Hindawi Publishing Corporation
Discrete Dynamics in Nature and Society
Volume 2011, Article ID 293607, 24 pages
doi:10.1155/2011 /293607

Research Article

Extended Mixed Function Method and Its
Application for Solving Two Classic Toda Lattice
Equations

Weiguo Rui and Xinsong Yang

Center for Nonlinear Science Research, College of Mathematics, Honghe University, Yunnan, Mengzi
661100, China

Correspondence should be addressed to Weiguo Rui, weiguorhhu@yahoo.com.cn
Received 14 April 2011; Revised 26 May 2011; Accepted 15 June 2011
Academic Editor: Zhengqiu Zhang

Copyright © 2011 W. Rui and X. Yang. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

The mixed function method is extended from the (1 + 1)-dimensional space to the (2 + 1)-
dimensional one, even those forms of exact solution do not exist in (1 + 1)-dimensional NDDEs.
By using this extended method, the Toda lattice and (2 + 1)-dimensional Toda lattice equations are
studied. Some new solutions such as discrete solitary wave solutions, discrete kink and antikink
wave solutions, and discrete breather soliton solutions are obtained, and their dynamic properties
are discussed.

1. Introduction

In [1], motivated by the structures of the exact solutions obtained from Darboux
transformation, the authors constructed the mixed function method in (1 + 1)-dimensional
space. Further, they studied the generalized Hybrid lattice equation and the two-component
Volterra lattice equation by using this method, then they obtained some new exact solutions
such as discrete solitary wave solutions and kink wave solutions. By this token, the mixed
function method is as powerful as the exp method [2-7] and tanh method [8-10]. In
this paper, we will extend this method from the (1 + 1)-dimensional space to the (2 +
1)-dimensional one and present some new forms on establishing different kinds of exact
solutions, then this extended method will be applied to many higher-order nonlinear
differential-difference equations (NDDEs). Moreover, we provide a simplified way to solve
large numbers of high-power algebraic equations using a computer. Of course, these high-
power algebraic equations mentioned above are all derived from high-order or high-power
NDDEs. Therefore, the procedure of computation can be greatly simplified, and time is
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saved. We notice that this extended method is as powerful as the other symbolic computation
methods such as tanh-function method, sine-cosine function method, exp-function method,
Jacobian elliptic function method, (G'/G)-expansion method, and Adomian decomposition
method, and these methods (please refer to [2-18] and references cited therein) are popular
tools in the field of the nonlinear differential-difference equations.

We consider the following (2 + 1)-dimensional Toda lattice equation [19]

o’u ou
—n_ (= - 1.1
dx0t < ot + 1> (un—l zun + un+1)/ ( )
and the Toda lattice equation [20]
du,  (du, 1 12
ae dt + (Un-1 = 2Uy + Ups1). (1.2)

It is well known that there is another form for the (2 + 1)-dimensional Toda lattice equation

oy
Y _ ) - _ 13
o5 = P Yt = yn) = xP (Y~ Yuat), (13)

and there are another two forms for the Toda lattice equation

Y (1.4)
2z = OPWn-1 —yn) —exp(Yn = Yun), -
Uy = Uy (Unfl - Un)r Up = Up — Upy1- (15)

Under the transformation 0u, /0t = exp(yn-1 — ¥») — 1, (1.3) and (1.4) can be reduced to
(1.1) and (1.2), respectively. For (1.1) and (1.2), there are important physical models and
biological models which have been studied by many authors, see [7, 10, 21-39] and references
cited therein. For example, the Toda lattice equation was used as DNA models [36-38], this
equation can also be used as a model to describe the pressure pulse wave in aorta.

Recently, by using the exp-function method, Zhu [7] studied (2 + 1)-dimensional
Toda lattice equation and obtained some exact solutions of exp-function type. By using tanh
method, S. Zhang and H.-Q. Zhang [10] studied the same equation, they obtained some
exact solutions of hyperbolic function type. By using the symbolic computation of hyperbolic
tangent solutions, Baldwin et al. [11] studied both (1.1) and (1.2), and they obtained some
exact solutions of tanh-function type. By using the modified hyperbolic function method, Zhi
et al. [34] studied (1.2), they obtained some discrete soliton solutions of hyperbolic function
type. In this paper, using the extended mixed function method, we discuss (1.1) and (1.2),
and new solutions which are different from the results in [7, 10, 11, 34] are obtained.

The rest of this paper is organized as follows. In Section 2, we introduce the extended
mixed function method. In Section 3, by using the extended method, we obtain new exact
solutions of (1.1), and discuss their dynamic properties. In Section 4, we will obtain new
exact solutions of (1.2), and also discuss their dynamic properties.
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2. The Extended Mixed Function Method

In this section, we begin formally introducing the extended mixed function method moti-
vated by [1].

First, we extend the mixed function method from (1 + 1)-dimensional space to (2 + 1)-
dimensional one, and later, we present some new forms of solutions on establishing different
kinds of exact solutions of NDDEs. Without loss of generality, we suppose that a polynomial
(2 + 1)-dimensional NDDEs and (1 + 1)-dimensional NDDEs have the following form:

ou, ou, u
lP‘(/ un—Zlun—llunlun+1/un+2/---/a_tn/ a_;/ W@Z'> :OI (21)
¥ Up—2, Un_1, Up, Ups1, U Ouy Bty =0 (2.2)
e U2, Un-1,Upn, Un+1, Un+2, - - - ot ’ FYS JARR =Y, .

respectively, where u, = u(t,n,x) in (2.1) and u, = u(t,n) in (2.2), n is a discrete variable,
and x and ¢ are two continuous variable. The general framework of the extended method for
NDDEs is shown in the following.

Step 1. Corresponding to (2.1), as in [1], we suppose that its exact solutions has the following
three expansions:

m wneax—ﬂHyg _ Be’(”x*ﬁHYo) P
Uy = Zoap wneax—ﬂt+)’0 + Ce_(ax_ﬂt+Y0) s (23)
p=
S w" P
Uy = goap [wzneax—ﬁtﬂ’o + Ce_(ax‘ﬁ”}’o)] ’ (24)
> a, [w' exp(ax - pt+10)]"
., pe0 ap [ ] s

S by [wrexp(ax - pt+ 1)

where m is a positive integer which can be given by the homogeneous balance principle
or the character of the idiographic NDDEs, the parameters B, C, w, a, f, yo, ap, by (p =
0,1,...,m) are constants which need to be determined later, and k € N, B# -
C, ao/bo#ax/ba# -+ #am/b.

