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By using a Riccati transformation and inequality, we present some new oscillation theorems for the
second-order nonlinear dynamic equation with damping on time scales. An example illustrating
the importance of our results is also included.

1. Introduction

The theory of time scales, which has recently received a lot of attraction, was introduced by
Hilger in his Ph.D. Thesis in 1990 [1] in order to unify continuous and discrete analysis. The
books on the subjects of time scale, that is, measure chain, by Bohner and Peterson [2, 3]
summarize and organize much of time scale calculus.

We are concerned with second-order nonlinear dynamic equations with damping

((®)) +p® (x®)" +a® 1) =0 (1)

on a time scale T; here p and g are real-valued positive rd-continuous positive functions
defined on T, and y is a quotient of odd positive integers. We assume that f(x)/x" > L > 0,
x#0,sup T = oo, and define [y, o0)7 := [tg,00) N T.
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In recent years, there has been much research activity concerning the oscillation and
nonoscillation of solutions of various dynamic equations [4-13]. However, there are few
papers dealing with the oscillation of dynamic equations with damping term [14-17].

Saker [18] presented several oscillation criteria for the nonlinear second-order
dynamic equation

(pOx*®)" +qf (x(o®) =0, telab], (12)

where a,b € Tand a < b.
Hassan [19] studied the oscillation behavior of the second-order half-linear dynamic
equation

(r(x*0)") " +px1t) = 0, (13)

and obtained several new results.
Bohner et al. [20] established some oscillation criteria for the second-order nonlinear
dynamic equation

x84 (1) + g(B)x2 (1) +p(t) (f 0 x7) = 0. (1.4)

Erbe et al. [16] considered the second-order nonlinear dynamic equations with
damping

(r <xA(t)>Y>A +pt) (x2°(1) +q(t) f(x(r(t)) =0, teT, (1.5)

and established some sufficient conditions for oscillation of (1.5).
Saker et al. [17] investigated the oscillation of second-order dynamic equations with
damping term of the form

(rOx*®) " +pOx> (1) + 4O f (x(0®) =0, teT, (1.6)

and obtained some new oscillation criteria for (1.6).
Zafer [21] studied the second-order nonlinear dynamic equations on time scales

vy +p(yt +q(t)y” =0, teT, (1.7)

and presented some oscillation and nonoscillation criteria. Obviously, (1.7) is the special
situation of (1.1).

Note that in the special case when T = R, (1.1) becomes the second-order nonlinear
damped differential equation

(W) +pt) (X 1) +qt) f(x°(1) =0, teR, (1.8)
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and when T = Z, (1.1) becomes the second-order nonlinear damped difference equation
A((AX(H)) +pB)(Ax(B) +q()f (1) =0, teZ, (1.9)

where Ax(t) = x(t+1) — x(¢).

This paper is organized as follows: in Section 2, we give some preliminaries and
lemmas. In Section 3, we will establish some oscillation criteria for (1.1). In Section 4, we
give an example to illustrate the main results.

2. Preliminaries
It will be convenient to make the following notations:
a(t), 0O<y<l,

d,(t) := max{0,d(t)}, d_(t) :== max{0,-d(t)}, PB(t) = {

ar(t), y>1, @2.1)

t—1t,

O =

R(t) == ep/a-pp (L, t.).
Lemma 2.1. Assume that x is A-differentiable. Then from Keller’s chain rule [2, Theorem 1.90],
1
(GO))* =1 [ (0 + A= WxO) 5 Odh (22)
0
Lemma 2.2 (see [22]). If f(x) = —Ax("*D/Y + Bx, A > 0, then f(x) attains its maximum value at

xo = (yB/(y + 1A, and f(xo) = (y'/ (y + )"*)(BI*1/AY),

Lemma 2.3. Suppose that x is an eventually positive solution of equation (1.1), 1-p(t)u(t) > 0, and
® At
———— = 0. 23
J, 7 22
Then there exists a t, > to, such that for t > t,,

<<xA(t))Y>A <0, XA >0, x*2(t)<0, x(t)> (t-t)x (), ;;((tt)) >alt).  (24)

Proof. Pick t; € [ty, oo)¢ such that x?(¢) > 0 on [t1, 00). From (1.1), we have

[(xA(t)>Y]A +p)(x* () <0, te [t m)r (2.5)
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So, we get

p(t)

1 A
e [ O) ] T (P 0) <0 telheon

Therefore,

[R(t) (xA(t)>Y]A <0, te[t, o)

We claim that x(t) > 0. If not, there exist t; > t; and a constant C < 0 such that

R(H) (xA(t)>y <C<0,
hence

xA(t) < <%>1/Y.

