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We consider the existence and multiplicity of solutions to discrete conjugate boundary value
problems. A generalized asymptotically linear condition on the nonlinearity is proposed, which
includes the asymptotically linear as a special case. By classifying the linear systems, we define
index functions and obtain some properties and the concrete computation formulae of index
functions. Then, some new conditions on the existence and multiplicity of solutions are obtained by
combining some nonlinear analysis methods, such as Leray-Schauder principle and Morse theory.
Our results are new even for the case of asymptotically linear.

1. Introduction

Let N,Z, and R be the sets of all natural numbers, integers, and real numbers, respectively.
For a,b € Z, define Z(a,b) = {a,a+1,...,b} when a < b. A is the forward difference operator
defined by Au(n) = u(n+1) —u(n), and A%u(n) = A(Au(n)). Let A be an m x m matrix. A” or
x" denotes the transpose of matrix A or vector x. The set of eigenvalues of matrix A will be
denoted by 0(A), and the determinant of matrix A will be denoted by det A.

Discrete boundary value problems (BVPs for short) arise in the study of solid state
physics, combinatorial analysis, chemical reactions, population dynamics, and so forth.
Besides, they are also natural consequences of the discretization of continuous BVPs. Thus,
these problems have been studied by many scholars.

Discrete two-point BVPs

APu(n-1) + f(n,u(n)) =0, neZ(,T),
1.1
u@0)=A4, u(f+1)=8B (D
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often appear in electrical circuit analysis, mathematical physics, finite elasticity, and so forth
as the mathematical models, where f : Z(1,T) xR? — R?withd € N, T > 0is a given integer,
and A, B are given constants.

We may think of (1.1) as being a discrete analogue of the continuous BVPs:

u'+ f(t,u)=0, a<t<p,
(1.2)
u(a) =A, u()=B8B,

which have been studied by many scholars because of its numerous applications in science
and technology. In particular, Hale, Walter, Mawhin, and so forth have obtained some
significant results on the existence, uniqueness, and multiplicity of solutions of (1.2). We refer
the readers to [1-3] and references therein for further details.

Let

Bn-An-T-1)

T+1 ;o z(n) =u(n) - y(n). (1.3)

y(n) =

Then (1.1) reduces to

A’z(n-1)+ f(n,z(n) +y(n)) =0, neZ(1,T),

(1.4)
z(0) =0 =z(T +1).
Hence, in the following, we can only consider the discrete conjugate BVPs, that is,
Au(n-1)+ f(n,u(n)) =0, neZ(1,T),
(1.5)

u(0) =0=u(T +1).

As being remarked in [4], the nature of the solution of a continuous problem is not
identical with that of the solution of its discrete analogue. And since discrete analogs of
continuous problems yield interesting dynamical systems in their own right, many scholars
have investigated BVPs (1.5) independently. There are fundamental questions that arise for
BVPs (1.5). Does a solution exist, is it unique, and how many solutions can be found if
BVPs (1.5) have multiple solutions? How to find the lower bound or the upper bound of
the number of solutions of BVPs (1.5)? Furthermore, how to obtain the precise number of
solutions of BVPs (1.5)?

In recent years, the existence, uniqueness, and multiplicity of solutions of discrete
BVPs have been studied by many authors. In fact, early in 1968, Lasota [5] studied the
discretizations of (1.2) with f(t, u) replaced by f(t, u, u') and proved that the discrete problem
had one and only one solution with f satisfying a Lipschitz condition. Note that under certain
conditions the solution of a nonhomogeneous BVPs can be expressed in terms of Green’s
functions. For example, suppose that u(n) is a solution of (1.1). Then

T
u(n) = > G(n,m) f (m,u(m)) +w(n), (1.6)
m=1
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where G(n,m) is Green’s function for

A’un-1)=0, neZ(,T),

u(0)=0=u(T+1), (1.7)
w(n) =A+ %n.

Let B = {u | u is a real-valued function defined on Z(0,T + 1), u(0) = u(T + 1) = 0}, and define
CT:B — Bby

Cu(n) = ET:G(n,m)f(m,u(m)) +w(n) (1.8)
m=1

for nin Z(0, T + 1). Then there is a one-to-one correspondence between the fixed points of T
and the solutions of BVPs (1.1). When the nonlinearity f satisfies growth conditions known
as Lipschitz conditions, a unique solution of BVPs (1.1) can be obtained by using Contraction
Mapping Theorem see [6, 7] for more details.

Note that discrete BVPs model numerous physical phenomena in nature hence it is
of fundamental importance to know the criteria that ensure the existence of at least one
meaningful solution. And since discrete BVPs often have multiple solutions, it is useful to
have a collection of results that yield existence of solutions without the implication that the
solutions must be unique. To this end, many scholars have obtained some significant results
on the existence and multiplicity of solutions of discrete BVPs by using various analytic
techniques and various fixed-point theorems, for example, the upper and lower solution
method [8-10], the conical shell fixed point theorems [11, 12], the Brouwer and Schauder
fixed point theorems [9, 13, 14], and topological degree theory [15, 16]. As we know;, critical-
point theory (which includes the minimax method and Morse theory, etc.) has played an
important role in dealing with the existence and multiplicity of solutions to continuous
systems [2, 17]. It is natural for us to think that critical-point theory may be applied to study
the existence and multiplicity of solutions to discrete systems. In fact, in recent papers [18-
25], the authors have applied critical-point theory to study the existence and multiplicity of
periodic solutions to discrete systems. We also refer to [26-31] for the discrete BVPs. In [26],
Agarwal et al. employed the Mountain Pass Lemma to study (1.5) and obtained the existence
of multiple solutions. Very recently, B. Zheng and Q. Zhang [32] studied discrete BVPs (1.5)
with f(n,u(n)) = V'(u(n)) and obtained the existence of exactly three solutions by using both
Morse theory and degree theory, and so forth. To the best of our knowledge, [32] is among
a few works dealing with discrete BVPs by using Morse theory. Hence, further studies on
application of Morse theory to discrete BVPs are still perspective.

