) > 0, and v;;;(t) > 0 correspond to the transmission delays,
I;(t) denote the external inputs at time ¢, and f; and g; are the activation functions of signal
transmission.

Due to the fact that high-order neural networks have stronger approximation property,
faster convergence rate, greater storage capacity, and higher fault tolerance than lower-order
neural networks, high-order neural networks have been the object of intensive analysis by
numerous authors in the recent years. In particular, there have been extensive results on the
problem of the existence and stability of equilibrium points and periodic solutions of HHNNs
(1.1) in the literature. We refer the reader to [1-9] and the references cited therein. In fact,
both continuous and discrete systems are very important in implementing and applications.
The theory of calculus on time scales (see [10, 11] and references cited therein) was initiated
by Stefan Hilger in his Ph.D. thesis in 1988 [12] in order to unify continuous and discrete
analysis, and it has a tremendous potential for application and has recently received much
attention since his foundational work. Therefore, it is meaningful to study that on time scales
which can unify the continuous and discrete situations.

Our purpose of this paper is to consider the model

xP () = —ci(t)xi(t) + D> aij(t) fi (x; (t =13 (1))

=1

+ > > b (D) g (xj (¢ = 0yja(h))) @i (1 (£ = viju(t)) ) (12)

i=11=1

+I(t), i=1,2,...,m teT,

where T is an w-periodic time scale which has the subspace topology inherited from the
standard topology on R, I(t) = (Ii(t), Lx(t),.. L) is an input periodic vector function
with period w; that is, there exists w > 0 such that I;(t + w) = Ii(t) (i = 1,2,...,n) for all
t€ (0,400) N T, and x = (x1,x2, . ..,xn)T eR”, f(x) = (fl(xl),fz(xz),...,f,,(x,,))T, and g(x) =
(g1(x1), g2(x2), ..., gn(xn))T is the activation function of the neurons.

System (1.2) is supplemented with initial values given by

xi(s) = pi(s), se[-0,0] ﬂT, i=1,2,...,n, (1.3)

where ¢;(-) denotes continuous w-periodic function defined on [-0,0]NT, 6
max{y,o,v}, y = maxigjxly;l, 0= maxi<jalof), v = maxig i v ) v
maxiefow] O TYij (£), 07;, = maXe[ow] NTOij1(t), ’U;'jl = maxeeow n1Yiji(t), i,j,1 = 1,2,...,n. To
the best of our knowledge, this is the first paper to study the stability and existence of periodic
solutions of (1.2).

Throughout this paper, we assume the following.
(Hy) Fori, j,1=1,2,...,mn,ci(t), aij(t), biji(t), Ii(t), yij (t), 0iji(t), viji(t) are positive continu-
ous periodic functions with period w > 0, and c;(f) is regressive.

(H>) There exist positive constants M;, N;,j =1,2,...,n such that |f;(x)| < Mj,|gj(x)| <
Njforj=1,2,...,n,x €R.
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(H3) Functions f;(u),gj(u) (j = 1,2,...,n) satisfy the Lipschitz condition; that is, there
exist constants Lj, H; > 0 such that |fj(u1) — fj(u2)| < Ljlur — ual, |gj(u1) — gj(u2)| <
H]-|u1 - u2|,j = 1,2,. (B

2. Preliminaries

In this section, we will first recall some basic definitions and lemmas which are used in what
follows.

Let T be a nonempty closed subset (time scale) of R. The forward and backward jump
operators 0,p : T — T and the graininess y : T — R* are defined, respectively, by

ot)=inf{seT:s>t}, p(t)=sup{seT:s<t}, u(t)=o0() -t (2.1)

A point t € T is called left-dense if t > inf T and p(t) = ¢, left-scattered if p(t) < t,
right-dense if t < sup T and o(t) = t, and right-scattered if o(t) > t. If T has a left-scattered
maximum m, then TX = T \ {m}; otherwise T¥ = T. If T has a right-scattered minimum m,
then Ty = T\ {m}; otherwise Ty = T.

