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By using fermionic p-adic g-integral on Z,, we give some interesting relationship between the
twisted (h, g)-Euler numbers with weight a and the g-Bernstein polynomials.

1. Introduction

Let p be a fixed odd prime number. Throughout this paper, we always make use of the
following notations: Z denotes the ring of rational integers, Z, denotes the ring of p-adic
rational integers, QQ, denotes the field of p-adic rational numbers, and C, denotes the
completion of algebraic closure of Q,, respectively. Let N be the set of natural numbers and
Z, =NU{0}. Let Cpn = {w | w?" = 1} be the cyclic group of order p”, and let

Tp = lim Cpn = Cpoo = UnZOCP", (11)

n—oo

(see [1-22]), be the locally constant space. For w € T,, we denote by ¢, : Z, — C, the
locally constant function x — w”*. The p-adic absolute value is defined by |x|, = 1/p", where
x =p's/t(r € Qand s,t € Z with (s,t) = (p,s) = (p,t) = 1). In this paper, we assume that
q € C, with |g - 1| p < 1 as an indeterminate. The g-number is defined by

[x], = —L, (12)
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(see [1-22]). Note that lim, 4 [x]q = x. For
feUubD(Z,) ={f| f:Z, — C, is uniformly differentiable function}, (1.3)

the fermionic p-adic g-integral on Z, is defined by Kim as follows:

1+g

pN-1
Ly(f) = fz f(xX)dp_q(x) = lim 2(;) fx)(-9)%, (1.4)

Nﬂoo1+qPN

(see [1-7]). From (1.4), we note that
n-1
q"Lq(fa) = C1)"L4(f) + [21, 2D g F D), (1.5)
1=0

where f,(x) = f(x+n) forn e N.
For k,n € Z, and x € [0, 1], Kim defined g-Bernstein polynomials, which are different
g-Bernstein polynomials of Phillips, as follows:

n k n-k
Bin(x,q) = <k> [x]q[l —x]q,1 , (1.6)

(see [5]). In [9], the p-adic extension of (1.6) is given by

n
Bin(x,q) = <k> [x]5[1 - x];:k, where x € Z,, n,k € Z,. (1.7)

Fora € Z, h € Z,w € Ty, and g € C, with [1 - q], < 1, twisted (h, g)-Euler numbers Eﬁ,%’fz,
with weight a are defined by

E() fz B0 (O [l (). (1.8)
P

In the special case, x = 0, Eglﬁ,(O) = Eilhq“,l, are called the n-th twisted (h, g)-Euler numbers
with weight a.

In this paper, we investigate some relations between the g-Bernstein polynomials
and the twisted (h, g)-Euler numbers with weight a. From these relations, we derive some
interesting identities on the twisted (h,q)-Euler numbers and polynomials with weight
a.
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2. Twisted (h, g)~-Euler Numbers and Polynomials with Weight o

By using p-adic g-integral and (1.8), we obtain

[ 9ug D ety ) = Jim S et e (g

qu

1 nn n
- mq(m) 5(0) Y e

We set

h, ha) £
For (1) = Zmﬁw
n=0

By (2.1) and (2.2), we have

h, ha) t"
ﬁfm-Zmﬁ;
n=0

.

Z( 1)mwmqhme

Since [x + 1. = [x]« +4*[y],., we obtain
Eqni(x) = f P (v)d" " Dy + x] utdpg ()

=ZO',<7> [ ’f Poo ()" [y] geddht— (v)

0

Therefore, we obtain the following theorem.

Theorem 2.1. For n € Z, and w € T, we have

0

El(’lhqu‘lz}(x) =[2],2] (=)™ g™ [x + m] .

m=0

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)



4 Discrete Dynamics in Nature and Society

Furthermore,

n n
E(hazJ(JC) Z< > axl[ ]n lEl(Zﬂ;z

1=0
na)\"
- <[x]qa + q“xE;,u‘,")> ,

with usual convention about replacing (E{us N with E,(qhqﬂ,.

Let F, h“)(t x) =% OE;hq“Z, (x)t"/n!. Then we see that

Flgfqu) (t,x) = [Z]qz (_1)mwmthg [x+m] .
In the special case, x = 0, let F\% (t,0) = F{ (1),
By (2.1), we get

Eyr o (1=2) = (-1)"wg™ i ().

nqw!
From (2.3) and (2.7), we note that
wq"Fiw’ (t,1) + Py (1) = 2],

By (2.9), we get the following recurrence formula:

h, 2] h, n ,
Egi = %, q'wE,(1) + ES-, =0 if n>0.

By (2.10) and Theorem 2.1, we obtain the following theorem.

