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The global dynamics of discrete competitive model of Lotka-Volterra type with two species is
considered. Earlier works have shown that the unique positive equilibrium is globally attractive
under the assumption that the intrinsic growth rates of the two competitive species are less than
1+In 2, and further the unique positive equilibrium is globally asymptotically stable under the
stronger condition that the intrinsic growth rates of the two competitive species are less than or
equal to 1. We prove that the system can also be globally asymptotically stable when the intrinsic
growth rates of the two competitive species are greater than 1 and globally attractive when the
intrinsic growth rates of the two competitive species are greater than 1 + In 2.
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1. Introduction

In this paper, we further consider the global dynamics of discrete Lotka-Volterra model

x1(n+1) =x(n)exp(r — anxi(n) — anxy(n)), (1.1)
Xo(n+1) = x(n) exp(ry - anx: (n) - anx;(n)), '

with positive initial conditions x1(0),x2(0) > 0. Here x;(n) (i = 1,2) is the density of
population i at nth generation, r; (i = 1,2) is the intrinsic growth rate of population i.
a;j (i,j = 1,2) represents the intensity of intraspecific competition or interspecific action of
the two species. It is assumed that r; and a;; (i, j = 1,2) are positive constants throughout this
paper.

The discrete Lotka-Volterra models have wide applications in applied mathematics.
They were first established in biomathematical background and then have proved to be a rich
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source in analysis for the dynamical systems in different research fields such as physics,
chemistry, and economy [1].

Model (1.1) was first introduced in May [2] then was investigated by many authors
[3-14]. The difference system (1.1) is autonomous, some of the works mentioned above are
the nonautonomous case of (1.1). Many results about the global dynamics of (1.1) such
as permanence, global attractivity, global asymptotical stability have been obtained. For
example, it is shown in [10] that (1.1) can be globally asymptotically stable when r; <1 (i =
1,2). And from [3] we know that (1.1) can be globally attractive under the assumption that
ri<l+In2 (i=1,2).

It is well known that for the single-species Logistic model

x(n+1) = x(n)exp(r —ax(n)], (1.2)

the positive equilibrium x* = r/a is globally asymptotically stable if and only if » < 2 and
there exists periodic cycles when r > 2. When r > 3.13, (1.2) exhibits chaotic behavior (e.g.,
see [15]). That is, the global dynamics of (1.2) is very complex when the intrinsic growth
rate r is large. It is clear that (1.1) is a coupling of two equations described by (1.2). And it is
proved in [16] that (1.1) also exhibits chaotic behavior when r; = r > 3.13 (i = 1,2). Therefore,
questions can be proposed naturally: how to investigate the global dynamics of (1.1) when
1+In2 < r; <313 (i =1,2)? Can model (1.1) be also globally asymptotically stable when
r; >1 (i =1,2)? Can model (1.1) be globally attractive whenr; >1+1In2 (i =1,2)?

Our aim of this paper is to obtain some global dynamics of (1.1) when the intrinsic
growth rate r; (i = 1,2) is large (r; > 1,i = 1,2) and give answers to the above questions.
First we obtain permanent result of (1.1), then global attractivity of (1.1) is obtained through
geometrical properties of (1.1). Last, we obtain the global asymptotical stability of (1.1)
by applying a theorem in [10]. After these theoretical results for (1.1) obtained, we give
numerical examples to confirm these theoretical results and show that our theoretical results
imply that (1.1) can be globally attractive when r; > 1 +1In2 (i = 1,2) and (1.1) can also be
globally asymptotically stable when r; > 1 (i = 1,2).

The paper is organized as follows. We give some preliminaries in Section 2. In
Section 3, we discuss permanence, global attractivity, and global asymptotical stability of
(1.1) theoretically. Numerical examples are given in Section 4 to show the feasibility of the
assumptions of the main results and on the other hand, to show that our main results can
be applied to larger intrinsic growth rates than earlier works. Brief conclusion is given in
Section 5.