A function f : T — R is right-dense continuous provided that it is continuous at
right-dense point in T and its left-side limits exist at left-dense points in T. If f is continuous
at each right-dense point and each left-dense point, then f is said to be continuous function
onT.

Fory : T — Randt € Tk, we define the delta derivative of y(t), y2(t) to be the
number (if it exists) with the property that for a given € > 0, there exists a neighborhood U
of t such that

| [y®) - y)] - y* B)lo(t) - ]| < elo(®) - (22)

forall s € U.

If y is continuous, then y is right-dense continuous, and if y is delta differentiable at t,
then y is continuous at £.

A function r : T — Ris called regressive if

1+ u(H)r(t) 20 (2.3)

for all t € T.
If r is regressive function, then the generalized exponential function e, is defined by

e (t,s) = exp{ftgﬂ(T) (T(T))AT} for s,t €T, (2.4)

with the cylinder transformation

Log(l+hz)
———~ if h#0,

b(z) = n 7 (2.5)
z, if h=0.
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Letp,q: T — R be two regressive functions, we define

peq=p+q+upq, Op:=- p@q:=p®(®q). (2.6)

L+pp’

Then the generalized exponential function has the following properties.

Lemma 2.1 (see [10]). Assume thatp,q: T — R are two regressive functions, then
(i) eo(t,s) =land ey(t,t) =1;

(i) ep(a(t),s) = (1 + pu(t)p(t))ey(t, s);
) ep(t,0(s)) = ep(t,s)/ (1 + pu(s)p(s));

(iv) 1/ey(t, s) = ecp(t,s);
)
)
)
)

(iid

(V) ep(t,s) =1/ep(s, t) = ecp(s,t);
(vi) ep(t,s)ey(s, 1) = ey(t,1);
(vii) ep(t,5)e4(t, 5) = epeq(t, s);

(viii) ep(t,5)/eq(t, 5) = epoy(t, s).

Lemma 2.2 (see [10]). Assume that f,g: T — R are delta differentiable at t € T, then
(£8)"(t) = FA(Dg(t) + FO())g* (1) = F(g* (1) + (B8 (o (1)). (27)

Let y be right-dense continuous. If Y2 (t) = y(t), then one defines the delta integral by
t
f y(s)As =Y (t) - Y(a). (2.8)

Lemma 2.3. Ifa,be T,a,p € Rand f,g € C(T,R), then
1) [Plaf(t) + g ()] AL = afl f(H AL+ B[og (D) AL;
2) If f(t) >0 forall a <t <b, then [*f(t)At > 0;
3) If|f(t) < g(t) on [a,b) := {t € T:a <t <b), then |["f(H)At < [*g(t)At.

In this paper, one assumes that k = min{[0,+o0) N T}. Clearly, from Lemma 2.3, one
can obtain Lemma 2.4.

Lemma 2.4. If f,g € C(T,R), and f(t) < g(t) on t € [k, k + w), then fk+wf(t)At < fk“”g(t)At.

In the proof of our main result, one will use the following three lemmas which can be
found in [13, 14].

Lemma 2.5 (see [13]). Let t1,t, € [k, k + w] T, and t € T. If f : T — R is w-periodic, then
F(0) < flt) + [FIFA O As and (1) > f(t2) - [174(6)]As.
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Lemma 2.6 ([14], Cauchy-Schwarz inequality on time scales). Let a,b € T. For rd-continuous
2
functions f, g : [a,b] — R, one has ([2|f(H)g(t)AD < [P (Pt g PAL.