Integrating the above inequality from t; to t, we obtain

t

As — —oo,

x(t) < x(t) + CVY L e

which is a contradiction. Hence,
x2(t) > 0.
Obviously, by (2.7) and (2.11), we can see that
[(xA(t‘))Y]A <0.
From (2.11) and (2.12), we have
x88(t) <0.

It follows from (2.13) that

t — oo,

x(t) > x(t) - x(t,) = f: x2(s)As > x2(£)(t - t,).

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)
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In view of (2.14) and x7(t) = x(t) + u(t)x2(t), it is easy to get that

x(t)
x7 ()

> a(t). (2.15)

3. Main Results

In this section, we will give some new oscillation criteria for (1.1).

Theorem 3.1. Assume that (2.3) holds. Further, suppose that 1 — p(t)u(t) > 0, and there exists a
positive A-differentiable function 6, such that for all sufficiently large t,,

: : o Y BNS) |
hrtrLs::p . [Lq(s)6 (s) - s 1)Y+1 A7) As = oo, (3.1)

where A(t) = yéo(t)ﬁ(t)/(6(t))(Y+1)/Y, B(t) = (64(t) — p(t)8° (t)a¥ (t))/6(t). Then every solution
x of (1.1) oscillates on [to, 00)r.

Proof. Let x(t) be a nonoscillatory solution of (1.1) on [ty, o0);. Without loss of generality, we
assume x(t) > 0, for t > t, > t;. Consider the generalized Riccati substitution

A Y
w(t) = 6(t>%, s (32)

then w(t) > 0, and by the product rule and then the quotient

Y T\ &
wh (1) = 68 (1) D) +6"(t)<<XA(t)) >

X7 (t) xV(t)
: Y)A (3.3)
_pap @), (EEO)) @) (@)
=0 5w Oy T O R ey

Using (1.1) and (3.2), we find

62(t) NS NOAVWZEIORY oo o () ()
wit) < wt) Ty~ (t)<x<t>> (7o) ~ a0 =60 G

(3.4)

If 0 <y <1, from Lemma 2.1, we get

() 2y (7 (B) x4 (8), (3.5)
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hence
54 A v Y XA
) <) 55 - p5°w) <xx((t§)> (22) ~Laws o) - y6“<t>< xé?) %
(3.6)
In view of Lemma 2.3 and (3.2), we obtain
o 6(t) 67(t) Yo (B)a(t) .
w? () < -Lq(t)67 (1) + < 50 "PD%sm aT<t>> B g pyar @O G)
If y > 1, from Lemma 2.1, we get
(Ge®))® 2y Ge(®) x4 (), (38)
hence
4 ngon (WY (2 SN E S CAREIONY
s PO < 0 > () L oot < ) > <xa<t>) |
(3.9)
In view of Lemma 2.3, we have
o 20, 67(t) Yo7 (£)a¥ () v
w? () < ~Lq(B57 (1) + < s PO~ >> (H - W(w(t))” VT (3.10)
Therefore,
o 6°(t) 67(t) Yo7 (1)B(t) .
w? () < ~Lq(B87 (1) + < TOBNART0 aY(t))w(t) - W(w(t))“ V@)
From Lemma 2.3, we get
Agpy < o y" B
w” (t) < -Lq(t)6°(t) + G AT (3.12)
Integrating the above inequality from ¢, to t, we have
f . ' Bri(s)
J‘t* [Lq(s)S (s) - (0 1)y+1 AT(s) ]As <w(ts) (3.13)

which leads to a contradiction to (3.1). This completes the proof. O
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Remark 3.2. From Theorem 3.1, we can obtain different conditions for oscillation of all
solutions of (1.1) with different choice of 6.