Besides the above forms of solutions, we will add three new expansions. If (2.1) has
no term Ou, /0x, then we suppose their expansions as follows:

m wneﬂtﬂfo _ Be—(ﬂtﬂfo) P
Uy = An f(x) + Pzzobp [wne i Co | (2.6)
m w" P
u, = An f(x) + %bp Ty Ce‘(ﬂ”ﬂ‘)] , boki1 =0, (2.7)
m ¢, (w™)?
Up = An f(x) + ' P Co+1 =0, (2.8)

=0 (eﬂt+Y0)p + B(wn)Pl
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where f(x) is an arbitrary function which can be chosen as hyperbolic functions and
trigonometric functions. In [1], we supposed that (2.2)’s exact solution is one of the following
two kinds of expansion forms:

U, = iz::ai [%]i (2.9)
Uy = gai [#:Ce‘Qt] ' (2.10)
We add two new forms of solutions for (2.2) here
n= é;;;z Z:E:::Z;:, azks1 =0, by =0, (2.11)
Uy = g)(em[;’;(_'_%, azx+1 =0, (2.12)

where m is a positive integer which can be given by the homogeneous balance principle
or the character of the idiographic NDDEs, the parameters B, C, w, £, ap, bp (p =0,
1,...,m) are constants which need to be determined later, and k € N, B# -
C, ay/by#ax/by# -+ # am/bp.

Step 2. By using the homogeneous balance principle or according to character of the
idiographic NDDEs, we determine the value of m then substitute it in the expressions (2.3)—
(2.12) of Step 1. Sometimes, we can directly assume that m = 1 or m = 2. In [8], by using the
homogeneous balance method, the balance number of the generalized hybrid equation has
been obtained successfully.

Step 3. Substituting the presupposed solutions determined by Step 2 in the original equation
(2.1) or (2.2), then setting the coefficients of all independent terms in e*,e™* (k =
0,1,2,...,N, ¢ = ax — ft + yp or ¢ = Qf) to zero, and we get a series of algebraic equations
from which the corresponding undetermined constants are explicitly solved by the use of
mathematical software Maple or Mathematica.

Step 4. Substituting the values of these constants B, C, w, Q, a, B, yo, ap, by (p = 0,
1,...,m) given by Step 3 in the solutions presupposed by Step 2, thus, the exact solutions
of the original equation (2.1) or (2.2) are obtained finally.

3. New Exact Solutions of (2 + 1)-Dimensional Toda Lattice Equation
and Their Dynamic Properties

In this section, by using the extended method shown in the Section 2, we discuss exact
solutions of (2 + 1)-dimensional Toda lattice equation (1.1) and their dynamic properties.
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3.1. Exact Solutions of the Form (2.3)

Suppose that (1.1) has exact solutions of the form (2.3). By using the balance procedure, we
easily obtain m = 1. Thus, we let

(3.1)

w" exp(ax — Pt +yy) — Bexp(—(ax — pt + YO))]

Un = o + [w" exp (ax — pt +y0) + Cexp(—(ax - pt + o))

where ay, a1, w,a, B,y0,B, C are constants to be determined later, and B # —C. After substituting
(3.1) into (1.1), multiplying both sides by the common denominator (w"e™F&1 +
Ce™ (Pt )3 (gon=1 0Pt 4 Com(@x=Ph)) (o1 e —PH10 4 Ce=(a¥-PH1)) and dividing both sides
by the common factor a; (B + C), it follows:

A_3673(ax7[5t+)/0) _ A_lef(ax—ﬁtﬂfo) + Aleaxfﬂtﬂfo + Ase?a(ax—ﬁtﬂfo) =0, (32)

where

As=-C [w"” + (4af - 2)w" + w"‘l],
Ay = C[(~4apC +2a: 6B - C +2a1$C)w*™! + (~4ar pB + 2C - 4a1C + 4apC)w™"

+(~4apC + 2a1pB - C + 2, pC)w™], (3.3)

Ay = (-4apC +2a1 B - C + 2a; fC)w*™*! — (-4a1 B + 2C - 4a,5C + 4apC)w™"
— (4apC +2a1B - C +2a;5C)w>™ !,

Az = 0™ + (4af - 2)w + w*

In (3.2), setting the coefficients of all independent terms e 3(@x=Pt1) o-(ax=ptn),
et Pt - g3ax=ptn) to zero, we get a series of algebraic equations as follows:

As=0, Aq=0, A;=0, A;=0. (3.4)

Equation (3.4) is a group of high-power algebraic equations, so the computational load may
be heavy when we use computer to solve it. Notice that A_3 = ~CPw" ! [w? + (4aff — 2)w + 1],
we let

Az

M3y=——7-—
3 (_C3wn—1)

—w?+ (4ap -2)w + 1. (3.5)
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As a result, the equation A_3 = 0 becomes M_3 = 0, that is, w? + (4ap -2)w +1 =0, which is
a low-power equation. Similarly, we obtain

M = (cz—zll) = (—4apC +2a1 B — C + 2a, fC)w? + (—4a1 BB + 2C — 4a, fC + 4apC)w
+ (—4apC +2a1 B - C +2a,C),
M, = ﬁ = (~4apC +2a1B — C + 241 fC)w? + (—4a1 BB + 2C — 4a, fC + 4apC)w
+ (—4apC +2a1$B - C +2a,C),
M; = % =w” + (4ap-2)w + 1.

(3.6)

Notice that M3 = M_3, M; = M_4, thus, (3.4) can be reduced to a group of low-power
algebraic equations as follows:

M;=0, M;=0. (3.7)

Solving (3.7) yields

_ CQRa-ay)
= —a1 ,

wip =1-2ap£2\/ap(ap-1), (3.9)

and C, a, B, yo, ao, a1 are arbitrary nonzero constants. The process of computation can be
greatly simplified by the above settings, and time is saved.
From (3.1), (3.8), and (3.9), we obtain two exact solutions of (1.1) as follows:

B (3.8)

" = a0+ a w exp(ax — pt+7y) — (CQRa—ar)/ar) exp(—ax + pt - y) , (3.10)
w! exp(ax — pt+7y0) + Cexp(—ax + pt —yo)

= a0+ a w} exp(ax - pt+7y) — (CQRa - ar)/ar) exp(—ax + pt - ) , (3.11)
w} exp(ax — pt+y) + Cexp(—ax + pt —yo)

where w; , are given by (3.9).