Lemma 2.7. Let r : T — R be right-dense continuous and regressive. a € T, and y, € R. The
unique solution of the initial value problem

yA(t) =r(y(t) + h(t), y(a)=ya (2.9)

is given by
t

y(t) =e(t, a)ya + J e-(t,o(s))h(s)As. (2.10)

For the sake of convenience, one introduces the following notations:

. 1 E-HU . 1 E+w _ 1 E+w
Ci = ;Ik ci(t)At, aij = ;J.k a;j(t)At, I; = ;J‘k Ii(t) At,

1 k+w ~ .
biji = —JL biji(t)At, ¢ = max |c(t)], c; = min |c(t)],
w )k te[k,k+w]ﬂ’]r te[k,k+w]ﬂT
alfj = max |a;(t), b;’ﬂ = max |bi(h)], IF = max |L(t)], @2.11)

te [E,Ew] AT te[k k+w] NT te [k,k+w] AT

Ai(t) = —ci(D)xi(t) + Djai () f (x5 (¢ = 13(1)))
j=1

+ D3 b (g (xj(t— o)) g (i (t —viu(1)) + L), i,j,1=1,2,...n.
j=11=1

Obliviously, for system (1.2), finding the periodic solutions is equivalent to finding those of
the following boundary-value problem:

xpP(t) = —ci()xi(t) + D ai (8) f; (x; (t - y3j (1))
i1

+ 23 bii(t) g (xj (t — oijn () &1 (i (t — i (1)) + Li(t),
i=11=1 (2.12)

te [E,Eﬂu] AT, i=1,2,...,n,

xi<E> =xi(E+w>, i=1,2,...,n.

Now, one states Mawhin’s continuous theorem [15].
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Theorem 2.8. Let X and Z be two Banach spaces and let L be a Fredholm mapping of index zero. let
Q C X be an open bounded set and let N : Q — Z be a continuous operator which is L-compact on
Q. Assume that

(1) foreach L € (0,1),x € 0 NDom L, Lx # AN x;
(2) for each x € 0 NKer L, QN x #0;
(3) deg(JNQx,QNKerL,0)#0, where JQN : Ker L — Ker L.

Then Lx = Nx has at least one solution in @ N Dom L.

In order to apply Theorem 2.8 to system (2.12), we first define

X=27-= {x = (o1, %2, .., xn)" € C(T,R") : x(t + w) = x(t), t € ’]1‘},

. n (2.13)
el = [|Ger, 2,0 =, max ()]
i=1te [k,k+w] nT
for any x € X(or Z). Then X and Z are Banach spaces with the norm || - || . Let
Nx = (A1 (), Ay (b),..., A (), xeX (2.14)
T
Lx = <xf,x§,...,x,§> (2.15)
1 %er 1 Eer 1 Eer T
Px = <—f xl(t)At,—f xz(t)At,...,—I xn(t)At> ,
wJk wJk w)k
(2.16)
1 ?-HU 1 §+w 1 E+w T
= — t)At, — HAL, ..., — t) At Z.
0z (wjk SICTO ] OO ] I > | ze
Then it follows that

Ker L = {(xl,xz,...,xn)T €X: (1, X2+, x0)" = (Wi (), wa(b), ..., wa(t))T €R™ t € ']1‘},

1 E+w 1 E+w 1 %+w T
ImL=<z€Z: <—f zl(t)At,—f zz(t)At,...,—j zn(t)At> =0
wlk wlk wlk

(2.17)

is closed in Z, dim Ker L = n = codim Im L. It is not difficult to show that P and Q are
continuous and satisfy Im P =KerL,ImL =KerQ =Im (I — Q). Itis easy to see that Im L is
closed in Z, which leads to the following lemma.

Lemma 2.9. Let L and N be defined by (2.14) and (2.15), respectively, then L is a Fredholm operator
of index zero.
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Lemma 2.10. Let L and N be defined by (2.14) and (2.15), respectively, suppose that Q is an open
bounded subset of Dom L, then N is L-compact on Q.