2. Preliminaries

A pair of sequences of real positive numbers {x;(n), x2(n)},-; that satisfies (1.1) is a positive
solution of (1.1). It is clear that the solutions of system (1.1) with initial values x;(0) >
0,x2(0) > 0 are positive ones, which is accordant with the biological background of (1.1).
That is, we only need to investigate the dynamics of system (1.1) in the plane domain

G={(x,y)|x>0,y>0}. (2.1)

If a solution of (1.1) is a pair of real constants {xj, x,}, then it is an equilibrium of (1.1).
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Lemma 2.1. Assume that

D £ ajay — anax #0, (2.2)

then system (1.1) has four equilibria.

Proof. Solving the following scalar equation system:
x1 = x1exp(ri — anXi — aipXz), X2 = X2eXp(r2 - axnXi — dpXz). (2.3)

We obtain that the four equilibria of system (1.1) are
0.0, (£5,0), (0.2), (xix), 24)

respectively. Here and the following, we denote

x* 2 D, x* A D,
1= 1 2 — T~/
D D (2.5)
D, & D, £
1 = dx —1nai, 2 = T2d11 —Tas.
O

The equilibria (0,0), (r1/a11,0) and (0,72/ax) are the so-called “boundary equilib-
rium.” If we further assume that

D; >0, D, >0, (2.6)

which implies that D > 0, then (x7, x3) is the unique positive equilibrium of (1.1).

Lemma 2.2. Denote f(x,y) = xexp(r1 — anx —any), r1 2 1, then the maximum M\l of f(x,y)in
the domain

G2 {(0y) [x20,y 20,7 ~anx-apy <0, -anx - any <0} (2.7)

is
(1) if ayy < Dy or an/D > ri/ay, then My = max{(ra/ax) exp(ri — an(ra/ax)),
D,/D},
(2) lfDl/D < a22/D < rl/a21, then Ml = (a22/D) eXp((Dl/azz) - 1)

Denote g(x,y) = yexp(r, — anx — axpy), r» > 1, then the maximum I\A/Iz of g(x,y) in domain G is

(1) ifan < Daoran/D > ry/ap, then My = max{(r1/an)exp(rs — an(ri/an)),
D,/D},

(2) if D2/D < a11/D < ry/ay, then ]\A/Iz = (ay; /D) exp((Dy/a1n) - 1).
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Proof. For any fixed x (or y), lety — 400 (or x — +o0) we get f(x,y) — 0. Note that

lim  f(x,y)=0, (2.8)

X — 400,y — +00
therefore, the maximum of f(x,y) in domain G; exists. Direct computation gives Ml, we
omit the details. Similarly, M, exists and its value can be obtained directly. O
Lemma 2.3. (1) If F: R* = [0,+00) — R is monotonously increasing, then for each positive

sequence {y(n)}%_,,

limsup F(y(n)) = F<lim sup y(n)), hy{r_l)io{}f F(y(n)) = F(lir{rli;lf y(n)). (2.9)

n— oo n— oo

IfF: R* = [0,+00) — Ris monotonously decreasing, then for each positive sequence {y(n)},.;,

limsup F(y(n)) = F(ligriior(}f y(n)), lim inf F(y(n)) = F(lim sup y(n)). (2.10)

n—oo n—oo
(2) For any positive sequences {y(n) },—1, {z(n)};=q one has

limsup [y(n)z(n)] <limsup y(n)limsup z(n),

n— oo n—oo n— oo

(2.11)
liminf [y(n)z(n)] > liminf y(n)liminf z(n).

Proof. One can refer to [17] for the proof of this lemma. O
Next we give some definitions that will be used in this paper.

Definition 2.4. System (1.1) is permanent if there exist positive constants m and M such that

m < liminf x;(n) <limsup x;(n) <M, i=1,2. (2.12)

n—oo
Definition 2.5. System (1.1) is strongly persistent if each positive solution of (1.1) satisfies

liminf x;(n) >0, i=1,2. (2.13)

Definition 2.6. The solution {x1(n), x2(n)} of system (1.1) with initial values x; (0) > 0, x2(0) >
0 is said to be stable if for any € > 0, there is a 6 > 0 such that if max{|x;(0) — x1(0)[, [x2(0) -
x2(0)|} < 6, we have |x1(n) — x1(n)| + |x2(n) — x2(n)| < € for all positive integers n, where
{x1(n),x(n)} is the solution of (1.1) with initial values x1(0) > 0, x,(0) > 0.