Here, we consider the case f(n,u(n)) = VV (n,u(n)) that is, we consider the following
discrete conjugate BVPs:

A’u(n-1)+VV(n,u(n) =0, nez,T),
1.9
u(0) =0=u(T+1), (42
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where V(n,-) € C'(R%R) for every n € Z(1,T), VV(n,z) denotes the gradient of V with
respect to z, and d > 2, T > 0 are given integers.
Assume

VV(n,z) = A(n,z)z + o(|z|) (1.10)
as |z| — oo, where A : Z(1,T) x R — GL,(R%), and

A1(n) < A(n,z) < Ax(n) (1.11)

for every n € Z(1,T), and z € RY, Aj, A; : Z(1,T) — GLs(R%), GLs(R%) denotes the group
of d x d real nonsingular symmetric matrices, and |z| denotes the Euclidean norm of z in R¥.
Throughout this paper, for any A;, A, € GL; (RY), we denote A; < A, if Ay — Ay is semi-
positive definite, and we denote A; < Aj; if A, — A; is positive definite. For any A;, A; :
Z(1,T) — GLs(R?), we denote A; < Aj if Aj(n) < Ay(n) for every n € Z(1,T), and we
denote A; < Ay if Aj(n) < Ayx(n) forevery n € Z(1,T) and {n | A1(n) < Ax(n)} #0.

If A(n,z) = A(n) in (1.10), then (1.10) is usually called an asymptotically linear
condition. So here we call (1.10) and (1.11) generalized asymptotically linear conditions. Our
results are new even for the case of asymptotically linear case.

The rest of this paper is organized as follows. In Section 2, firstly, we classify the linear
systems

A’u(n-1)+ Am)u(n) =0, neZ(1,T),
(1.12)
u0)=0=u(T+1)

for every A : Z(1,T) — GL4(R?). This classification gives a pair of integers (i(A),v(A)) €
7(0,dT) x Z(0,d). We call i(A) and v(A) the index and nullity of A, respectively. Secondly,
we give some properties of the index and nullity together with the concrete computation
formulae. And finally, we introduce the definition of relative Morse index and give its precise
description. By using both results in Section 2 and Leray-Schauder principle, we obtain some
solvable conditions of (1.9) in Section 3. However, we cannot exclude the possibility that the
solution we found is trivial. To this end, we make use of Morse theory to obtain the existence
and multiplicity of nontrivial solutions to (1.9). Examples are also included to illustrate the
results obtained.

2. Index Theory for Linear Systems

To establish the index theory for (1.12), we introduce the following finite dimensional
sequence space:

E={u|u=w0),u),...,u(T),u(T+1))",u0) =0=u(T+1)}, (2.1)
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where u(n) = (u1(n), us(n),...,us(n))" € R% for every n € Z(0, T+1). Define the inner product
on E as follows:

(u,v) = i(Au(n), Av(n)), Vu,v€E, (2.2)
n=0

by which the norm || - || on E can be induced by

T 1/2
llul| = <Z|Au(n)|2> , VucekE, (2.3)
n=0

where (-,-) is the usual inner product on R%, and | - | is the usual norm on R¢.
Define a linear map I' : E — R9T by

Tu= (u1(1),u1(2),...,un(T), u2(1),uz(2),...,ux(T), ..., ua(1),uq(2),...,us(T))". (2.4)

It is easy to see that the map I' defined in (2.4) is a linear homeomorphism, and (E, (:,-)) is a
Hilbert space, which can be identified with R4 .
Define

T T
ga(u,0) = > (Au(n), Av(n)) - Y. (A(n)u(n),v(n)), Yu,v€E. (2.5)
n=0

n=1

Forany u,v € E, if ga(u,v) = 0, we say that u and v are g4 orthogonal. For any two subspaces
Ei and E; of E, if ga(u,v) = 0 for any u € E; and v € E,, we say that E; and E; are ga
orthogonal.

For any subspace E; of E, we say that g4 is positive definite (or negative definite) on
Eiif ga(u,u) > 0 (or ga(u,u) <0) for all u € E; \ {0}. And if ga(u,u) = 0 for all u € E;, then
E, is called a null subspace of E.

Proposition 2.1. Forany A : Z(1,T) — GLs(R?), the following results hold.
(1) There are {X;(A)}12; C R with A(A) < X2(A) < --- < Ay (A) such that
Au(n-1)+ (A(n) + L;(A)I)u(n) =0, neZ1,T),

(2.6)
u(0)=0=u(T+1)

has a nontrivial solution. If E;(A) denotes the subspace of solutions with respect to A;(A),
then dim E;(A) :==n; <dand E = @, E;(A).

(2) The space E has a q4 orthogonal decomposition
E=E"(APEA)PE (4 (2.7)

such that qa is positive definite, negative definite, and null on E*(A), E~(A), and E°(A),
respectively.
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To prove Proposition 2.1, we need the following lemma.

Lemma 2.2. For any u = {u(n) .2y € E, the following inequalities hold.