Proof. Through an easy computation, we find that the inverse Kp : InL — Ker P(Dom L
of Lp has the form

k+w
(Kpz)(t) = f;z(s)As - %Jk ﬂz(s)AsAt. (2.18)

Thus, the expression of QNx is

- - - T
1 k+w k+w k+w
= = - - 2.19
QNx (wfk Al(t)At,w _ Az(t)At,...,w . An(t)At>, (2.19)
and then
t
J;Al(S)AS
k
Kp(I-Q)Nx =
t
J‘iAn(s)As
k
1 k+w pt
—f f Aq(s)AsAt
w)r Jk
- : (2.20)
1 k+w pt
—f J An(s)AsAt
w)rx Jk

w (w)2 k k

<ﬂ o e (t - E)At> ?wAl(s)As

T k+w . k+w
<Q—L <t—k>At> _ Au(s)As
k

w  (w))E

Thus, QN and Kp(I — Q)N are continuous. Since X is a Banach space, it is not difficult to

show that Kp(I — Q)N (ﬁ) is compact. Moreover, QN (ﬁ) is bounded. Thus, N is L-compact
on Q for any open bounded set Q ¢ X. The proof of Lemma 2.10 is completed. O

3. Existence of Periodic Solution

In this section, we study the existence of periodic solution of (1.2) based on Mawhin’s
continuation theorem.
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Theorem 3.1. Assume that (H,)-(H>) hold, then system (1.2) has at least one w-periodic solution.

Proof. Based on the Lemma 2.9 and Lemma 2.10, now, what we need to do is just to search
for an appropriate open, bounded subset € for the application of the continuation theorem.
Corresponding to the operator equation Lx = ANx, 1 € (0,1), we have

xf(t) =) [—Ci(t)xi(f) + D aii(t) £ (x; (E =13 ()

j=1

n n

+ >0 D bin(h) g (xj (¢ = 03t (1))) &1 (xa (£ = vijn (1))
j=11=1 (3.1)

+Ii(t), teTﬂ[E,E+w]], i=1,2,...,n,

xi<E> =xi<E+w>, i=1,2,...,n.

For the sake of convenience, defined |/x||, by
1/2

k+w
llxll, = (L |x(t)|2At> (3.2)

for x € C(T,R). Suppose that (xi(t), x2(t), ... ,xn ()T € X is a solution of system (3.1) for a
certain A € (0,1). Integrating (3.1) over [k, k + w], we obtain

k+w

A;(t)At = 0. (3.3)
Hence

k+w
Jl ci(s)xi(s)As
3

E‘Fw n n n
= [Ik Zaij(t)fj(xf(t_Yij(t)))+Zzbiﬂ(t)gj(xj(t_oiﬂ(t)))gl(xl(t_viﬂ(t)))+Ii(t)] At,
j=1

j=11=1

i=1,2,...,n
(3.4)
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Let i, 1, € Tﬂ[E,E+ w], such that x;(¢;) = infte'ﬂ‘ﬂ[E,Eer]xi(t)’ xi(n;) = supteTn[E%w]xi(t).
Then by (3.4) and Lemma 2.4, we have

n

k+w
weixi(Gi) < fk [ D aij(s) fi(xi(s = 1ij(5)))
j=1

+> > biji(s) g (x; (s = 6iji(s)) ) g1 (x1 (s = vii(s))) + Li(s)

j=11=1

]As

k+w n
< f Zl|aii(5)||fi(xj(5 ~1ij(s)))|As
<

k

E‘FW n n E‘FW
+ Jk D2 bin(9) g (xi (s = 0ia(9))) | i (x1 (s = viji(s)) ) |As + fk Ii(s)As

j=11=1

n n o n
<w [Za;ij + D DPENINH I, i=1,2,..,n.
j=1 j=11=1

(3.5)