Definition 2.7. Suppose that {x], x}} is the positive equilibrium solution of (1.1). If for each
positive solution {X;(n),x2(n)} of system (1.1), we have max{|x] — x1(n)|, [x; — x2(n)|} —
0asn — oo, we say (1.1) is globally attractive or the equilibrium {x},x3} of (1.1) is
globally attractive.
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Definition 2.8. The positive equilibrium solution {x7], x5} of (1.1) or system (1.1) is said to be
globally asymptotically stable if this equilibrium is stable and globally attractive.
The following lemma can be found in [10].

Lemma 2.9. Consider the following difference system:

xi(n+1) = xi(n) exp (ri(n) - zn:aij(n)x]-(n)>, i=1,2,...,L (2.14)

j=1

Assume that
(i) there exist positive constant v and positive constants c; such that
!
ciai(n) > > cilag(m)|+v, i=12,...,1, (2.15)
j=Lj#i

for all large n;
(ii) system (2.14) is strongly persistent;
(iii) for any positive solution {x1(n), x2(n),...,x1(k)} of system (2.14),

ai;(n)x;i(n) <1, i=1,2,...,1, (2.16)

for all large n.
Then system (2.14) is globally asymptotically stable.

3. Main Results

In this section, we will obtain the permanence, global attractivity, and global asymptotical
stability of system (1.1) whenr; > 1 (i = 1,2).

Lemma 3.1. For every positive solution {x1(n),x2(n)} of system (1.1) with initial values x1(0) > 0,
x2(0) > 0, one has

limsup x;(n) < sy, limsup xp(n) < s, (3.1)
where
1 1
s1= —exp(rn—1), Sp = —exp(r2—1). (3.2)
ar ax

Proof. Note that

x1(n+1) = x1(n) exp(r; — anxi(n) — anxx(n)) (3.3)
= x1(n) exp(r1 — annx1(n)) exp(—anxa(n)), exp(-anx(n)) <1 .
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for all n, therefore

1
x1(n+1) <x1(n) exp(r; — anxi(n)) < o exp(r; —1).

Here we used

1
IESOX xexp(r—ax) = . exp(r —1)

for a > 0. Then

limsup x;(n) < L exp(r; —1).
an

n—oo

The proof of

limsup x;(n) < L exp(r, — 1)
azn

n— oo

is similar.

(3.4)

(3.5)

(3.6)

(3.7)

O

Lemma 3.2. Assume that {xi(n),xy(n)} is the solution of (1.1) with initial values x;(0) >

0,x2(0) > 0 and
1 I¥) 1 T
a_11 exp(ri —1) < o 11_22 exp(r,—1) < o
then
liminf x1(n) >t >0, liminf x;(n) >t >0,
n— oo n— o

where
n ain ann
tl =—(1- —S? exp 1 — apsy — S1 ),
ann r n

1 azy a
th=—(1-—s1 )exp| 2 —axsi——s2 ),
az 2 r

and s1, s are the same as in Lemma 3.1.

Proof. The proof of this lemma is similar to that of [3, Proposition 2].

(3.8)

(3.9)

(3.10)

O

Note that t; > 0,t, > 0, therefore, system (1.1) is permanent from Lemmas 3.1 and 3.2

under the assumption (3.8).
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Theorem 3.3. Assume that (3.8) is satisfied then system (1.1) with initial values x1(0) > 0, x2(0) >
0 is permanent.

Theorem 3.4. Assume that (2.6), and (3.8) hold. The coefficients of (1.1) satisfyr; > 1 (i =1,2) and

(1) ax <Dy or axn/D >r/an,

(2) a1 £ Dy or a1n1/D > ry/an.

Further, assume that

_ D 1 — D 1
Mi<Zz—, szﬁzﬂz' (3.11)

where My and M, are defined in Lemma 2.2. Then the unique positive equilibrium (x},x3) of (1.1)
is globally attractive.