.2 T L 2 . 2 2 T . 2
4 sin m;mmn < %|Au(n)| < 4cos m;mmn ) (2.8)

Proof. Note that

T T T—
S (Buln), Su(n)) = 32, u(m) - 32w, uln+ 1) = (ATwTw), (29
n=0 n=1 n=1

where
/ 2 -10 -0 0 \
B 0 ---0 -1 2 -1--0 0
0 - 0 o -12.--0 0
A= , B = . (2.10)
0 0 - B/ srour o 0 0 -+ 2 -1
\o 00 12/ _
Assume that A is an eigenvalue of B and that & = (¢1,¢&,,...,¢r)" is an eigenvector associated
to L. Define the sequence {v(n) }Z:é as
v(i)=¢, i=12,...,T, v(0)=0=0v(T +1). (2.11)
Then {v(n)}1% satisfies
A’v(n—-1)+\v(n) =0, neZ(,T),
(2.12)
v(0) =0=o(T +1).
Equation (2.12) has a nontrivial solution if and only if
A= —dsint—~T k-1, T (2.13)
= Ak = 2(T+1)/ — trereccrty .
see [33].So 0(A) = o(B) = {A, Ay, ..., Ar} with Ay <Ay <--- < Arand
Amin = min{Ar, Ay, ..., Ap) = dsin? =}
min — 1/ A2,e e/ AT — 2(T+1)_ 1,
- (2.14)
[ _— 2— =
Amax = max{Ay, Ay, ..., A7} =4cos ST +1) Ar.
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Noticing that for any real symmetric dT x dT matrix A, we have

M (Tu, Tu) < (ATu, Tu) < Ar(Tu,Tu), Yue R, (2.15)

Since (Tu,Tu) = 31_, [u(n)]?, the inequalities (2.8) now follow from (2.9) and (2.15). O

Remark 2.3. In the following, we rewrite (2.8) as
Aful® < Jfull® < Arful? (2.16)

for simplicity.

Proof of Proposition 2.1. (1) We claim that the norm || - ||), induced by the inner product
T
(,0),, = Z(Aum) Mo(m) + Y ((ols — A(m)u(n), o(n), YuoeE  (217)
n=1

is equivalent to || - ||, where \¢ is a positive number satisfying Agl; > A. In fact, it is easy to see
that there exists ¢ € (0, +o0) such that

T T T
< S ((hola — A(m)u(n), u(n)) < Y Ju(n)? fz [Bu(m)ft = - ulf. (2.18)
n=1 n=1 n=0
Hence
JulP <, < (14 £ (219)

Define a bilinear function

a(u,v) = ET:(u(n),v(n)), Yu,v € E, (2.20)

and then

1/2 T 1/2 1 1
ja(u, ) <Zlu<n>| > <Z|v<n>|2> < 1 lulliel < -l ol (221)
n=1

Hence, there exists a unique continuous linear operator K, : E — E satisfying

T
> (u(n),v(n)) = (u,Ky,0),,. (2.22)
n=1
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It is easy to see that K}, is self-adjoint, and hence all the eigenvalues of K, are real. Therefore,
there exist p;,i=1,2,...,mand e;;, j = 1,2,...,n; such that

1, i=landj=k,
(eij'elk))to = Kyeij = pieij, (2.23)
0, i#lorj#k,

where n; is the multiplicity of y; with 3, n; = dT. By (2.22) and (2.23) we have
T
,ui(eij,u)k0 = Z(e,-,-(n),u(n)), Yu € E. (2.24)
n=1

In particular, y; = 3T, leij(n)|* > 0. Without loss of generality we assume that y; is strictly

monotonously decreasing, that is, y; > po > -+ > py,. Denote ;(A) = 1/p; — Ag and E;(A) =
span{el-]-};.zl, then E = @, Ei(A). We claim that for every 1;(A), e;j = {ei]-(n)}z;;ré € Eisa

nontrivial solution of (2.6). In fact, by (2.24), for any u € E, we have

T T T
3 (Beiin), Au(m) + i 3 (ol ~ Am)es (n), u(m) = 3 (ey(m,utm),  (2.25)
n=1 n=1

n=0

and since y; > 0, the above equality means

T

1
> <A2eij(n -1+ (A(n) + /Tild - )Lold)eij(n),u(n)) =0, VueE. (2.26)

n=1

Therefore e;; satisfies (2.6). Now, we have proved the first result of Proposition 2.1 except
dim EI(A) =n; < d.
Set u(n) = y1(n), Au(n —1) = —y»(n); then (2.6) is equivalent to

Ayi(n) =-y(n+1), neZ(,T),
Ay (n) = (A(n) + Li(A)La)y1(n), neZl,T), (2.27)

y1(0) =0=y (T +1),
which is also equivalent to

y(n+1)=Bn)yn), nez(l,T),
y1(0) =0 =y (T +1),

(2.28)

where

() ~(la=Li(A)a - A(n) —Ia
v = <yz<n)>’ B = < LA+ A(n) I > @)
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Since det(B(n)) = 1, B(n) is a nonsingular 2d x 2d matrix for every n. So, we can assume that
@(n) is the fundamental matrix of equation y(n + 1) = B(n)y(n) satistying ®(0) = I4. The

general solution of y(n + 1) = B(n)y(n) can be given by y(n) = ®(n)c, where ¢ = (2) € R
and ¢; e R9,i=1,2. Set
D11(n) Dp(n
®d(n) = < () Pra )>, where @;;(n) is d x d matrix, i,j=1,2, (2.30)
@y (n) Dop(n)

then y;(n) = @11(n)cy + Di2(n)c2. By 11(0) =0 = 11 (T + 1) and ®©(0) = I4, we have ¢; = 0 and
Ei(A) = {cz R | (T +1)cs = o} C R (2.31)

Hence, dimE;(A) = n; <d.
(2) For any u € E with u = Zi,j cijeij, by (2.23) and (2.24), we have

qalu,u) = (u,u),, = do(u, Ky,u), = Z<|Cij|2 - )toﬂi|cij|2> = S hi(A)pi|ci | (2.32)
ij

ij
Hence, if we denote
E*(A) = {u = Zcijeij | cij = 0,if A;(A) < 0},
E°(A) = {u = 3 cijeij | cij = 0,if Li(A) ¢o}, (2.33)
E~(A) = {u= cye | cij = 0,if 1i(A4) 20},

then the results hold. O

Definition 2.4. For any A : Z(1,T) — GLg(R%), define the index of A as i(A) := dim E~(A),
and define the nullity of A as v(A) := dim E°(A).

In the following we shall discuss the properties of (i(A), v(A)).

Proposition 2.5. Forany A : Z(1,T) — GLs(R%), one has the following.