In fact, (3.10) and (3.11) are solutions of local discretization because the n is a
discrete variable while the x, t are continuous variables. Here we still call them discrete
exact solutions. In order to describe the dynamic properties of these two discrete soliton
solutions intuitively, we plot their profile figures for some fixed parametric values, as shown
in Figure 1. Setting ap = 2, a1 = 03, a = -15, =2, yp=-1,t =1, whenC =4 > (,
the solution (3.10) shows a shape of discrete kink soliton, see Figure 1(a); when C = -4 <0,
the solution u, (3.10) shows another shape of discrete kink soliton, see Figure 1(b). The shape
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(b) n € [-20,20], x € [-7, 7]

(c) n € [-30,30], x € [-30, 30] (d) n € [-30,30], x € [-30, 30]

Figure 1: The solutions u, in (3.10) and (3.11) show four shapes of discrete kink and antikink solitons for
fixed parametric values of ag, a1, a, f, 1o, t and different kinds of C values: (a) C=4>0; (b) C = -4 <0;
()C=14>0;(d) C=-14<0.

shown by Figure 1(b) has jumping phenomenon, but this is not the case shown by Figure 1(a).
Setting ap =2, a1 =03, a=08, =15, =3, t=1, whenC =14 > 0, the solution (3.11)
shows a shape of discrete antikink soliton, see Figure 1(c); when C = -1.4 < 0, the solution u,
(3.11) shows another shape of discrete antikink soliton, see Figure 1(d). From Figures 1(c) to
1(d), the waveforms have both discrete and continuous character, and the soliton is discrete
along the n-axes and is continuous along the x-axes.

3.2. Exact Solutions of the Form (2.5)

Suppose that (1.1) has exact solution of the form (2.5). By using the balance procedure, we
obtain m = 2. For simplicity, here we only consider the case of a; = b; = 0. Suppose that

1 exp[2(ax — pt
" = ag + aw*™ exp [2(ax — Bt +y9)] ’ (3.12)
by + byw? exp [2(ax — pt + y0)]

where ay, a, by, by, w, a, p are constants to be determined later, and ag/byg#a,/by,
the yp is an arbitrary constant. As in Section 3.1, after substituting (3.12) into (1.1),
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multiplying both sides of the result by the common denominator (by + byw?"e*@x=Ft+70) )3 (bo +
bow?(=1) g2(ax=pt+10) ) (b + by g2(@x=pt+)) it follows:

ApeX TP 4 4, HEXPI) . A oSExpim) | A S ), (3.13)

where

(b3 2 2) [ baag — asbo)w® + 2(baag — azby) (2af - 1)w? + byag — azbo]/
( wn- 2) [(b2a0 — azby) (2byao + 4byboaf + bob, — 2azbof) w*
= 2(baag — axbo) (2baao + 2bsboaf + boby — 2a:bof)w* + (baag — azby)
X (25220 + 4baboap + boba — 2a2bop) |,
Ag = (—bzw6"_2> [(bzao — asby) (2byaof + 4bsboaf + boby — 2a2by ) w*
= 2(baag — axbo) (2baao + 2bsboaf + boby — 2a:bof)w* + (baag — azby)
X (2baaof + 4baboap + bobs — 2a2b0p) |,
Ag = (~b3w™2) [(b2a0 - azbo)w* +2(baag - asbo) (2 - 1) + baag - asho|.

(3.14)

In (3.13), setting the coefficients of all independent exp-function terms to zero, it follows

Ay =0, As=0, A¢=0, Ag=0. (3.15)

Let M, = Az/(bngn_z), My = A4/(b0w4"‘2), Mg = A6/(—b2w6"‘2), Mg = As/(_bngn—Z).
Then
M, = Mg = (bzao - a2b0)w4 + 2(b2a0 — azbo) (2dﬂ — 1)w2 + bzao — a2b0,
M4 = M6 = (bzao — azbo) (2b2a0ﬂ + 4b2b0aﬂ + b0b2 — ZaZbOﬂ)w4
— 2(b2a0 — azbo) (2b2a0ﬁ + szboaﬂ + b0b2 - 21.121?0,6)’(1)2 + (b2(10 — azbo)

X (szaoﬂ + 4b2bolxﬂ + b0b2 - 2(121?0,6)] .
(3.16)

Thus, (3.15) can be reduced to the following equations:

M,=0, M;=0. (3.17)
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Solving (3.17), we obtain

boaz - a0b2
Sl I 3.18
2bobs (318)
\/bobp_ (bob> — boasp + aohap + /B(baao — asbo) (apbafp + 2bobs — asbof) )
wWip ==+ bobs , (3.19)
\/bob2 (bobz — boasp + aobap = \/B(baao - azbo) (aobap + 2b0bz — axbof)) (550
w34 =%

bob, ’

and ag, ay, by, by, B, yo are arbitrary nonzero constants with ay /by # a»/b,.
Based on (3.12), (3.18), (3.19), and (3.20), we obtain four exact solutions of (1.1) as

follows:

ag + ax(w1)™ exp (((boaz — aobz) /boba)x — 2t + 2yo)

N = - , (3.21)
bo + bz(wl) exp(((boaz - aobz)/bobz)x = Zﬁt + 2}’0)
Y ap + az(wz)Zn exp(((b0a2 - a0b2)/b0b2)x - Zﬂt + ZYO) (3 22)
" b() + bz (wZ)Z" exp(((boaz - a0b2)/b0bz)x - Zﬂt + 2)/0) ’
- a() + az(w3)2n exp(((boaz — aobZ)/b0b2)x - Zﬁt + 2YO) (3 23)
" by + by (ws)? exp(((boaz — agbz) /boba)x — 2Bt +2y,)
_ a0+ ax(ws)*" exp(((boaz = aobs) /bobz) x - 2t +20) (3.24)

- bo + bz(ZU4)2n exp(((boaz - aobz)/bobz)x - 2‘3[’ + 2}"0) ’

where w1, wy, w3, wy are given by (3.19), (3.20), and w134 #1, boas # apbs.