Proof. If we denote

I; = liminf xq(n), I, = liminf x,(n),
(3.12)
Ly = limsup x(n), L, = limsup x,(n)

for any positive solution {xi(n),x»(n)} of system (1.1) with initial conditions x;(0) >
0,x,(0) > 0, we have

0<l; <L <+oo, 0<lh <L, <+ (3.13)

from Theorem 3.3 and Definition 2.4. Moreover,

l > liexp(r1 — anly — anls), (3.14)
I > hexp(r, — anly — anl,), (3.15)
Ly < Lyexp(ry — anh — ah), (3.16)
Ly < Lyexp(r: — anly — axl) (3.17)

from (2) of Lemma 2.3.
Note (3.13), the inequalities (3.14)—(3.17) can be written as follows:

r1 —anh —anh >0, (3.18)
12— axh —axnlh >0, (3.19)
r —anly —apl, <0, (3.20)

T — a21L1 - a22L2 < 0. (321)
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From (3.18)—(3.21), it is clear that (I1, ;) lies in the domain
G, = {(x,y) |x>0,y>0,r—anx—anpy >0, rn-anx—apy > 0}, (3.22)

while (L, L;) lies in the domain G; (see (2.7)). Therefore, from (3.11) and Lemma 2.2, the
maximum of f(x,y) = xexp(ri—anx—apy) indomain Gy is D1 /D, the maximum of g(x,y) =
yexp(r — anx — axny) in domain G; is D,/ D. Then

Li<=, Ly<2. (3.23)

But in domain Gy, only the point (x},x3) = (D1/D, D2/D) satisfies these two inequalities,
then

D1 * D2 *

L1 = 5 =Xy, L2 = 3 = X5. (324)
At this point, we claim that
D1 * D2 *
11 = 3 =Xy, 12 = 3 = X5. (325)

Note (3.11), we must consider the following four cases to prove claim (3.25):
Case (i): D1/D <1/ay1, D2/D <1/ay,

Case (11) D1/D < 1/a11, Dz/D > 1/a22,

Case (iii): D1/D > 1/ay1, D2/D < 1/as,

Case (iV)I Dl/D > 1/a11, Dz/D > 1/6122.

It is easy to verify that the function h(x) = xexp(r — ax),a > 0 is monotonously
increasing when 0 < x < 1/a and monotonously decreasing when x > 1/a. With this fact
and Lemma 2.3, the proof of the claim is given as below.

Case (1)

We rearrange the two equations of (1.1) as

x1(n+1) = x1(n) exp(r — anxi(n)) exp(-anxz(n)),
(3.26)

x2(n+1) = x2(n) exp(r2 — anxz(n)) exp(—axxi(n)).
Note that

L1=XI=—< L2=x;=5<a—22, (327)
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we have x1(n) < 1/a11, x2(n) < 1/ay for n sufficiently large. Then

L >l exp(ri — anh — apnlo),

(3.28)
I >l exp(r, — an Ly — anh).
That is
r—anh —apl; <0, (3.29)
12 —anly —axnl <0. (3.30)
The inequalities (3.24), (3.29) together with (3.30) imply that
D1 * DZ *
L > 5 =Xy, L > 3 =X5. (3.31)
From (3.13) and (3.24), we get
Dy, D, .,
ll = 3 =Xy, 12 = 3 = X5. (332)
Case (ii)
Similarly, we have
ll > 11 exp(r1 — a1111 — a12L2), (333)
lz > Lz exp(rz — a21L1 — azsz). (334)

From (3.13), (3.24), and (3.33), we get ; = D1/D = xj. And from (3.13), (3.24), and (3.34),
I, = L, = D,/D = x; follows.
The proof of Case (iii) is similar to that of Case (ii).