Theorem 3.3. Assume that (2.3) holds. Further, suppose that 1—p(t)u(t) > 0, and there exist positive
A-differentiable functions 6 and r, such that for all sufficiently large t.,

t

limsup [Lq(s)S(s)r(s) -

t— o0 ty

r BM(S)]A - (3.14)

(=1 A
where A(t) = yr(t)6(t)/(6° )YV, B(t) = r(t)(62(t) - p())6(t)) /67 (t) + r2(t). Then every
solution x of (1.1) oscillates on [tg, o0)y.

Proof. Let x(t) be a nonoscillatory solution of (1.1) on [ty, c0);. Without loss of generality, we
assume x(t) > 0, for t > t, > t;. Consider the generalized Riccati substitution as in (3.2). Then
w(t) > 0, and by the product rule and then the quotient

Y\ © Y\ A

xV(t) xY(t)
(3.15)

A
s (GO (EO)) ) (o)
'6A(t)< an ) O woy Y ey oy

it follows from (1.1) and (3.2) that

o Y Y y A
w00 _p(t)é(t)<xA (t)> (xA(t)> - Lq(5(t) - 5t DL ()

6°(t) x(t) x4 (t) (x(8) (x9(t))"
(3.16)
If 0 <y <1, from Lemma 2.1, we get
() 2 y(x (1) x4 (1), (3.17)
hence
o0 85(1) RIOAWASORY
wi(t) <w’ () g5 —p(t)6(t>< =0 > <xAg(t)> - Lq(h)s()
(3.18)

2o\ rxew N [ 2 \
~ro) ( (1) > (o) <on(t)> |
In view of Lemma 2.3, we see that

84(t) 5t \_ o yo(t) o (1 D)/
wA(t) <-Lq(t)o(t) + <6<’_(t) —p(t)6a—(t)>w (t) - W(w O Dy (3.19)
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If y > 1, from Lemma 2.1, we get
() 2 () (1),
So,

55(t) 2\ /A \
60‘(t) —P(t)6(t)< xo-(t) > (on-(t)> _L‘I(t)6(t)

x49(t) wlx"(t) xA(t) v
‘76(”<x0<t>> ) <on(t)> |

In view of Lemma 2.3, we find

w (1) < w(t)

67(t) 6°(t)

wA(t) < _Lq(t)b.(t) + <6A(t) _P(t) 6(t) >wa(t) L))/Y(wa(t))(yﬂ)/}"

(69 (1)

Therefore,

w (1) < ~Lq(t)5(t) + <6A(t) _ppy 20 >wo(t) _ L))/Y(wo(t))(}’ﬂ)/}"

69 (t) 6°(t) (6‘7(t))(y+1

From Lemma 2.2, we obtain

y* BN
(y+1)r AT

WA (1) < ~Lq(H)5° (1) +

Integrating the above inequality from ¢, to t, we get

Y B™i(s)
(y+1)" AT

t
f [Lq(s)6(s)r(s) -

ty

] As < r(t )w(ts)

which leads to a contradiction to (3.14). This completes the proof.

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

O

Remark 3.4. From Theorem 3.3, we can obtain different conditions for oscillation of all

solutions of (1.1) with different choice of 6 and r.

In the following, we will establish Kamenev-type oscillation criteria for (1.1).

Theorem 3.5. Assume that (2.3) holds. Further, suppose that 1 — p(t)u(t) > 0, and there exists a

positive A-differentiable function 6, such that for m > 1 and all sufficiently large t.,

t Y +1
1imsuptlm NGOk [Lq(s)S"(s) " +Y1)”1 iy(g)]As = 0,

t— oo

(3.26)
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where A(t) = y6° ()(t) /(65(t)) VY, B(t) = (62(t) — p(t)6° (t)a¥ () /6(t). Then every solution

x of (1.1) is oscillatory on [y, 00) 7.