Hence x;(5;) < (1/e){[X]4 alff].M]- DN ED Y b:fileNl +I7]} .= B, i = 1,2,...,n. By (3.4)
and Lemma 2.4, we can also have

wcixi (1) > —JJWU [

k

n

.aij(s) f (x; (s = 13 (s)))
=1

+>, D biji(s)8j (% (s = 0t (9))) &1 (x1 (s — vija(s))) + Li(s)

j=11=1

]As

k+w n
> —J, Dlaii()[1fi(xi (s = yii(s))) | As
k j=1

E"’w n n E"'w
D 2 1bi(s) |18 (xj (s = 0in())) || &1 (2 (s = viji(5)) ) | As — _[k |Ti(s)|As

kA=

n n on
Z_W[.Zla;rij-’-.Zl%b?ﬂNle-’-I; , i=1,2,...,n.
j= j=11=

(3.6)
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Hence x;(7;) > (—1/(:_1‘){[2;‘:1 alf’].M]- + Z;?:l > b;’ﬂNle +I']} = -B;, i = 1,2,...,n. From
(3.1), (3.4), and Lemma 2.6, we have

k+w
.[ k

x2(t) | At

k+w n

k+w
< f, |ci<t>||xi<t>|At+f Sl O] (x5t - 1 ()| At
k i=1

k

E"'w n n E‘Fw
+_[ ZZ|biﬂ(t)||8j(xj(t-0iﬂ(t)))||8l(x1(f—viﬂ(t)))|Af+fk |Ii(£)| At

k=
k+ew k+w
2 a2
s<fk (0| At> <L )] At)
1/2

n k+w ) T+ ,
+ ];1 (Ik |aij(t)| At> (J‘k |f] (x,- (t - Y’l(t))) | At>

1/2 1/2

1/2

n o n K+ 1/2 Tetw 1/2
33 ([lae-aonrar) ([ late-ouonrar) spe
j=11=1
< (@) xilly + D waMj + 30> (w)bfy NN + I w.
j=1 j=11=1
(3.7)

From Lemma 2.7 and (3.1), fori=1,2,...,n, we can obtain

x;(t) = e_aci(b) (i’, E) Xi <E>

t n
+ J‘kx\e—xc,-(t)(tlo(s)) [Zaij(s)fj (xj(s —7ij(9)))
j=1

+ZZb,~jl(s)gj(xj (s —0iji(s))) gi(x1(s —viji(s))) + Ii(s) | As.

j=11=1
(3.8)



Discrete Dynamics in Nature and Society 11

Hence
_ n E+w
1< [ (F)|+ X[ Loy (s = po)) 8s
j=1
n n E+w
330 [ o)l 3 s - o) g Gals - ()| s
j=11=1
frw (3.9)
+[ Cielas
k
< |xl<%>' + Za_iijw + ZZEJ'ZNI'N’W +Tiw
j=1 j=11=1
=u;, 1=1,2,...,n,
that is,
Kt 172
llxill, = <J‘ |xl~(t)|2At> <ui(w)?, i=1,2,...,n (3.10)
k

Substituting (3.10) into (3.7), we have

T n n
J‘* |xl_A(t)'At < wcu; + Zwa;}Mj + ZZ(w)bi*lele +Ifw, i=1,2,...,n (3.11)
k =1 i=11=1

From Lemma 2.5, we have

k+w

xit) < (%) +f

xiA(t)|At, i=1,2,...,n

(3.12)

k+w
xi(t) > xi (1) — Ik xiA(t)|At, i=12,...,n

From (3.5), (3.6) and (3.11), there exist positive constants ¢; (i = 1,2,...,n) such that for
t ek k+w]NT,|xi(t)] < &,i=1,2,...,n Clearly, ¢ (i = 1,2,...,n) is independent of \.
Denote H* = 31", é; + C, where C > 0 is taken sulfficiently large so that

n n n
min&H"> "{Eiiﬁ( Ii' + ]Z:;|a—,-]-|Mj + ;; bi]-1|N]-Nl>. (3.13)
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Now we take Q = {(x1(t),x2(t) ,...,xa())" : |(x1(t), 22(8),..., xa ()| < H*}.
Thus (1) of Theorem 2.8 is satisfied. When (xl(t),xz(t),...,xn(t))T e 0QNR", (x1(t),
x2(8), ..., x,(£)7 is a constant vector in R” with |x1| + |xo| + - - - + |x,| = H*, then

j=1

QN (x1 (1), x2(t), ..., xu(t)" = <—c7xi<t> + D@ fi(xj (- yi5(t))