Case (iv)
We have
I > Ly exp(r1 — ai1L1 — ainly),
(3.35)
[ > Lyexp(r, — anly — anls).
Therefore,
Dy . D, .
11 = 3 =Xy, lz = 3 =X, (336)

are consequent from (3.13), (3.24), and (3.35).
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The proof of claim (3.25) is completed. Note (3.24) and (3.25),

lim x; (n) = xj, lim x,(n) = x5 (3.37)
n—oo n—oo

for any positive solution {x;(n),x2(n)} of system (1.1). That is, (1.1) is globally attractive
according to Definition 2.7. O

Theorem 3.5. Assume that the assumptions of Theorem 3.4 are satisfied, moreover,

Dy 1 D, 1
-, 2. 3.38
D < al D < an ( )

then the unique positive equilibrium of system (1.1) is globally asymptotically stable.

Proof. From Theorem 3.3, system (1.1) is strongly persistent. That is, condition (ii) of
Lemma 2.9 is satisfied.

D; > 0,i,j = 1,2 implies that riax» — maix > 0,ma —riax > 0.Setc; =1y, =1y, it is
clear that c1a11 > cpan1, c2a2 > ciapn. Thus, condition (i) of Lemma 2.9 is satisfied.

Let {x1(n), x2(n)} be any positive solution of system (1.1). We show below that

axy (1’[ + 1) < 1, azzxZ(Tl + 1) < 1 (339)

for all large n. By Theorem 3.4, we know that (x],x3) = (D1/D, D,/D) is globally attractive.
That is

. _D . _D,
nlgrgoxl (n) = D nlgl;sz(n) =D (3.40)
From (3.38) we first select € > 0, such that
Dy 1 D, 1
— — —= —_— 3.41
D+s<an, D+.e<a22 ( )

Further from (3.40), we know that there exists N7 and N3, such that

D
xl(n+1)<51+g, for n > Ny,

(3.42)
D,
xn+1)< D +¢, forn> N,
respectively. Then denote N = max{Ni, N}, we get
D 1 D 1
xl(n+1)<31+g<a_n' xz(n+1)<32+s<a—22 (3.43)

for n > N from (3.41). That is, (3.39) is true for all sufficiently large n. Therefore, condition
(iii) of Lemma 2.9 is satisfied. The proof is completed by applying Lemma 2.9. O



Discrete Dynamics in Nature and Society 11

Theorem 3.6. Assume that (2.6), and (3.8) hold, the coefficients of (1.1) satisfyr; >1 (i =1,2) and

Dy an n Dy an _ n

S o n s 2 4 3.44

D<D<a21 D<D<1112 ( )
an Dy > 1 an ( D» > 1
—exp( —-1)<—, —exp( —-1)<—, 3.45
D p<azz an D “F an an (3.45)

then the positive equilibrium of system (1.1) is globally asymptotically stable.

Proof. From the proof of Theorem 3.4, we know that (L;, Ly) lies in domain G;. Therefore, we
obtain

. an Dy 1 . an D, 1
limsup x1(n) < === ex (——1><—, limsup x(n) < — ex (——1><—
;Hoop 1) D <P an p x2(m) D P an ay

(3.46)

ain n— oo

from Lemma 2.2. That is, condition (iii) of Lemma 2.9 is satisfied. Conditions (i) and (ii)
of Lemma 2.9 are also satisfied. Then the positive equilibrium of system (1.1) is globally
asymptotically stable by applying Lemma 2.9. O

4. Numerical Examples

In this section, we give two numerical examples to show the feasibility of the assumptions of
the results. The first example also shows that system (1.1) can be globally attractive when the
intrinsic growth rates of the two species are greater than 1 +In2 = 1.6931, and this result can
be obtained by Theorem 3.4.

Example 4.1. Consider the following case of system (1.1):

n= 1.95, Ty = 1.8, an = 0.5, app = 0.1, ajy = 0.5, ajy = 0.09, (4.1)

then

Dy =0.7950, D, =0.7245,

D D
31 = x} = 3.2988, 32 = x} = 3.0062,
! exp(r; —1) =5.1714 ! exp(r, — 1) = 4.4511
an Pir e ! an pir2 - ! (4.2)
T2 00000, L 2195000, —— = - —2.0000,
a ag ai az
2 exp <r1 —an r—2> =0.0064, —Lexp <r2 - azzr—1> = 0.0069.
an| an an aip

We see that the conditions of Theorem 3.4 are satisfied. Therefore, the positive
equilibrium of system (1.1) is globally attractive (see Figure 1). But this result cannot be
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10

x2(n)

68} H~ a1 o) N o) o
T T T T T T T

Figure 1: Solutions of system (1.1) with initial values (x1(0), x2(0)) =(10,9), (1,10), (0.01,0.09), (9,0.1), and
r =1.95,7 =18.