(1) v(A) is the dimension of the solution subspace of (1.12), and v(A) € Z(0, d).
(2) i(A) = 2),a)<0 i, where \; and n; are defined in the proof of Proposition 2.1.

Proof. (1) By Proposition 2.5, if A;(A) #0 for any i, then (1.12) has only a trivial solution, and
hence E°(A) = {0}, v(A) = 0. If 1;(A) = 0 for some i with multiplicity n;, then by the proof of
Proposition 2.1, E;(A) is the solution subspace of (1.12) and v(A) := dim E;(A) € Z(1, d).

(2) By the proof of Proposition 2.1, E™(A) = @,,(a)«Ei(A), and E;(A) and E;(A) are
qa orthogonal if i # j. Hence the result holds. O

Remark 2.6. By (1) of Proposition 2.5, v(A) > 0, and v(A) = 0 if and only if 1;(A) #0 for any
i € Z(1,dT) which holds if and only if (1.12) has only a trivial solution.
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Proposition 2.7. Forany A1, Ay : Z(1,T) — GL (RY), the following results hold.

(1) IfAl < Az, then l(Al) < I(Az)
(2) If Ay < A, then i(Ay) + (A1) < i(A2) +v(Ay).
(3) IfA1 < Aj, then l(Al) + V(Al) < l(Az)

To prove Proposition 2.7, we firstly prove the following lemma.

Lemma 2.8. Let Eq be a subspace of E satisfying

ga(u,u) <0, Vuek, (2.34)
and then
dim E; <i(A) +v(A). (2.35)
Moreover, if
qa(u,u) <0, VYueE;\ {0}, (2.36)
then
dim E; <i(A). (2.37)
Proof. Without loss of generality we can assume that dimE; = k > 1 and E; =

span{ey, e, ..., ex}. Let e; = ef + e}, where e] € E"(A) & E%(A), ef € E*(A). To prove
i(A) + v(A) > k, we only need to prove that e, €3, ..., e} is linear independent. If not, there
exist not all zero constants a1, a», . .., ax such that Zle aie; =0.50¢e := Zﬁl aje; = Zle aef €
E*(A), and hence g4 (e, e) > 0. This is a contradiction to (2.34). This implies that e], €3, ..., e
is linear independent and i(A) + v(A) := dim E~(A) + dim E°(A) = dim(E~(A) & E°(A)) > k.
The first part is proved.

To prove the second part, let e; = e/ +e; + e?, where e € E*(A), * = +,0,-. To prove
i(A) > k, we only need to prove that e, e;, ..., e is linear independent. If not, there exist not
all zero constants ¢y, ¢, ..., ck such that Zle cie; =0.50, e = Zle cie; = Zf‘zl(ciei+ + cie?) €
E*(A) ® E°(A) and ga(e, e) > 0. This is a contradiction to (2.36). O

Proof of Proposition 2.7. For any u € E, denote u = u* + 1 + u~, where u* € E*(A;), * = +,—,0.

(1) From Lemma 2.8, we only need to show that
qa, (u/ u) <0, Vue E_(Al) \ {0} (238)
In fact, for every u = u~ € E"(Ay), if u” #0, then

qa,(u,u) < qa, (u,u) =qa, (u,u") <0. (2.39)
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(2) From Lemma 2.8, we only need to show that

ga,(u,u) <0, YueE (A))@E'(A). (2.40)
In fact, for every u = u™ + u’ € E~(A;) ® E°(A;), one has
ga,(u,u) < ga, (u,u) = ga, (uo, uo) +qa, (u,u”) <0. (2.41)
(3) From Lemma 2.8, we only need to show that
ga,(u,u) <0, Yue€E (A;)@®E’(A))\ {0). (2.42)
In fact, for every u = u~ + u® with u™ € E™(A;), u’ € EY(Ay), if u™ #0, then
ga, (u,u) < qa, (u,u) = ga, <u°, u0> +qa,(u,u7) <0. (2.43)

If u= =0,u’#0, then {1°(n)}L%; is a nontrivial solution of

Au(n-1)+ A (n)u(n) =0, neZ(,T),

(2.44)
u(0) =0=u(T +1).
From A; < A, we have
qa, (uo, u0> < ga, <u0,u0> =0. (2.45)
Hence (2.42) holds. 0

Proposition 2.9. If U € O(d), that is, U € GLs(R%) and U™U = 1, then for any A : Z(1,T) —
GLs(R%), i(U™ AU) = i(A), v(U™ AU) = v(A). In particular, for any A € GLs(R%), we have

d d
i(A) = Sk eZT) [ M <a),  v(A) = DHkeZ1T) | M= a, (2.46)

i=1 i=1

where Ay is given by (2.13), and {a; }fl:l = 0(A) is the set of eigenvalues of A.

Proof. Firstly, we claim that

LU AU) = A;(A). (2.47)
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In fact, since Agl; > A if and only if Agly; > U™ AU, we can choose Ao(U"AU) = Ao(A). By
(2.22) and (2.23), it is easy to see that p; (U7 AU) = p;i(A), and hence (2.47) holds. Therefore,
by Definition 2.4,

i(UTAU) =i(A),  v(U"AU) = v(A). (2.48)
Since
E*(diag{A1, As}) = E* (A1) @ E*(Ay), *=+,0,-, (2.49)
we have
i(diag{ Ay, Ay)) = i(A1) +i(Ay),  v(diag{A1, Az}) = (A1) +v(Ay). (2.50)

Note that the scalar eigenvalue problem

A*y(n-1)+y(n) =0, neZ(,T),
y(0)=0=y(T+1)

(2.51)

has a nontrivial solution if and only if A = ¢ = 4sin®(kxr/2(T + 1)), k € Z(1,7T). By
Proposition 2.1 and Definition 2.4, we see that for any a € R,

i(a) =k e Z(1,T) | Ak < a}, v(a) =k € Z(1,T) | A = a}. (2.52)
Since {a; }le is the set of eigenvalues of A, there exists an orthogonal matrix U such that
U™ AU = diagf{ay, ay,...,a4}. (2.53)