The dynamic properties of solutions (3.21), (3.22), (3.23), and (3.24) are similar to those
of (3.10) and (3.11). As an example, we plot two profile figures of the solutions (3.21) and
(3.22), see Figure 2.

3.3. Exact Solutions of the Form (2.6)

Suppose that (1.1) has exact solution of the form (2.6). By using the balance procedure, we
obtain m = 1. So, we suppose that (1.1)’s solution has the following form:

(3.25)

w"ePt1 — Be Pt
wrePt+n 4 CePt-n )’

un=Anf(x)+b0+b1<
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(a) n € [-30,30], x € [-20, 20] (b) n € [-30,30], x € [-28, 28]

Figure 2: The solutions u, in (3.21) and (3.22) show two shapes of discrete antikink and kink solitons for
fixed parametric values: ag =2,by =3,a, =-1.5,0, =25,=08, yp=5, t=2.

where A, B, C, by, b1, w,  are constants to be determined later, yp is an arbitrary constant, and
f(x) is an arbitrary function. As in Section 3.1, after substituting (3.25) into (1.1), multiplying
both sides of the result by the common denominator (w"eft*¥ + Ce P10 )3 (w et 4+
Ce P10 (o™ 1ePt*10 4 CePt-0), it follows:

A_3€_3(ﬂt+Y0) + A_1€_(ﬂt+YO) + AleﬂHYO + A3e3(ﬂt+”’) =0, (326)

where

Az =-a;C3(B+Q)w" H(w-1)?,
Ay = -a;C(B +C)(2a1B + C +2a, fC)w** L (w - 1)?,
(3.27)
A; = a;(B+C)(2a18B + C +2a; fC) w* ! (w - 1)?,

As = a1(B+ Q)w* (w - 1)

In (3.26), setting the coefficients of all independent exp-function terms to zero, we
obtain

A;=0, A;=0, A =0, A;=0. (3.28)

Directly solving (3.28), we obtainw = 1and A, B, C, p, by, b; are arbitrary constants. Thus,
we obtain a class of exact solutions of (1.1) as follows:

(3.29)

Pt+yo _ Bp—Pt-10
un:Anf(x)+b0+b1<e Be >

ePt+ro 4 CePt-1o
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where f(x) is an arbitrary function, for which let us set f(x) to be tanh(x), sech(x), sin(x),
cos(x), tanh(x) + sin(x), sech(x) + cos(x); respectively, we obtain a series of soliton solutions
and breather solutions as follows:

(3.30)

Pteyo _ Be=Pt-10
Uy = An tanh(x)+b0+b1<e ¢ >

pt+vo + Ce=Pt-10

ePtrn — Be=Pt-yo
ﬂt*'YO + CePt-1n

= An sin(x) + by + by < et — Be > (3.32)

u, = Ansech(x) + by + by (3.31)

Bt+vo + Ce=Pt-10

eﬂt"'yﬂ Be™ Pt=yo

u, = An cos(x) + by + by T

(3.33)

An[tanh(x) + si by + by C = Be Y

U, = n[tan (x) + sm(x)] + by + b1 W (334)
A h b+ b ePttro — Be=Pt-1o

u, = An[sech(x) + cos(x)] + by + by s Co P )’ (3.35)

In order to describe the dynamic properties of the above solutions intuitively, as
examples, we draw the profile figures of the solutions (3.31), (3.34), and (3.35) in Figure 3.
Setting A =05 B=3,C=50by=2b1=-2, =1 y=-2t=1 nec[-1515], x €
[-15,15], the solution (3.31) shows a shape of discrete soliton, see Figure 3(a); the solutions
(3.34) and (3.35) show two shapes of discrete breather oscillations, see Figures 3(c) and 3(e).
Setting A =05, B=3,C=5by=2 b =-2 =1 y=-2 n=2te[-1515], x €
[-15,15], the solution (3.31) shows a shape of continuous double soliton, see Figure 3(b); the
solutions (3.34) and (3.35) show two shapes of continuous breather oscillations, see Figures
3(d) and 3(f). From Figure 3, the solutions (3.30)—(3.35) have diplex dynamic characters, that
is, the discrete character and the continuous character coexist. If the parameter t is fixed, the
profiles show discrete dynamic character, see Figures 3(a), 3(c), and 3(e); while the parameter
n is fixed, the profiles show continuous dynamic character, see Figures 3(b), 3(d), and 3(f).

3.4. Exact Solutions of the Form (2.7)

Suppose that (1.1) has exact solution of the form (2.7). By using the balance procedure, we
obtain m = 2. So, we suppose that (1.1) has exact solution as the following form:

Uy = An f(x) + by + b2< w >2, (3.36)

w2n eﬁtﬂ'o + Ce—ﬁt—)fo
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10

5
* 1045715

(a) Discrete soliton

4 N o“““ii‘i#”‘

: o

0 «‘*‘0)//'007'

5 7RG

S5 WA 15

(d) Continuous breather oscillation

: Lo
B o QS
xO 5 1 0 ‘ ” 5 (z
15 15

(f) Continuous breather oscillation

(e) Discrete breather oscillation
Figure 3: The solutions u, in (3.31), (3.34), and (3.35) show six shapes of discrete and continuous solitons

and discrete and continuous breather oscillations.

where A, C, by, by, w, p are constants to be determined later, yp is an arbitrary constant, and

f(x) is an arbitrary function. As in Section 3.3, by using (3.36) and (1.1), we can obtain the
exact solution of (1.1); here, we omit those processes and directly give the result as follows:

(3.37)

1 2
U, = Anf(x) + b() + b2<m) .

Similarly, setting f (x) to be tanh®(x), sech®(x), sinz(x),cosz(x),tanh2(x)+sin2(x), sech?(x)+
cos?(x), respectively, we obtain a series of soliton solutions and breather solutions as follows:

1 )2, (3.38)

—_— 2 —
u, = Antanh”(x) + by + bz(@;;tﬂU + CePtn
1

2
_ 2
u, = Ansech”(x) + by + by <—eﬂt+yo o > (3.39)
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2
= An Sinz(x) + b() + b2 <m> , (340)
1 2
u, = AnCOSZ(x) +b0 +b2<m> ’ (341)
1 2
Uy = An [tanhz(x) + sinz(x)] + by + by <W) , (3.42)
1 2
= An [sech2 (x) + cos? (x)] +by+by <W> ) (3.43)

The dynamic properties of solutions (3.38)—(3.43) are similar to those of solutions
(3.30)—(3.35). As examples, we plot six profile figures of the solutions (3.39), (3.42), and
(3.43), see Figure 4. Setting A =02, C=3, by =4, b, =200, =08, pp=-2,t=1n¢e
[-20,20], x € [-20,20], the solution (3.39) shows a shape of discrete soliton, see Figure 4(a);
the solutions (3.42) and (3.43) show two shapes of discrete breather oscillations, see Figures
4(c) and 4(e). Setting A =02, C=3, bp=4, b, =2, =08, =-2, n=1,te[-58], x¢€
[-6,6], (3.39) shows a shape of continuous double soliton, see Figure 4(b); the solutions (3.42)
and (3.43) show two shapes of continuous breather oscillations, see Figures 4(d) and 4(f).