Theorem 2.2. For n € Z, and w € T,, we have

ey 2l
0qw —

h a - (ha) n (ha) _ .
1+qhw’ q w<q E%w +1> +En,q,w—0 lfn>0,

with usual convention about replacing (E(h “)) with E,(qhﬂ,.

By (2.4), Theorem 2.1, and Theorem 2.2, we have

(2], (2]

2hy 2 p ) 2h, 2 9 _h
E,ow(2 -

g () - 1+g'w “ 1+qhwq @

_qZthZ< > a( a éhuf‘)+1>l— 2], 7 - 2],

1+q'w 1+g"w

qw

h

(2.6)

2.7)

(2.8)

(2.9)

(2.10)

(2.11)
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—q2hwzz< > a( aE(hzx) 1)’_
L\ 12
-3 () - e

=1

:wwz<)ﬂwm

(h,a) (1) — E(h,u)

-q wEnqw ngw if 1>0.

Therefore, we obtain the following theorem.

Theorem 2.3. For n € N, we have

1+g"w

2l,

qw

E(haz)u(z) ( hl >E,(lhqa) 2], +<
g*hw? 1+ q'w

By (2.8), we see that

q wJ‘ 1 x]q q(h 1)x xd‘l/l q(x) _( 1)n an+h— 1wI [x—l];‘aq(h‘l)"wxdy_q(x)
Zp

= (- 1)n an+h-1 E(hazj( 1) =

Therefore, we obtain the following theorem.

Theorem 2.4. For n € Z,, we have

[1-x]-

. aq(hfl)xwxd‘u_q(x)
ZP

g 1w
Let n € N. By Theorems 2.3 and 2.4, we get
QW (x)

q" 1w [1- x];‘,

ZP
2]
_ w? (h,a) h-1 [ q
_q Enq,lw,1+q w<1+qhw>

From (2.16), we have

«[Z,, [1- x]Z,

(h— 1)x xd# (x) q wE(h

n,gtw!

1 (2],
g'w ) 1+q'w

h,

EN) ().
h,
E) i (2).

o2 Pl
4w 1+q"w

el \ L, /12,
o <m> T4 w<1+qhw

).

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)
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Therefore, we obtain the following corollary.

Corollary 2.5. For n € N, we have

J‘Z [1- X]Zfaq(h‘l)xwxdy_q(x) _ qh+1wE(h,u) + [2]‘1‘ (2.18)

gt w!
P

Kim defined the g-Bernstein polynomials with weight a of degree n as below.
For x € Zy, the p-adic q-Bernstein polynomials with weight a of degree n are given by

(@ "\ Lk n-k
B, (x,q) = L [x]ge[1 - x]3=", where n, k € Z,. (2.19)

compare [5, 10, 22] By (2.19), we get the symmetry of g-Bernstein polynomials as follows:
B (x.q) =B, (1-x47"), (2.20)

see [8]. Thus, by Corollary 2.5, (2.19), and (2.20), we see that

J Bl((“r)l (x,q)g" P w dp_g(x) = f B,(fk/n <1 - X, q_1>q(h_l)xwxdﬂfq (x)

P 4

K /k
= <:> Z < l > (-1)k IZ [1- x];‘ffq(h‘l)"wxdy_q (x)
1=0

p

n\ & [k K+l ( _hal,, ()
= K Z ] (-1) (q WEn,l,qfl,wfl-i-[z]q)‘

1=0
2.21)
Forn, k € Z. with n > k, we have
(@) (h-1x, x n\ < [k kil { pel, ()
[ B pa @ = (1) S( )0 (el 12,)
z, 1=0
qh”wEg‘(’;:) o T 214 ifk=0,

I
Q:‘
SH
N\
Fanl S
~_
1M~

k
< >(—1)’<+’Efjj;‘;] o k>0
1 A

(2.22)
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Let us take the fermionic g-integral on Z, for the q-Bernstein polynomials with weight a of degree n
as follows:

“ —DX ¥ " n— ~Dx,,.x
f By (x,0)g" w0 dpy () = <k> f [xI§[1 - <1525 w0 dp g (x)
P

ZP
(2.23)
n\"=k/n-k
= -1'E™O
Therefore, by (2.22) and (2.23), we obtain the following theorem.
Theorem 2.6. Let n, k € Z,. with n > k. Then we have
ha .
qh”wI—ZL/q_l),w_1 +[2], ifk=0,
B@ (x q)q(h—l)xwxdﬂ_ (x) = 2\ & /K
kn\"” q . a .
J‘Zp qh 120 Z (—1)k+lEfl}il,;*1,w*1 sz > 0.
k/ 1=\l
(2.24)
Moreover,
qwEN L+ (2], if k=0,
nk /n—k Y
Z< >(—1)ZE$23,W = k [k ot (2.25)
= l qh+1wz (- Enfz,qfl,wfl if k> 0.
=0 \ /
Let ny,ny, k € Z. with ny + ny > 2k. Then we get
JZ By (x,9) B (x,4)q" Ve dpu_y (x)
»
m ny 2k /2k
— -1 l+2kj 1-x n}:nz—l (h—l)xwxd (x
(OEC e[, n-sm g wae,e
n\ [m2\ & [ 2k 142k ( _h+1,  p(ha)
i < k > < k >% ( ! > D (§OED s+ [2)
1w Efilfiz,q—l,w-l +[2], if k=0,
= np Ny 2k 2k
ok+l [ _hel,, p(ha) .
< k > < k > IE(; < I > (CDHHGIOELT o+ 2y) A0
(2.26)

Therefore, by (2.26), we obtain the following theorem.
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Theorem 2.7. For ny,ny, k € Z, with ny + ny > 2k, we have

I B(a) (x q)B(t»l)2 (x, q)q(h_l)xwxdﬂ_q(X)
Z

P

PGS, o e
= ny Ny 2k 2k Lt .
e < k > < k > = < l > OBy g FRFO.

From the binomial theorem, we can derive the following equation:

f B, (x, ) B, (x,q)q" w0 dp g (x)

ny Ny ny+ny—-2k n1+n2—2k . .
i <k><k> g(; (_1)l< ] >J‘Z [x]g g wdpg(x)  (2.28)

P
n 1y \ Mtk ny +n, -2k
(DG (T e
k)\k) = I

Thus, by (2.28) and Theorem 2.7, we obtain the following corollary.
Corollary 2.8. Let ny,ny, k € Z, with ny + ny > 2k. Then we have

hlg, g n [Z]q if k=0,

q ny+1,q% w!

n1+§:—2k( 1y <n1 + 1y - 2k>E(h 2) o

— 4 = 2k

“ i 2k+l,q qh+1wz< >( 1)2k+l (h,) o lfk > 0.
=0 \ [

n+ny—l,qg=*,w!

(2.29)

For x € Zy and s € Nwith s > 2, let ny,ny, ..., ns, k € Zy with ny + -+ + ng > sk. Then we
take the fermionic p-adic q-integral on Z, for the q-Bernstein polynomials with weight a of degree n
as follows:

f B (x,4) By, (x/q)ﬂ(h_l)xwxd‘u,q(x)

Ex trmes

_ <TIL€1> <7/Il<s> fz [x ]q [1- X]Zﬁ = skq(h 1)x w dp_,(x)




Discrete Dynamics in Nature and Society 9

m s\ & [sk ! kJ‘ botng =1
= —1)"*s 1-—x nla'" N (hfl)xwxd (x
() ()R (7 ), et
n ns\ &k /sk . -
() (EC) o aet )

h, .
qh+1w}5£¢1z?~+ns,q’l,w" + [2]‘1 lf k=0,

ny Nng sk Sk
qh+1w Z (—1)l_*—Skl_::,(th)Jr _1Lg-1 w1 ka > 0.
k k /=0 \ I R

(2.30)

Therefore, by (2.30), we obtain the following theorem.

Theorem 2.9. For s € Nwith s > 2, let ny,ny,...,ns, k € Zy with ny + - - - + ng > sk. Then we get

[ B85-80 o e )

P —~
s-times
h+1 (hya) e
G WE, g0 T 2 ifk=0,

= ni ns\ &k [ sk a ;
7w < k> e ( ) > gd" < l > (—1)”S"Effl’;.imsfz,qfl,wfl if k> 0.

(2.31)

By the definition of gq-Bernstein polynomials with weight a and the binomial theorem, we
easily get

[ B8 o) BS, (a0
’ S-%ES

n Mg ny+-+ng—sk N+ +ng— sk
i < k > ; < k > = (_1)l< 1 > |
= P
n Mg ny+-+ng—sk ; N+ +ng— sk (e
= <k> <k> % (-1) < l Esk”/q,w.

Therefore, we have the following corollary.

(2.32)
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Corollary 2.10. For w € T,,s € Nwith s > 2, let ny,ny,...,ns, k € Z, with ny +--- + ng > sk.
Then we have

n1+‘“§s_5k(_1)l <n1 +ee ns — Sk>E(h/a)
I sk+l,q,w

1=0
h, '
qh”w}s;(ﬁf?.ms,q—l,w—l +[2], ifk=0, (2.33)
) SIS sk p(ha)
0 .
‘1h+1wz ] GO B intgt if k> 0.
1=0
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