50

45t *
40t -
35+ .

30 .

25t

x2(n)

20
15

10

0 5 10 15 20 25 30 35 40 45 50

x1(n)

Figure 2: Solutions of system (1.1) with initial values (x;(0), x2(0)) = (50,45), (1,47), (0.1,0.09), (48,0.1),
andr =1.1,1, =1.2.

obtained by [3, Theorem 3] when consider the autonomous case of this theorem (the model
studied in [3] is nonautonomous). In fact, the condition of [3, Theorem 3] must satisfy
exp(ri—1)-1<1 (i =1,2) whenr; > 1, thatis, r; <1+In2 =1.6931 (i = 1,2). In Example 4.1,
r;>1+In2 (i=1,2).

The following example shows that system (1.1) can be globally asymptotically stable
when the intrinsic growth rates of the two species are greater than 1, and this result can be
obtained by Theorem 3.6.

Example 4.2. Consider the following case of system (1.1):

rn =11, r2 =12, a1 = 0.05, app =0.02, ax = 0.06, ay = 0.015, (4.3)
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then
Dy =0.0420, D, =0.0435,
x} = 15.5556, x5 =16.1111,
1 1
—exp(r; — 1) =22.1034, —exp(r; — 1) =20.3567,
an ax
2 _80.0000, L =55.0000,
any aip (4.4)
2 exp <r1 - anr—z) =4.4019, RN exp (rz - azzr—1> = 6.7351,
an| an aip aip
a Dy ai D,
- — -1) =16.462 — — -1) =16.261
D exp(a22 ) 6.4626, D exp(a11 > 6.2610,
1 1
— =20.0000, — =16.6667.
ai az

It is clear that the conditions of Theorem 3.6 are satisfied. Thus by Theorem 3.6 the
positive equilibrium of system (1.1) is globally asymptotically stable (see Figure 2).

Example 4.2 shows that our results improve [12, Theorem 3] by providing estimates
for the smallness of r1,7,. The work in [10, Theorem 2] states thatif D; > 0,D, >0,r; <1 (i =
1,2), then the positive equilibrium (x}, x3) is globally asymptotically stable. Thus the global
asymptotical stability of system (1.1) in the case of Example 4.2 cannot be obtained by [10,
Theorem 2] because of r; > 1 (i = 1,2).

5. Conclusion

In this paper, we further discuss the global dynamics of a discrete autonomous competitive
model of Lotka-Volterra type. Sufficient conditions are obtained to guarantee the perma-
nence, global attractivity, and global asymptotical stability of the system. These conditions
are expressed by the coefficients of the model and can be easily verified. Numerical examples
are also given to show the feasibility of the conditions.

Earlier works have shown that the system of this type can be globally attractive when
the intrinsic growth rates of the two species are less than 1+In 2 ([3], for single-species system
see [18]). It is shown in [10] that the system can be globally asymptotically stable when the
intrinsic growth rates of the two species are less than 1. In [16], it is shown that the system
can exhibit chaotic behavior when the intrinsic growth rates of the two species are equal
and greater than 3.13. But the global dynamics of the system is not clear enough when the
intrinsic growth rates of the two species are greater than 1 and less than 3.13. We obtain that
the system can also be globally asymptotically stable when the intrinsic growth rates of the
two competitive species are greater than 1 and globally attractive when the intrinsic growth
rates of the two competitive species are greater than 1 + In2.
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For the global stability of the system, the following condition in Theorem 3.5:

Dy 1 D, 1
— < —, —_ < —, 5.1
D ap D ap G

can be reduced to the following by direct computation:

r1<1+&, r2<1+@. (5.2)

az an

And the above inequalities imply that 7; (i = 1,2) can be greater than 1 while the system is
globally asymptotically stable.
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