3.5. Exact Solutions of the Form (2.8)

Suppose that (1.1) has exact solution of the form (2.8). By using the balance procedure, we
obtain m = 2. So, we suppose that (1.1) has exact solution as the following form:

2n

Cw
= 3.44
Uy = An f(x) + 1 " B i« B (3.44)

where A, B,cp,c2, w,f are constants to be determined later, yy is an arbitrary constant, and
f(x) is an arbitrary function. As in Section 3.3, by using (3.44) and (1.1) and the expatiatory
computation, we obtain w = +1. So we obtain a family of exact solutions with arbitrary
function as follows:

C2
1 B 62(ﬂt+ro)+B'

= An f(x) + (3.45)

Similarly, assume f(x) the same functions as in Section 3.3, we obtain a series of soliton
solutions and breather solutions as follows:

(6]

l B ez(ﬁHYO) +B
C2

1 + B eZ(ﬂHYo) +B’

= An tanh(x) +

, (3.46)

= Ansech(x) +

(3.47)
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Figure 4: The solutions u, in (3.39), (3.42), and (3.43) show six shapes of discrete and continuous solitons

and discrete and continuous breather oscillations.

Co C2

U, = An sin(x) +

u, = An cos(x) +

u, = An[tanh(x) + sin(x)] +

u, = An[sech(x) + cos(x)] +

1+B 260 + B (3.48)
1?B+ewﬁ$+3' (349)
5t 32(ﬁt+cy§) TB (3.50)

. = (3.51)

1+B 20 + B

The dynamic properties of solutions (3.46)—(3.51) are similar to those of solutions
(3.30)-(3.35). As examples, we plot six profile figures of the solutions (3.46), (3.47), and

(3.48), see Figure 5. Setting A = 02, C = 3, by = 4, by =

200, f = 08,y = -2, t =

1, n € [-20,20], x € [-20,20], the solution (3.46) shows a shape of discrete kink soliton,
see Figure 5(a); the solution (3.47) shows a shape of discrete soliton, see Figure 5(c); the
solution (3.48) shows a shape of discrete breather oscillations, see Figure 5(e). Setting A = 0.2,
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Figure 5: The solutions u, in (3.46), (3.47) and (3.48) show six shapes of discrete and continuous solitons,
and discrete and continuous breather oscillations.

C=3,by=4b=2, =08 y=-2n=1,1t¢e[-58], x € [-6,6], the solution (3.46)
shows a shape of continuous double kink soliton, see Figure 5(b); the solution (3.47) shows
a shape of continuous double soliton, see Figure 5(c); the solution (3.48) shows a shape of
continuous breather oscillations, see Figure 5(e).

4. New Exact Solutions of Toda Lattice Equation and Its
Dynamic Properties

In this section, using the extended method offered in Section 2, we discuss the exact solutions
of the Toda lattice equation (1.2).
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4.1. Exact Solutions of the Form (2.9)

Suppose that (1.2) has exact solution of the form (2.9) as follows:

. wnth _ Be—Qt (4 1)
Up=ap+a1| ———— |- .
wet + Ce

After substituting (4.1) in (1.2), multiplying both sides by the common denominator (w"e®* +

Ce—Qt)S (wn—l th + Ce—Qt) (wn+1th + Ce—Qt), it follows:

Aze 3 L Ae™ + Are® 1+ Az =0, (4.2)

where

A =-a;C3(B + C)w" ! [w2 ~ (4Q +2)w + 1],
Ay = -a;C(B + C)w?! [(2,1139 +2a;CQ+C - 4C£22>w2
+ (4(:92 — 4a,BQ - 4a,CQ - zc)w
+2a;BQ +2a;CQ + C - 4CQZ],
(4.3)
A; = a1(B + C)w™! [(ZalBQ +2a;CQ+C - 4cg22)w2
+ (4(:92 — 4a,BQ - 4a;CQ - 2C)w

+2a1BQ +2a,CQ + C — 4cg22],

As = a1(B + C)w'! [w2 — (4Q+2)w + 1].

In (4.2), setting the coefficients of all independent exp-function terms to zero, we obtain

A3=0, A;=0, A;=0, A;=0. (4.4)

Let My = A 3/[-a1C3(B + C)w"], My = A1/[-a1C(B + C)w? '], My = Ay/[a1(B +
C)w3”’1], M; = As/[a1(B + C)w4”’1], then

Mz =M_j=w?*-(4Q+2w +1,
M; =M = <2a1BQ +23,CQ +C - 4CQ2)w2 (4.5)

+ (4CQ2 —4a,BQ — 4a,CQ - 2C>w +2a,BQ +2a,CQ+C — 4CQ2] .
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Thus, (4.4) can be reduced to
M; =0, M; =0. (4.6)
Solving (4.6) yields

_CQ-ay)
- ==

B
(4.7)

Wiy =2Q% +14£2QVQ2 + 1

and C, ap, ai, Q are arbitrary constants. From (4.1), (4.7), we obtain discrete kink or antikink
soliton solution of (1.2) as follows:

[ (29 +1+20V7 +1) ¢ - (C(202 - a)/ar)e |

wne? + Ce <t ’

U, =dap+ a

(4.8)
[ (222 +1-20v02+1) e - (CQ - a1) Jay)e |

wne + Ce™

U, =ap+ a

Similarly, by using the same method, we can obtain exact solutions as the form of (2.10); here,
we omit them.