+20 2 bing; (x; (= 0in(1)) g1 (x1 (£ = vin (1)) + T,-> :
nx1

j=11=1
(3.14)

Therefore

[oveawxa,. xoT] =3 c:x:(t) Zm;f;(x,(t—mt)))

= > big; (x; (t = o)) g1 (xa (t = v (1)) = I;

j=11=1
> ch|x1<t>|—ZZIaulM
i=1 j=1
- 33BN - 3T
i=1 j=11=1
> @)
i=1

_Z<|I| Z|a1]|M +ZZbIﬂN Nl>

j=11=1

n
> mn(c: .
> {nﬁilsg(cl)glxz(t)l

n n
—Tl%&g<|l| ]71|a,,|M ;; z]l|NNl>

> 0.
(3.15)

Consequently,

ON (x1(t), x2(1), ..., %, ()T #(0,0,...,0)T, (3.16)
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for (x1(t), x2(t), ..., x,(£))" € QN KerL . This satisfies condition (2) of Theorem 2.8. Define
¥:KerL x[0,1] — X by

W(x1, %0, X, 1) = —p(x1, %2, -, x0)" + (1= W)QN(x1(t), x2(t), - .., xn(1)" (3.17)

When (x1(t), x2(t), ..., xn (t))T € 0Q N KerL, (x1,xy,.. .,xn)T is a constant vector in R"” with
>ty |xil = H*, we easily have ¥(x1, x2, ..., x,, 1) # (0,0, ... ,O)T. Therefore

deg <QN(x1(t),x2(t),. —xa(0)T,Q(KerL, (0,0,... ,O)T)
(3.18)

= deg((-x1(H), ~x2(t), .., ~xa ()", Q[ Ker L, (0,0,..., 0)T> #0.

Condition (3) of Theorem 2.8 is also satisfied. Thus, by Theorem 2.8 we can obtain that Lx =
Nx has at least one solution in X. That is, system (1.2) has at least one w-periodic solution.
The proof is complete. O

4. Global Exponential Stability of Periodic Solution

In this section, we will construct suitable Lyapunov functions to study the global exponential
stability of the periodic solution of (1.2) on time scales. So first we will introduce some
definitions.

Definition 4.1 (see [12]). A function f from T to R is positively regressive if 1 + p(t) f(t) > 0
for every t € T.

Denote PA* is the set of positively regressive functions from T to R, and denote T* =
[0,+0)NT.

Definition 4.2. The periodic solution x*(t) of system (1.2) is said to be exponentially stable
if there exists a positive constant & with —a € 9R* such that for every 6 € T, there exists
N = N(6) > 1 such that the solution x(t) of (1.2) through (6, ¢(6)) satisfies ||x(t) — x*(t)|| <
Nlip(6) - x*(6)lle-a(t, ), t € T* where [[p(6) - x*(6)[| = XiZy maxse-o.01nl9i(6) = X7 (6)].

Theorem 4.3. Assume that (H1)—(Hs) hold. Suppose further that there exists n positive constants
€>0,i=1,2,...,nsuch that

(Hy)

n n n
—eic; + > aiMej+ >, > bl (HiNej + HiNjer) <0, i=1,2,...,m, (4.1)
j=1 j=1 1=1

then the w-periodic solution of system (1.2) is globally exponentially stable.
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Proof. According to Theorem 3.1, we know that (1.2) has an w-periodic solution x*(t) =

(x3(t), x5(t),... ,x;‘l(t))T. Suppose that x(t) = (x1(t), x2(t),... L, x, ()T is an arbitrary solution
of (1.2). Then it follows from system (1.2) that

(t) = x5 (1) = =i(t) (xa(t) = x5 (1)) + Dy (O (f; (s (=75 (D)) = f; (x5t = 735(1))) )
j=1