Proof. We may assume that (1.1) has a nonoscillatory solution x(t) such that x(t) > 0. Define

w by (3.2) as before, then we get (3.24). From (3.24), we have

YY BY+1 (t) < _wA (t)

Lqa®)57(t) - (y + 1)Y+1 AY(t) ~

Thus

9

t
(1) A ]AS <[ -orwtens

Upon integration, we arrive at

- ft (t—s)"w™ (t)As = (t - s)™ w(t)|i* - ft ((t- s)m)Asw(O'(t))As.
t t

(3.27)

(3.28)

(3.29)

Note that ((t — s)m)As < -m(t-0(s)™' <0, t>0(s),m>1 (see Saker [11]); then using

(3.28), we have

f - s>m|Lq<s>6"(s) S BT
t,

(y+ 1)’ AT(s) ]AS < (t-t)"w(t).

Therefore,
1 Y Bs) (t=t)"
— t—5)"|Lg(s)6°(s) - As < w(t,).
5 -9 [ 1066°6) - Lo )it
Hence,
] 1 t Yy By+1(s)
limsup— | (t-s)"|Lg(s)6%(s) - As = oo,
AT [q() O ey A

which contradicts (3.26). This completes the proof.

(3.30)

(3.31)

(3.32)

O

Theorem 3.6. Assume that (2.3) holds. Further, suppose that 1 — p(t)u(t) > 0, and there exists a

positive A-differentiable function 6, such that for m > 1 and all sufficiently large t.,

t

lim suptlm (t-s)" [Lq(s)5(s) -
b

t— o0

Y B'(s) B
(1) ATE) ]AS‘ °°’

(3.33)
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where A(t) = y6(t) /(6 (£)) YD/, B(t) = (82 (t) — p(t)5(t)) /67 (t). Then every solution x of (1.1)
oscillates on [ty, 00) 1.

Proof. In view of Theorem 3.3, the proof is similar to that of [18, Theorem 3.2]. O
In the following, we will establish the Philos-type oscillation criteria for (1.1).

Theorem 3.7. Assume that (2.3) holds. Further, suppose that 1 —p(t)u(t) > 0, there exists a positive
A-differentiable function 6, and H,h € C;q(D,R), where D = {(t,s) : t > s > ty} such that

H(tt)=0, t>ty, H(ts)>0, t>s>t. (3.34)

H has a continuous and nonpositive A-partial derivative H*s (t, s) with respect to the second variable
and satisfies

(H(a(t),0(s)))"" 7Y,

H2 (0(t),5) + H(o(1), 0(5)) <6A(S) - p<s)50(s)ﬂ(s)> S

6(s) 6(s)

(3.35)

and for sufficiently large t.,
li L " A 3.36
utlls::pm . K(t,s)As = oo, (3.36)

where
+1

K(t,5) = LH(o(t), 0(s))5°(s)q(s) - —— =t (337)

(y+1)7" (69(s)p(s))"

Then every solution x of (1.1) oscillates on [ty, oo)r.

Proof. Let x(t) be a nonoscillatory solution of (1.1) on [ty, o0). Without loss of generality, we
assume x(t) > 0, for t > t, > t. Define w by (3.2) as before, then we have (3.11). From (3.11),
we have

o 6% () 6°(t) y6° (HP(t) i
Lq(1)6° () < —w" (t) + < OBALD) ch<t>>w<t>— W(w(t))“ Do (3.38)
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Thus,

o(t) o(t)
L t H(o(t),0(s))q(s)6(s)As < — t H(o(t),0(s))w”(s)As
t t

o (t)

+ H(o(t),o(s))<6A(S) —p(s)maY(5)>w(s)As

b 6(s) 6(s)
o(t) YSU(S)ﬂ(S) .
"), HEO e e s

(3.39)

Integrating the right side by parts, we have

o(t) o(t)
- t H(o(t),0(s))w?(s)As < H(o(t), ) w () + j t H%(o(t),s)w(s)As, (3.40)
t .

and then by using (3.34) and (3.35), we arrive at

o(t)
L H(o(t),0(s))q(s)6°(s)As
ty

o(t) h_(t,s) B Y67 (s)B(s) (r+1)/y
<J, [6<s><H<o<t>,o(s)))m“”w(s) HEO 0 G gyurr (e A
T+ H(o(t), F)w(t).
(3.41)
Define
y+1 A Y67 (s)p(s) -1 h-(t, s)
v=L10 A S Ho@),0(s) 2 o .
» (o(t),0(s)) 5(s) (150 (5)p(s) (3.42)

By employing the inequality
MBM1 A< (A -1)B', 1>1, (3.43)

we obtain

h_(t,s) “
6(s)(H(a(t),o(s))) T+

(s)

3.44
(h_(t,))"" .