From (2.48), (2.50), and (2.52) we have

d d
i(A) = Dk eZ(LT) | e <ai},  v(A) = DHkeZ(LT)| ki = a;). (2.54)
i=1 i=1
This completes the proof. O

Proposition 2.10. Forany A : Z(1,T) — GLs(R%) with i(A) = 0, one has

T

T
> lAun) = > (A(n)u(n),u(n)), VueE. (2.55)
n=0 n=1

And the equality holds if and only if u € E°(A).
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Proof. For any u € E with u = 3;; ; cijeij, we have

T T

Dldum)? = 3 (Am)u(n), u(n) + Z)ti(A)#iICijlz. (2.56)
L]

n=0 n=1

Because i(A) = 0, by definition, 1;(A) > 0 for any i. So the inequality holds. And the equality
holds if and only if ¢;j = 0 as A;(A) #0, that is, u € E°(A). O

By now, we have proved the monotonicity and have offered the computation formulae
of the indices. These will play an important role in discussing nonlinear Hamiltonian systems
in the next section. In the end of this section, we shall introduce the relative Morse index,
which is a precise expression of the number i(A;) —i(A;1) as Ay > A;.

Definition 2.11. For any Ay, A> : Z(1,T) — GL4(R%) with A; < A,, define

I(A1, A2) = D v(A1+ (A - Ay)). (2.57)
Ae[0,1)

If Ay = a1l4, Ay = ar1y, where a; < a are two real numbers, then by Proposition 2.9,
we have

(a1, 21) = Z v(a g+ Mag —aq)lg) =dif{k € Z(1,T) | Ax € [a1,a2)},

Ae[0,1)
(o) = df(k € Z(LT) | ik <), (2:58)
i(axla) = dif{k € Z(1,T) | Ak < an}.
So
I, arla) = i(anls) —i(er1a). (2.59)
This gives us a steer toward the following result.
Proposition 2.12. For any Ay, Ay : Z(1,T) — GLs (RY) with Ay < Ay, one has
I(A1, Az) = i(A2) —i(A1). (2.60)

Proof. Denote i(A) :=i(A1+A(Ay—A1)) for A € [0,1], () := v(A1 +A(Ax— A1)); then to prove
(2.60), we only need to prove that

i(A+0)=i(L) +v(A), VAe][0,1), (2.61)

i(A—-0) =i(A), YAe(0,1] (2.62)

hold. In fact, if (2.61) and (2.62) hold, then the function A — i(A) is integer-valued, left
continuous, and nondecreasing. So, for any Ay € [0,1], i(A1) — i(0) must equal to the sum
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of the jumps i(A) incurred in [0, A1). By (2.61) and (2.62), this is precisely the sum of v(\),
0 <A< Ay, thatis,

i(A) —i(0) = v(A). (2.63)
Ae[0,A1)

Hence, if we choose A1 = 1, then (2.60) holds.

From (3) of Proposition 2.7, to prove (2.61), we only need to prove i(A+0) < i(A) +v(A)
which is also equivalent to dT — i(A) — v(X) < dT —i(A + 0). For any s € [0,1], set m*(s) =
dT —i(s) — v(s), we only need to prove

m* (L) <m* (A +0) +v(L+0). (2.64)

Similar to the proof of Lemma 2.8, it is easy to know that for € > 0 sufficiently small, if

qs...(w,u) 20, VueE'(1), (2.65)

then (2.64) holds, where E* (1) = E*(A1+A(A2—A1)), By (n) = A1(n)+(A+£)(Azx(n)— A1(n)).
While as ¢ > 0 is sufficiently small and u € E*(), we have

T
qp,,. (1) = g, (4, 1) — £ 3 ((Az(n) = A1 (n))u(n), u(n))
n=1

) (2.66)
= g, (u", u*) — > ((Az(n) — Ar(n))u(n),u(n)) >0,

n=1

where B (n) = A1(n) + A(Ax(n) — A1(n)). Hence i(A + 0) <i(X) +v(L).
On the other hand, from (1) of Proposition 2.7, to prove (2.62), we only need to prove
i(A) <i(A - 0). By Lemma 2.8, to prove i(A) < i(A —0), we only need to prove

gp,_.(w,u) <0, YueE (1))\ {0}, (2.67)

where ¢ > 0 is sufficiently small, By_.(n) = Ai(n) + (A — €)(Ax(n) — Ai1(n)). And as € > 0 is
sufficiently small, we have

T
qp, . (u,1) = g, (u,u) + € > ((Aa(n) = A1 (n))u(n), u(n))
n=1

. (2.68)
=g, (u",u”) + £ ((Ax(n) - Ar(n))u(n), u(n)) <0,

n=1

where By (n) = A;(n) + A(Az(n) — A1(n)). This completes the proof. O
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Proposition 2.13. Forany A : Z(1,T) — GLs(R?), there exists gy > 0 such that for any € € (0, &),
one has

V(A +ely) =0, (2.69)
v(A-ely) =0, (2.70)
i(A—ely) =i(A), (2.71)
i(A+ely) =i(A) +v(A). (2.72)

Proof. From Proposition 2.12 we have i(A+1;) = i(A) +I(A, A+ 1;). From Definition 2.11 and
Proposition 2.12, we know that I(A, A+ 141) = 3)c[01) V(A + Als) is finite, and then there must
exist some gy > 0 such that for any ¢ € (0, &0], V(A + €l4) =0 and

i(A+ely) =i(A)+ D v(A+dely) =i(A) +v(A).