+ 2 2 bin () (g5 (x; (t = 0 (1))) &1 (xa (= v (1))
j=11=1
-8 (x;(t - Oiﬂ(t))>gl(x7 (t - Ui]'l(t))), i=1,2,...,n,
(4.2)
with initial values given by

xi(s) = pi(s), se[-6,0] ﬂT, i=12,...,n, (4.3)

where 0 is defined as in(1.3) . If (Hy) holds, it can always find a small enough constant a > 0
satisfying Vt € T, 1 — u(t)a > 0, namely, —a € R* such that

(-c; +a)ei + Za;'ijeu(t, t—vii(t))e;
=1
(4.4)

n n

+ > > bl [HiNiejea(t,t = 0iji(t)) + HiNjerea(t,t =i ()] <0, i=1,2,...,n.
j=11=1

We define a Lyapunov function H = (h1,ha, ..., hy)" by hi = eq(t,0)xi(t) — x}(t)],6 €
[-6,0]N\T,i=1,2,...,n. In view of (4.2), we obtain

[hﬁ(t)]+ = aeq(t,8)|xi(t) — x1 (1) | + ea(0(t), 6) sign (xi(t) — x1 (1))

X { —ci(t) (xi(t) = x7 (1))
+ a0 (it -1 0)) = (x5 (E-75(0) ) )
j=1

+ iibiﬂ(f) (gj (xj(t=oin(t)) g (xi(t —vin(t))))

j=11=1

~gi(x; (t = () ) &1 (x; (¢ = via(1)) }
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< aeq(t, 6)|xi(t) - x ()| + ea(0(t), 6)

x { = ciO)]xi(t) = x; (0] + Y lay )] |x (=i (1) = x; (- 1y (1) | M

=1
+ Zlbiﬂ(t)l [Hle |x]~ (t — O'l']'l(t)) - x}f (t — O'i]'l(t)) |
=11

+H1N,-|xl(t - Z)iﬂ(t)) - xf(t - U,'ﬂ(t))l] }

<eq(o(t),0)

x {(—a(t) Fa)xi(h) = x; ()] + X lay (0] (£ = 1y (9) = x5 (£ = 1 (0) | M
j=1

n

> lbin(t)] [Hleix;‘ (t=oin(t)) = xj(t = oiu(t)) |

n
+
j=11=1

+H1Nj|x1(t - Uijl(t)> - x;(t- Uiﬂ(t)) |] }
< [1+p(t)a] { (=¢i + a)hi(t) + D ai Miea(t t =i (1)) hj (t = v (1))
i=1

+ Zle;ﬂ x [HjNiex(t, t = oiji(t)) b (t = o3 (t))
j=11=1

+HiNjeq (t,t = vii(8)) u(t = v (8)) ] }

i=1,2...,n
(4.5)

Defining the curve p = {w(l) : w; = €l, 1 > 0,i = 1,2,...,n} and the set Q(w) = {u :
0<u<w) Siw) ={uecQw) :uy =w}i=12...,n ltis obvious that if [ < I, then
Q(w(l)) c Q(w(l)). We will prove that the zero solution of (4.2) is exponential stable, namely,
there exists a constant > 0 such that

x(t) —x*(B)]| < N(6)e_p(t,6)]t) —x*(t)|, t>0. (4.6)

Let eM = maxicicu{ei}, €™ = minge,{g},lo = (1 - O)lpi — x;|,/e™, where -6 > 0 is a
constant, |p; — x7|, = maxi<i<x {maxse[-0,0)n1l0i(0) — x; (6)|}. Then, {|H| : |H| = ea(t, 6)[¢(6) -
x*(6)], -6 <t <6 <0} C Q(w(l)), namely,

1:(6)| = ealt, 6)|i(6) ~ x; (6)| < eily, ~0<6<0,i=1,2,...,n. (4.7)
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We can claim that |h;(t)| < €ilp fort > 0,i = 1,2,...,n. If it is not true, then there exist some
iand £ (t; > 0) such that |h;(t1)| = €ily, [h{l(tl)]+ > 0 and |h;i(t)] < glp for -0 <t <ty 1=
1,2,...,n. However, from (4.4) and (4.5), we get