4.2. Exact Solutions of the Form (2.11)

Suppose that (1.2) has exact solution of the form (2.11) as follows:

ap + aszneZQt + a4w4ne49t (4 9)
U, = .
bo + b2w2ne2Qt + b4w4ne49t 4

where ay, ay,as, by, by, by are constants to be determined later and ay /by # ax /by # as/ by.
After substituting (4.9) in (1.2), multiplying both sides by the common denominator
(bO + bszneZQt + b4w4ne4§2t)3(b0 + bsz(n—l)eZQt + b4w4(n—1)e4£2t)(bo + bsz(n+1)e2Qt +
byw* 1) 4R it follows:

A186189t+A16el6Qt +A14el4§2t+A12612Qt +A10810Qt+ASeSQt+A6e6Qt+A4e4Qt+A2eZQt :0,
(4.10)

where
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Ag = —bi(llzb;; - a4b2)w18"’2 [w4 - (4Q2 + 2)w2 + 1],

A16 = b4w16"’4[(a4bobi - aobi)wg + ((121’)4 - a4b2) (2@194!12 - b2b4 + 419492192 - 2Q4b2)w6 +
(—2[1417()1’)2 + 1692610172 —4@&%1’)2 —2a4b§b4 —4Qaib§ +8£2a2b4a4b2 +2a2bib2 +2a()b2 - 1692a4b0bi -
492a2bib2 +4Qza4b§b4)w4 + (a2b4 - a4b2) (2Qb4112 - b2b4 + 41’)4sz2 - 294b2)w2 + a4b0bi - a()bi],

Ay = w14"‘4[(—3a0b2bi’ + 2a2b0bi + 492a2b0b2 + ZQazbiao - 29[141’)2(101?5 + a4bob2bi +
2Qaib0b2b4—ZQagbia4bo—492a4b0bzbi)w8+(4Qa2biao+a0b2bi+4Qza4bgb4—a4b725b4—2£2aib§—
2Qa§bib2+a2b§bi—4a2bobi+4Qa2b4a4b§—1692a4bobgbi+16522a0b2b2+4§2aib0b2b4—4§22azbib§+
3a4b0b2bi — 4Qa4b2aobﬁ - 4Qa2bia4bo)w6 + (4a0b2bi + 4(121?0172 - 129(121?2610 — 12§2aﬁbob2b4 +
129614172 aobi —Zazbgbi +4Qaﬁb§’ — 8a4b0b2bi +2a4b§’b4 —24Q? azbobi + 12@[121?2 a4b0 +4Q? azbibg +
1292a4b0b2bi + 1292110172172 + 4Qa§bib2 - 492a4b§b4 — 89a2b4a4b§)w4 + (4Qa2bia0 + aobzbi +
4Q2a4b§b4 - a4b§’b4 - ZQaﬁbg’ - Zgaébibz + azbgbi - 4a2b0b2 + 49(121?4(141?% - 1692a4b0b2bi +
16926101721?2 + 4Qaib0b2b4 - 492a2bib§ + 3a4b0b2bi - 4Qa4b2a0bi - 4Qa2bia4b0)w2 - 3a0b2bi +
2[12b0bi + 492a2b0b2 + 29[121?2110 - 29[14!)2(101?2 + a4b0b2bi + ZQaibob2b4 - 29[1217%[141?0 -
492a4b0b2bi],

Ap = w12"‘4 [(—3aob§bi + a4bib§ - aobibo + 49(1(2)[72 +4a2b0b2bi — a4b0b4b§ - 1692a4bébi +
16Qza0bibo - 4§2a§b0bi — ZQaﬁbobg + 4§2aib§b4 + Zanbzazbi + 6Qa2b0a4b2b4 - 8§2a4b0a0bi —
29a0b§a4b4 + 4QZa4b0b4b§ — 492a2b0b2bi)w8 + (—4§2a0b2a2bﬁ + 1292a0b§bi + 892a4b0b4b§ +
aobgbi + 2a4b0b4b§ + 4anb§a4b4 - 3azbob2bi - Zogzazbobzbi + 2Qa§bobi — ZQaibobg + azbg’lu —
a4b§)w6 + (4a0b§bi + Zaobi’bo - 492a2b§’b4 + 2a4b‘21 + 2092a0b§bi + 4&22(141742l — 2a4b0b4b§ —
1692a0b2b0 + 4Qa§b0bﬁ - 492a2b0b2bi - 2a2b§’b4 - Zazbobzbi + BQaibobg + 16@211419%192 -
2a4bibé —4Qa0b§ a4b4 - SQaibgm - 16@2 a4b0b4b§ - 12£2a2b0a4b2b4 + 16£2a4b0 a()bi +4Qa0b2 azbi -
SQaébi)w‘* - (4Qa0b2a2bi - 1292110175172 - 892a4b0b4b§ - aobgbi - 2[14b0b4b§ - 491.1017%[141?4 +
3a2b0b2bi +20£22a2b0b2bi —ZQagbobi +2£2aib0b§ - a2bgb4 + a4b§)w2 —3(1017%1?2 + a;;bib% - Cl()bibo +
49[1(2)192 + 4a2bob2bi — a4b0b4b§ - 16Qza4bébi + 1692(10[721?0 - 4Qa§b0bi — ZQaibobg + 4Qﬂib(2)b4 +
2Qa0b2a2bi + 6Qa2b0a4b2b4 — 89&4170(101?2 — 29a0b§a4b4 + 492a4b0b4b§ — 492[12b0b2bi],

A10 = wlo"‘4[(—a4b0b§’ — 2a4b2b4bé - aobgb4 + 4a2bib§ + 1292a0b2b0bi — zaobzbobi —
24Qza2bﬁbg—6§2aﬁb2bg+2a2bob4b§+12Qza4b2b4b§+6£2a§b2bi+12£2a2b5a4b4—129a2b0a0bi)ws—
(4Qa(2)b2bﬁ - 2a2b0b4b§ + 6(12bib(2] — 492a0b§b4 + aobglu + 892a2b0b4b§ + a4b0b§ — 3a4b2b4b§ —
492a4bob§’—3aobzb0bi—8£2azboaobi—4Qaib2b§+8£2a2b§a4b4)w6+(4a2bibé—8a2bob4b§+4a0b§b4+
46l4b()b;3 - 492a4b2b4b§ - 492a0b2b0bi + 892021?217(2) - 2a4b2b4b5 - 89a2b§a4b4 + 1292a4b0b§ -
2a0b2b0bi + 8Qa2boaobi + 4Qaib2b(2) - 4Qa%b2bi - 24921.121701741?% + 1292a0b3b4)w4 - (4Qa%b2bi -
2a2b0b4b§ + 6(12bib% - 492a0b§b4 + aob;b4 + 8Q202b0b4b§ + a4b0b§ - 3a4b2b4b% - 492a4b0b§ -
3a0b2b0bi - SQazboaobi - 4Qaib2b(2) + 8Qa2b§a4b4)w2 - a4b0bg - 2(14b2b4b§ — aobgb4 + 4(12bib§ +
1292[10b2b0bi - Zaobzbobi — 24925121721?(2) - 6Qaib2b% + 2a2b0b4b§ + 1292[14b2b4b(2) + 6Q[l%b2bi +
129(12175&41)4 - 129a2b0a0bi],