S (2.73)
This proves (2.69) and (2.72).
To prove (2.70) and (2.71), note that I(A — I3, A) = i(A) —i(A - 1) and
I(A-I5,A) = D v(A-(1-N) = D v(A-1). (2.74)

1e[0,1) 1€(0,1]
Since I(A-14, A) is finite, there exists gy > 0 such that for any € € (0, &9], v(A-¢l4) = 0. Hence

i(A-ely) =i(A) - I(A-ely, A) =i(A) — 3 (A~ dely) = i(A).

e (2.75)

This proves (2.70) and (2.71). O

3. Main Results

In this section, firstly, we shall obtain the existence of solutions to (1.9) by using both the
index theory in Section 2 and Leray-Schauder principle. Then, we obtain the multiplicity of
solutions to (1.9) by using Morse theory.

Theorem 3.1. Assume that
(1) there exist A : Z(1,T) x R* — GLs(R%) and h : Z(1,T) x R* — R which are both

continuous with respect to the second variable, where h(n,z) = o(|z|) as |z| — oo for
everyn € Z(1,T) and

VV(n,z) = A(n,z)z + h(n, z); (3.1)
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(2) there exist A1, Ay : Z(1,T) — GLs(R?) satisfying A; < Ay, i(A1) = i(Az), v(A2) =0
such that

Ai(n) < A(n,z) < Ay(n), VYzeR? (3.2)

foreveryn € Z(1,T). Then (1.9) has at least one solution.

To prove Theorem 3.1, we need the following Leray-Schauder principle; see [34] for
detailed proof.

Lemma 3.2. Assume that (X, ||-||x) is a Banach space and that @ : X — X is completely continuous.
If the set {||x|lx | x € X, x = ADx,0 < A < 1} is bounded, then ® must have a fixed point in a closed
ball Bg in X, where

Br = {x | x€X, ”xHX < R}r
(3.3)
R =sup{||x|lx | x = 1Dx,0 < A < 1}.

Proof of Theorem 3.1. Assume that (3.2) holds. Since v(A;) = 0, from (1) of Proposition 2.5, we
know that the system

Au(n-1)+ Ay(n)u(n) =0, neZ(,T),

(3.4)
u(0)=0=u(T +1)
has only a trivial solution. DefineI'y : E — E as
(Tyu) (n) = A%u(n—1) + Ay (n)u(n); (3.5)
then I' is an invertible operator. Define I', : E — E as
(Tau)(n) = Aa(m)u(n) = VV(n,u(n)); (3.6)
then finding the solutions to (1.9) is equivalent to finding solutions to
Mu-Tou=0 (3.7)

in E, which is also equivalent to finding the fixed points of FIlf » in E since I't is invertible. By
Lemma 3.2, we only need to prove that the possible solutions to

A’u(n-1)+ (1 =N Ay, (n)u(n) + A\VV(n,u(n)) =0, neZ(1,T),
3.8
u(0)=0=u(T+1) 49
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are priori bounded with respect to the norm || - || in E, where A € (0,1). If not, there exist
{ux} C E, {A¢} C (0,1) with |Jux|| — oo such that

Aur(n = 1) + (1 = L) Ao (m)ug(n) + 4VV (n,ux(n)) =0, n€Z(1,T), 59)
3.9
uk(O) =0= uk(T + 1).

Denote vk (n) = ux(n)/|[uxll, Bk(n) = (1-A) A2(n) + M A(n, uk (n), ex(n) = Li(VV (n, u(n)) -
A(n, ur(n))ur(n))/||ukl; then (3.9) is equivalent to

A’vr(n—1) + By(n)vk(n) +ex(n) =0, neZ(1,T),
(3.10)
vk(0) =0 = v (T +1).

From (3.1), ex — 0 as [[ux]| — oo. We may assume that vx — vy, \x — Ao, and bll.‘]. — by,
where By (n) = (bl.(;‘))dxd(n). Denote By(1) = (bij(1)) 44; let k — oo in (3.10); we have

A’vo(n—1) + By(n)vo(n) =0, neZ(1,T),
(3.11)
’U()(O) =0= ‘Uo(T + 1)

On the other hand, (3.2) implies that A; < Bx < A, and hence A; < By < Ap. By i(Az) =i(A1),
v(Az) = 0, and Proposition 2.7, we have v(A1) = v(A;) = v(By) = 0. This contradicts the fact
that (3.11) has a nontrivial solution. O

Example 3.3. Let

1
V(n,z)= ZF,»(Z,-) + §Zaii(")zi2 + Z a;ij(n)zizj + (21212 + 1> sinn, (3.12)
i=1 i=1 i=1

1<i<j<d

where z = (z1,2,...,24)"7, F = _f sfi(s)ds, fi : R — [0,a] is continuous and a > 0,
ai]-(n)=aj,-(n),i=1,2,...,d,]— ,2,...,d. Set

A(n) = (aij(n)) ,,, = U" diag{ai(n), ax(n),..., as(n)}U, (3.13)

where U € O(d). Since

1/4
VV(n,z) = (z1f1(z1), 22 f2(22), - - ,zdfd(zd)) +A(n)z+—<Zz +1> zsinn
i=1
(3.14)

1/4
= diag{ f1(z1), f»(z2), - fd(zd)}z+A(n)z+—<Zz +1> zsinn,

i=1
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V(n, z) satisfies (3.1) with

A(n, z) = A(n) + diag{ fi(z1), f2(22),---, fa(za) },
Ai(n) = A(n), Ax(n) = A(n) + aly,

3/ d -1/4
h(n,z) = §<Zzi2+1> zsinn.
i=1

(3.15)

If v(a;) = 0 for every i € Z(1,d), then v(A;) = 0. By Proposition 2.13, if & > 0 is small enough,
then v(A;) = 0 and i(A;) = i(A2). Hence, by Theorem 3.1, (1.9) has at least one solution. In
particular, if we choose f;(t) = a(sin H% and a;(n) = a; € R, [a;, a; + a] N { Ak }£:1 = () for every
i=1,2,...,d,theni(A1) =i(Az), v(A1) = v(A;z) = 0. And hence (1.9) has at least one solution.

Theorem 3.4. [n assumption (3.1) if A(n, z) = A(n) satisfying v(A) #0 and

(z,h(n,z)) >clz|" - by, |h(n,2)| < calz|*" + by, (3.16)

where c1, ¢z, b1, by are all positive constants and 1 < a < 2, then (1.9) has at least one solution.