[hiA(h)]+ < [T+pual | (-c; +a)e + iaijjea (tt—yij(1))€;
=1

n on
+ZZb;l [Hleea (t,t - O'ijl(t))Ej + Hleea (t,t - vijl(t))el] Ip <0
i=11=1

(4.8)

fort>0,i=1,2,...,n, this is a contradiction. So |h;(t)| < €;ly, for t > 0. Also
1 .
|xi(£) = xF (1) | < eoalt, 6)eily < €—me@“(t,6)ei(1 -8 |pi-xf|,, i=12,...,nt>0, (49)

which means that

[[x(t) = x* (Bl < eimeea(t,S)eM(l - 6)||p(6) - x*(6)]|- (4.10)

Denote - = Qa = —a/(1 + pa) € R*,N = N(6) = (eM/e™)(1 - 6) > 1, in view of (4.10), we
have

llx() — x*(t)|| < Ne_p(t,6)||p(s) — x*(s)]|- (4.11)

From Definition 4.2, the periodic solution of system (1.2) is globally exponentially stable. The
proof is complete. O

5. An Example

Let T = R, in this case, x* (t) = dx(t)/dt. Consider the following equation

. 2
daZt(t) = —ci(t)xi(t) + D aii () f (i (= ¥ (1))
=1

(5.1)
2 2
+ Zzbiﬂ(t)gj(xj(t - Gijl(t)))g1<xl(t - Uijl(t))) +I;(t), i=1,2,

j=11=1
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where

fi(x1) = sin <21%x1>, fa(x2) =sin (#&)

. . (5.2)
g1(x1) = arctan <217x1>, 2 (x7) = arctan <ﬁx2>.
Obviously, fi(x;), gi(xi)(i = 1,2) satisfy (H;) and (H3), and
a
Hi=H,=M;=M,=1, N1=N2=E. (5.3)

Take

an(t)=1+cos(2ot), ap(t)=2+cos(2xt), ax(t)=2+cos(2xt), axn(t)=3+ cos(2rt),

c1(t)=20 +5sin(2ort), c(t)=33+16sin(2xrt), ©L(t)=1+sin(2xwt), I(t)=1+ cos(2srt),

1 1. 1 1

bi11(t) =bax(t) = it sin(2ort), bia(t) =bao(t) = 3 + 3 cos(2rt),
1 1 1 1 .

bio1(t) =bax (t) = 53 cos(2ort), bin(t)=byi(t)= A sin(2srt).

(5.4)

One can verifies that (H;) is satisfied, and w = 1, ¢; = 15, ¢; =17, aj; =2, aj, =3, a3, =
3, ap =4, byyy = by, =1/2, byyy = byy =2/3, byyy = by = 2/5, by, = byyy = 1/3, 50, if we
take e; = e, = 1, we can obtain

2 2 2

_ 19

—€16; + E aTjM]'G]' + E lE bf]'l(H]'Nlej + HIN]'GI) =-15+5+ EI <0,
j=1 j=11=1

(5.5)

2 2 2
- 19
—exc; + > a5 Mjej+ > > by (HjNiej + HINje) = =17 +7 + 07 <O
j=1 j=11=1

Condition (4.2) is satisfied. From Theorem 3.1 and 4.3, we know that (5.1) has at least one
1-periodic solution and this solution is exponential stability.

6. Conclusion

Sufficient conditions are derived to guarantee the stability and existence of periodic solutions
for a class of delayed high-order Hopfield neural networks on time scales. To the best of our
knowledge, the results presented here have been not appeared in the related literature. In fact,
both continuous and discrete systems, are very important in implementing and applications.
But it is troublesome to study the existence and stability of periodic solutions for continuous
and discrete systems respectively. Therefore, it is meaningful to study that on time scales
which can unify the continuous and discrete situations. Also, our methods used in this paper
may be applied to some other systems.
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