Ag = wS"‘4 [—(492a2b2b4b§ + 4Qaﬁb(3) + 3a4b§bé - b(z)aobi + b8a4b4 - ZQa4b0aob§ +
2Qa4b§a2b2—4a2bzb4bg—4Qa§b4bg+a0b4bob§—ZQaglub%+4Qaébibo—1692a4bgb4—4§22a0b4b0b§+
1692a0bibé—89a4b5a0b4+6£2a2b4a0b2b0)w8+(azbobg—aobé+2£2a%b4b§+2aob4bob§—2£2a§b4bé+
a4b§b3 + 892a0b4b0b§ —2092a2b2b4b§ + 129211417%195 —3a2b2b4b§ +4Qa4b§a2b2 —4Qa4b0a0b§)w6 -
(89a3b4b§+2bgaobi+4£2a§b4bg—4a4b§b§—1692a0bib5—2b8a4b4 +4Qza2b2b4bg+16Qza0b4b0b§+
2a2b2b4b§ - 89(1&1?8 + 4Qa4b§a2b2 + 2a0b4b0b§ + 16Qa4b5a0b4 - SQaébibo - 4Qa4b0a0b§ +
16§22£14bgb4+2(12b()b3—12g2(12b4(10l’)2b()—4g22(10b421—2(101742l +4Qza2b0bg—2092a4b§b§)w4+(agbobg—
a()b;1 + 29[1%1?41)% + 2a0b4b0b§ - 29[1%b4b3 + a;;b%bé + 892a0b4b0b§ - 2092a2b2b4b(2) + 129261417517(2) —
3[12b2b4bé + 4Qa4b§a2b2 — 4Qa4boaob§)w2 - 492a2b2b4b§ — 4Qaib(3) - 3a4b§b§ + bgtlobi - b8a4b4 +
ZQa4b0aob§—29a4b§a2b2+4a2b2b4bg+4Qa§b4bé—aob4b0b§+2£2a§b4b§—4£2a§bﬁbo+16Qza4b8b4+
492a0b4b0b5 - 1692a0bib5 + 89a4b(2)a0b4 — 6Qa2b4a0b2b0],

A6 = w6”’4 [—(29a2b8a4—4£22a2b8b4—a0b2b4b§—29a2b5a0b4+2£2a3b2b4b0—29a4b§a0b2—
2a2b8b4+3a4b8b2 +4£22a0b2b4b5)w8+(ZQa%bsz—492a2béb§—a0b§b0+16£22a4b8b2 +4£22a0b§’b0+
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3a0b2b4bé - 4a2bgb4 + a2b%b(2) + a4b8b2 + ZQaébg - 1692a0b2b4b(2) - 4Qa2b0a0b§ + 4Qa4b(2)a0b2 +
4Qa2b§a0b4 —4Qaéb2b4b0 —4£2a2b8 a4)w6 - (2492 azbgb4 - 1296121?8 ay +8a0b2b4b§ + 12Qa4bg aobz -
129&%b2b4b0 - 4a2b3b4 - 1292a0b2b4b3 - 4a4b8b2 + 129612195&01?4 + ZaZb%bg - 2a0b§b0 + 4Qa(2)bg +
492a0b§b0 + 49[1%1731?2 - 12921141781?2 - 492a2b5b§ - 89(121’)0[1017%)704 + (2£2a§b(2)b2 - 492a2b§b§ -
a0b§b0+16£22a4b8b2 +4Qzaobgb0 +3a0b2b4b§—4a2b8b4+a2b§bg+a4b(3)b2 +2§2aéb§—16£22a0b2b4b5—
4Qa2b0aob§ + 49(1417%[101?2 + 4Qa2b(2)aob4 - 4Qa(2)b2b4b0 - 49&21?8[14)’(,02 — 29(121’)8&4 + 4Qza2b8b4 +
a0b2b4b(2) + ZQazbéaob4 — 29(151?2174170 + 29(141?%510172 + 2[12b8b4 - 3a4b(3)b2 — 492a0b2b4bé],

A4 = —b0w4"‘4 [(a4b8 — a0b4b§)’w8 + (ZQaibg + azbgbz —492 a2b§b2 +2Q[l§b§ —49[12170 llobz +
492a0b§b0 - aobﬁbo)’aﬁ — (492a0b§b0 - 2a0b4b§ + Zazb(z)bz — 4Q2a2béb2 + 1692(14178 + 4Qa§bé +
49(1517% — SQazbo aobz +2a4b8 —2a0b§b0 — 1692a0b4b§)w4 + (ZQagbg azbgbz —4Q? azbgbz + 2Qa6b§ —
49(12190(101?2 + 492a0b§b0 - aobgbo)wz + a4b8 - a0b4b§],

A = bg(aobz - azbo)w2”‘2 [w4 - (492 + 2)w2 + 1]

In (4.10), we let

Ag=0, A =0, A =0, Ap =0, Ap=0,
4.11)
Ag =0, Ag =0, Ay =0, A, =0.

Solving the group of (4.11), we obtain three group of parametric conditions which satisfy
(4.10).

Case 1. We have the following:

azb() w2 -1 w2 -1

_ = = Q=4+ 412
b, p— as=by =0, rw (4.12)

ap =

where a5, by, by, w are arbitrary nonzero constants with a, #bg #b,, w# +1.