Proof. From Proposition 2.13, there exists ¢ > 0 such that i(A + €l3) = i(A) + v(A) and v(A +
ely) =0forany A : Z(1,T) — GLg (R%). Denote A; = A + €Iy, by Lemma 3.2, we only need
to prove that the possible solutions to

A’u(n—1) + \MAj(n)u(n) + (1 - D) Am)un) + (1 - VDh(n,u(n) =0, neZl,T),
3.17
u0)=0=u(T+1) G17)

are priori bounded with respect to the norm || - || in E. If not, there exist {uy} C E, Ax € (0,1)
with ||uk|| — oo such that

A?u(n—1) + M Ay ()uge(n) + (1= M) A(m)ug(n) + (1 - M)h(n,uk(n)) =0, neZ(1,T),

uk(0) = 0 = ue(T + 1).
(3.18)

Denote vk (n) = uix(n)/||uk|, we may assume that vy — vg and Ay — Ao. Hence, v = vy is a
nontrivial solution to

Avy(n—1) + oA (n)vg(n) + (1 = L) A(n)ve(n) =0, neZ(1,T),
3.19
v0(0) =0=0o(T +1) G4

which implies that (A + eXgls) #0. We claim that Ay = 0. If not, Ay € (0,1], then A < A +
Moely < A + ely. From Proposition 2.7, we have i(A + €l) = i(A) + v(A) < i(A + Aely) and
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i(A+ely) = i(A + \oely). However, from Proposition 2.7, we also have i(A + Aoely) + v(A +
Moely) <i(A +elg) + v(A + €ly) which implies that v(A + Aoely) = 0, a contradiction! Hence
Ao = 0 and

A’vy(n—-1)+ A(n)ve(n) =0, neZ(1,T),
(3.20)
’00(0) =0= ’Uo(T + 1)

From (3.18), we have

T
(A%ui(n = 1) + A(m)ur(n), 00(n))

n=1
(3.21)
T

T
+ ek (u(n), vo(m) + D (1 = A) (h(n, ux(n)), vo(n)) = 0.

n=1 n=1

Therefore, from (3.16), (3.20), and (3.21), for k large enough,

T
0> > (h(n,ux(n)),vo(n))
n=1

T T
= 3 (), T ) + 3 o ), o0 = o) (3.22)
n=1

luell /=5

T T
> el ™D (erlux (m)|* = br) = [lwo - vk“ooZ<C2|uk(n)|a_1 + bz)-

n=1 n=1

Dividing [|uk||*"! at both sides, we have

T T T
0> > (crlox(m)|* = by llu ]| ™) = llvo - Uk||ooZ:<02|Uk(71)|m_1 + b2||uk||1_a> — c1 ) oo (m)|".

n=1 n=1 n=1

(3.23)

This is a contradiction since ||p|| #0 and ¢; > 0. The proof is complete. O

If VV(n,0) = 0, then u = 0 is a solution to (1.9). As usual we call this solution the
trivial solution. It is much regretted that we do not know if the solution we found is not the
trivial one in Theorems 3.1 and 3.4. In the following, we will obtain the existence of nontrivial
solutions to (1.9) by using Morse theory.

Theorem 3.5. Assume the following
(1) V:Z(1,T) x R4 — R is C? with respect to the second variable, and

VV(n,z) = A1(n)z+o(z|), as|z| — o (3.24)

foreveryn € Z(1,T) with v(A;) = 0.
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(2) VV(n,0) =0, Ag(n) = V"(n,0), and i(A1) & Z(i(Ay),i(Ap) + v(Ag)). Then (1.9) has at
least one nontrivial solution.

(3) Moreover, if we further assume that v(Ag) = 0, [i(A1) —i(Ao)| > d, then (1.9) has at least
two nontrivial solutions.

To prove Theorem 3.5, we need some results on Morse theory. Let E be a real Hilbert
space and f € C'(E,R). As in [2], denote

fé={ueckE| f(u)<c}, Ke={uekE|f'(u)=0, f(u) =c} (3.25)

for ¢ € R. The following is the definition of the Palais-Smale condition (the (PS) condition for
short).

Definition 3.6. The functional f satisfies the (PS) condition if any sequence {u,,} C E such that
{ f (um)} is bounded and f'(u,,) — 0as m — oo has a convergent subsequence.

Let ug be an isolated critical point of f with f(uy) = ¢ € R, and let U be a neighborhood
of uy; the group

Co(f,u0) = Hy(fS U, fSNUN\ {mo)), q=1,2,... (3.26)

is called the gth critical group of f at uy, where H,;(A, B) denotes gth singular relative
homology group of the pair (A, B) over a field F, which is defined to be quotient H,(A, B) =
Z4,(A,B)/By(A,B), where Z,(A,B) is the gth singular relative closed chain group and
B, (A, B) is the gth singular relative boundary chain group.

For any two regular values a < b, if X N f’l[a, b] = {ui,uy,...,u}, denote M, =

>, dim C,(f, i) and By = dim Hy(f?, f). The following results play an important role in
proving Theorem 3.5; see [2] for the detailed proof.

Lemma 3.7. Assume that f € C*(E,R) satisfies the (PS) condition. Then one has the following Morse
inequalities:

Mq - Mq—l +0 (—1)qM0 > ﬂq - ﬁqfl +oeee+ (_1)4‘30 (327)

forg=0,1,2,.... One also has the following Morse equality:
2 Mt? = 3 pat? + (1+HQ(), (3.28)
q=0 q=0

where Q(t) is a polynomial with nonnegative integer coefficients.
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Lemma 3.8. Assume that f € C?(E,R) and that ug is an isolated critical point of f with finite Morse
index p(uo) and nullity v(uo). Thenone has the following.

(1) For any q & Z(p(uo), p(uo) +v(uo)), Cq(f, t0) = 0.