Y6° (s)B(s) -y
—H(o(t),0(5)) 2P0 (35(s)) /Y < .
(y +1)"" (69(s)B(s))"

CIO )
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Therefore,
! " (3.45)
—_ K(t,s)As <w(t"), .
Hom,m ), Fotesel)
which contradicts (3.36). The proof is complete. O

Theorem 3.8. Assume that (2.3) holds. Further, suppose that 1 —p(t)u(t) > 0, there exists a positive
A-differentiable function 6, and H,h € C,q(D,R), where D = {(t,s) : t > s > to} such that (3.28)
holds, and H has a continuous and nonpositive A-partial derivative H:(t,s) with respect to the
second variable and satisfies

. 6%(s) _ 89(s)\ _ _h(ts) /(D)
HA (t,S) +H(tls)< 6(5) P(S) 6(5) > - 60(5) (H(t,s))Y r N (346)
If for sufficiently large t.
. 1 '
hrtrls:ij(tl 0 J‘t* K(t,s)As = o0, (3.47)

where

(h-(t,s)"™"

K(t,s) = LH(t,s)6(s)q(s) - , (3.48)
(r+1)""(6°(s))"
then every solution x of (1.1) oscillates on [tg, 00)r.
Proof. In view of Theorem 3.3, the proof is similar to [16, Theorem 2.2]. O

Theorem 3.9. Assume that (2.3) holds. Further, suppose that 1—p(t)u(t) > 0, and for all sufficiently
large t,,

limsup(t—t,)" L q(s)As > % (3.49)

t— o0

Then every solution x of (1.1) oscillates on [ty, oo)r.

Proof. Let x(t) be a nonoscillatory solution of (1.1) on [ty, c0);. Without loss of generality, we
assume x(t) > 0, for t > t, > to. From (1.1) and Lemma 2.3, we get for T > t > £,,

LIT q(s)x" (s)As < LIT 4(s)x7% (s) As < <xA(t)>y - <xA(T)>Y < <xA(t)>Y. (3.50)
t t
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Letting T — oo, we obtain
Lf q(s)x" (s)As < <xA(t)>Y. (3.51)
¢

In view of Lemma 2.3, we obtain

o 1)\ 1\’
LL q(s)As < < ) > < (t—t*> . (3.52)

Thus
. * 1
limsup (t - t,)" I g(s)As < I’ (3.53)
t— oo t
which is a contradiction. This completes the proof. O
4. Example

In this section, we will give an example to illustrate our results.

Example 4.1. Consider the second-order damped dynamic equation on time scales
((20)) + 2 (x2®) +tam)y =0, (1)
t

where

u(t) <t p(t)=%, g =t, &) =1, L=1, f(x)=x. (42

Obviously, f(x)/x¥=1>L=1.

It is easy to see that (2.3) holds. For 0 < y <1, one has

- t Y (@)™, t 1 1 _
lim sup [s— (s 1)Y+1 (a5 ]As = lim sup [ _Ws“l ar (S)] As = oo,

t— oo t* t— o0 t*

(4.3)

and fory > 1,

t— o t* t— oo t*

. o P L (Y LA C) e oo 11 _
lim sup [s 0+ 1)Y+1 () As = limsup s 0+ 1)Y+1 = a’(s) | As = oo.
(4.4)

Hence, by Theorem 3.1, every solution x of (4.1) is oscillatory.
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Remark 4.2. 1t is easy to see that the results in [16-21] cannot be applied in (4.1), and to the
best of our knowledge nothing is known regarding the oscillatory behavior of (1.1), so our
results are new.
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