Case 2. We have the following:

paw? £ p3w® + prw? £ prw + po +q,w? + qrw + qo
apg = — 7 0 = 7
P -w?-w+1)(w+1 b3 (w - 1) (w +1)?
2 ( )( ) (-1 (w+1) (4.13)
o w-1
T 2w
where py = —apb3b; + asblbl, ps = 2a3blbs — 3arbiasby + adb, pr = —2a3bsbra, — 2a,b3b; +
2a,b3b; + asbial + alba, p1 = 3axbiash, - 2a3biby — a3by, po = —axbiby + asbib?, qo = asbibs -
bbby, g1 = —2bsbrasa, + biaj + biaj, qo = axbiby — asbibs and as, as, by, by, w are arbitrary

nonzero constants with a, # as #b, #bs, w# £1.

Under Case 1, substituting (4.12) in (4.9), we obtain discrete kink or antikink soliton
solution of (1.2) as follows:

"y = arby + (w — (1/w)) + axbyw™ exp[+(w - (1/w))t] , (4.14)
bobs + bjw? exp[+(w — (1/w))t]

where a;, by, by, w are arbitrary nonzero constants with a, #by#b,, w# +1.
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Figure 6: The solution u, in (4.15) shows shapes of discrete antikink and kink solitons.

Under Case 2, substituting (4.13) into (4.9), we obtain discrete kink or antikink soliton
solution of (1.2) as follows:

L+ aw exp[£(w - (1/w))t] + ayw™ exp[+2w - (2/w))t]

_ ) (4.15)
S + byw?m exp[£(w — (1/w))t] + byw*™ exp[£2w — (2/w))t]

Un

where £ denotes —((psw* + p3w?® + prw? £ prw + po)/ (w® — w? — w + 1)) and & denotes

(:I:qzw2 +qrw £ qo)/ (ba(w +1)(w — 1)2), and p4, p3, P2, P1, Po, G2, 91, 4o have been given above,
and ay, ay, by, by, w are arbitrary nonzero constants with ax Zas #by #bs, w# £ 1.

In order to describe the dynamic properties of the above solutions intuitively, as an
example, we draw the profile figures of the solution (4.15), see Figure 6. Setting a, = 0.8, a4 =
2, bp =-05<0, by =15 w=4,t=1, n € [-20,25], the solution (4.15) shows a shape
of discrete antikink wave, see Figure 6(a). Setting a, = 0.8, a4 = 2, b, = 05 > 0, by =
15, w =4, t =1, n € [-20,25], the solution (4.15) shows a shape of discrete kink wave, see
Figure 6(b).

4.3. Exact Solutions of the Form (2.12)

Suppose that (1.2) has exact solution of the form (2.12) as follows:

- aw

un = aO + ezgt + bzwzn/ (416)

where ayg = ag/ (1 + bp) and ay, ay, b, are constants to be determined later. After substituting
(4.16) in (1.2), multiplying both sides by the common denominator (e** + byw?")*(e2? +
bow?™ 1) (&% + byw?™+)), it follows

a2 Mge®™ + a;w*? Mee® - bya;w®™ > Mye*™ + by a;w® > Mpe™™ = 0, (4.17)
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where Mg = —1-w*+ (4Q2 +2)w?, Mg = (=by +2a,Q+4Q%b, ) w* + (2br —4Q%by —4a, Q) w? —by +
26129 +492b2, M4 = (—bz + ZQQQ +4£22b2)w4 + (sz —492b2 —4(129)&)2 - b2 +2a2£2 +4sz2, M2 =

1+ w* + (-4Q2% - 2)w?.
In (4.17), we let

Ms=0, Mg=0, Ms=0, M,=0. (4.18)

Solving the group of (4.18), we obtain two groups of parametric conditions which satisfy
(4.17).

Case 1. We have the following:
a, = -2b,Q, w=-Q+VQ2+ 1, (419)

where by, Q are two arbitrary nonzero constants.

Case 2. We have the following:
a, = -2b,Q, w=Q+VQ2+ 1, (420)

where by, Q are also two arbitrary nonzero constants.

Under Case 1, substituting (4.19) in (4.16), we obtain discrete kink or antikink soliton
solution of (1.2) as follows:

0w 20(-QeveEil)”

=13, 2n’
2 ey by (-Qx VA1)

(4.21)

where ag, by, Q are arbitrary nonzero constants.
Under Case 2, substituting (4.20) in (4.16), we obtain discrete kink or antikink soliton
solution of (1.2) as follows:

W 2mo(esverel)”

= - 2n’
1+b e29f+b2<§2:t\/£22+1>

Uy (4.22)

where ay, by, Q are arbitrary nonzero constants.
The dynamic properties of solutions (4.21) and (4.22) are similar to those of solutions
(4.14) and (4.15). So we omit their profile figures here.

5. Conclusion

In this work, we introduced an extended method based on the mixed function method.
Using this extended method, we studied the Toda lattice equation and (2 + 1)-dimensional
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Toda lattice equation. We obtained some new exact solutions of discrete type for these two
classic Toda lattice equations. As for the (2 + 1)-dimensional Toda lattice equation, its exact
solutions which we obtained contain the discrete soliton solutions (3.31), (3.38), (3.39), and
(3.47), the discrete kink and antikink wave solutions (3.10)-(3.11), (3.21)—(3.23) and (3.46),
and the discrete breather soliton solutions (3.32)-(3.35), (3.40)—(3.43) and (3.48)—(3.51). These
exact solutions have both discrete and continuous dynamic properties. In other words, their
waveforms have discrete character along the n-axes and have continuous character along the
x-axes.

Among the above discrete soliton solutions and kink (or antikink) wave solutions, the
waveforms of the solutions (3.10), (3.21), (3.31), (3.39), (3.46), and (3.47) are similar to those
smooth traveling waves which appear in continuous systems except their discrete characters,
see Figures 1(a), 1(c), 2(a), 3(a), 4(a), 5(a), and 5(c); the waveforms of the solutions (3.11) and
(3.22) are similar to those nonsmooth traveling waves such as peakon, and cusp wave which
appear in continuous systems except their discrete characters, see Figures 1(b), 1(d), and
2(b). It is worthy to regard that Li et al. [40-42] explained the causes of the smooth traveling
waves, nonsmooth traveling waves, peakons and cusp waves by the bifurcation theory. In
addition, the waveforms with continuous characters of the breather soliton solutions and
double kink wave solutions obtained in this paper are very similar to those in [43] though
the studied problems (model equations) are different. This shows that the waveforms of these
exact solutions obtained by us are partly similar to some of traveling waves appeared in
continuous systems though the obtained solutions and the studied problems are different.
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