(2) If ug is a nondegenerate critical point, then

Cy(f u0) = 6gpunF, 4=0,1,2,.... (3.29)

(3) If f has a minimal value at uy, then

Cy(f, x0) = 6,0F, q=0,1,2,.... (3.30)

(4) If there exist integers qi # qz such that Cq, (f, uo) 2 0 and Cy, (f, uo) % 0, then |q1 — go| <
v(ug) — 2.

Now, Define
1 T ) T
fu) = z%mu(nn - ;V(n,u(n)), uekE. (3.31)

Then the functional f is C? with

T T
(f'(w),v) = Y (Au(n), Av(n)) - > (VV(n,u(n)),v(n))
OT i (332)
= —Z<A2u(n -1)+ VV(n,u(n)),v(n)), Yu,v € E.

n=1

So solutions to (1.9) are precisely the critical points of f.

Lemma 3.9. Under assumptions of Theorem 3.5, there exist Ry > 0,R; > 0 and f satisfying the
following conditions.

(1) f'(u) = 0 implies ||ul| < Ro.
(2) fand f have the same critical set.
(3) If l[ull > Ry, then f(u) = (1/2)(Lu, u).

Proof. Define L and g on E as

T T
(Lu,v) = 3 (Au(n), Av(n)) - D (A (n)u(n),v(n)),
n=0 n=l (3.33)

800 = fl@) - 5{Lu,u)
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Then

(f'(w),v) = (Lu,v) + (g (u),v). (3.34)

Assumption v(A;) = 0 implies that L is invertible. Taking &, = ||L™! ||71 /2, there exists Ry > 0
such that if ||u|| > Ry, then

|8’ @) < exllull. (3.35)
So, as ||u|]| > Ry, we have

LFaoll 2 |27 el = llg' @l > el (3.36)

that is, no critical point is outside the ball Bg,.
To prove (2) and (3), let p € C*(R, [0, 1]) satisfy

1, t<0,
p(t) = (3.37)
0, t>1

with 0 < p(t) <1 and max |p'(t)| < 3/2. Let e = ||[L7}||"!/5, then there exists ¢; > 0 such that

&' @) || < ellull +c1. (3.38)

Hence,

1
g6l < [ 145/, )| s+ 15(0)

1
< [ (estha? + i) + 1500 (339)
€, 12
= §||u|| +crllul + |g(0)].

Therefore, there exists ¢; > 0 such that

|gw)| < ellul*+c, VuekE. (3.40)

Define

2
R > max{l,Ro, c+3/ },
€

(3.41)
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where Ry is defined above and
A =max{cy, 1} - R.

If R<|Ju|| £ A+ R, then

Let

and define

~ 1

f) = 5{Lu,u) + pr(lul)g(w).
Then the function f (u) satisfies (2) and (3). In fact,

fu), llull <R,

f(”) =31
E(Lu,u}, llu]] > L+ R.

The only thing we have to check is that f "(u) #0 as R < |ju|| £ A + R. However,

7wl =)

L/ (M s (M )y ]

o || e = 5 (el + €2) ~ (el + 1)

3e 3co
= Selu] - el - 351w - (e + 52 )

3
> g||lu|l - <c1 + §> > 0.

Hence, let Ry = A + R; the proof is completed.

23

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

O

From Lemma 3.9, f'(u) = 0 if and only if f'(1) = 0. Thus, in order to find solutions
to (1.9), it suffices to find the critical points of f Moreover, f satisfies the (PS) condition by

Lemma 3.9.
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Lemma 3.10. Under the assumptions of Theorem 3.5, there exist a, b with a < b such that the critical
points of f belong to f1((a,b)) :== {u|a< f(u) <b}and

H,y(f%,F*) = 84ican F. (3.48)
Proof. Define
.7 = 1
a<minf -1, b>maxf+1, fi(u) = = (Lu,u), (3.49)
Bog, Bog, 2

where a, b are finite. Noticing that all critical points of f lie in Bg,, if u is a critical point of f ,
then

a< rglinff flu) < r%axf< b. (3.50)

Ro Ro

This implies that {u | a < f (1) < b} contains all critical points of f . By the properties of the
raltive singular homology group, we have H,( fb, f %) = H,(f?, f7). However, v(A;) = 0
implies that f; has only critical point 0 with Morse index i(A;). From Lemma 3.8 the
conclusion holds. O

Proof of Theorem 3.5. (1) By Lemma 3.10 and the Morse inequalities, f must have a critical
point u with Cja,)(f,u) 2 0. Since i(A1) € Z(i(Ao),i(Ao) + v(Ap)), then from Lemma 3.8, we
have

Ci(Al) (f, 0) =0. (3.51)

And hence u #0 is a critical point of f; that is, (1.9) has at least one nontrivial solution.
(2) Since v(Ap) = 0, we have

Cy(f,0) = 64ianF, §=0,1,2,.... (3.52)

Now we assume that |i(A;) —i(Ap)| > d and that u is the only nonzero critical point of f. Then
from Morse equality, we have

#i(A0) 4 Z dim C, (f, u) 9 = (A1) 4 (1+1)Q(1). (3.53)
q=0
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We necessarily have dim Cja,)(f, u) > 1, and

either dim Cia)-1(f, 1) >1, or dim Ciap+1(f,u) > 1. (3.54)

(i) If dim Cj(ap)-1(f,u) > 1, then by assumption we have i(Ag) — 1#i(A1). Since the
nullity of u is less or equal to d, from Lemma 3.8, we have

li(Ag) —1-i(A1)|<d-2 (3.55)

which implies that |i(Ag) —i(A1)| < d—-1. This is impossible since [i(Ag) —i(A1)| > d.

(ii) If dim Cjcap)+1(f,u) > 1, then similar to the above proof we have [i(Ag) — i(A1)]| <
d -1, also a contradiction.

Therefore, f has at least two nonzero critical points and hence (1.9) has at least two
nontrivial solutions. O
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