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We prove that if a continuous, Lyapunov stable map f from a compact metric space X into itself is
topologically transitive and has the asymptotic average shadowing property, then X is consisting
of one point. As an application, we prove that the identity map iX : X → X does not have the
asymptotic average shadowing property, where X is a compact metric space with at least two
points.

1. Introduction

It is well known that the pseudoorbit tracing property is one of the most important notions
in dynamical systems (see [1–4]). Blank [5] introduced the notion of the average shadowing
property to characterize Anosov diffeomorphisms (see [6]). Yang [7] proved that if a contin-
uous map f : X → X of a compact metric space X has the pseudoorbit tracing property and
is chain transitive, then it is topologically ergodic. Gu and Guo [8] discussed the relation bet-
ween the average shadowing property and topological ergodicity for flows and showed that
a Lyapunov stable flowwith the average shadowing property is topologically ergodic. In a re-
cent work, the author [9] introduced the notion of the asymptotic average shadowing pro-
perty and found that the asymptotic average shadowing property is closely related with tran-
sitivity. More recently, Gu [10] showed that every Lyapunov stable map from a compact met-
ric space onto itself is topologically ergodic, provided it has the asymptotic average shadow-
ing property. However, in this paper, we will show that a continuous, Lyapunov stable map
f from a compact metric space X into itself is topologically transitive and has the asymptotic
average shadowing property, then X is consisting of one point. As an application, it is shown
that the identity map iX : X → X does not have the asymptotic average shadowing property,
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where X is a compact metric space with at least two points. Moreover, we point out that the
proof of [10, Theorem 3.1] cannot be true.

The organization of this paper is as follows. In Section 2, we recall some concepts and
useful lemmas. Main results are established in Section 3.

2. Preliminaries

Firstly, we complete some notations and recall some concepts.
In this paper, by a dynamical systemwemean a pair (X, f), where f : X → X is a con-

tinuous map and X is a compact metric space with metric d. For x ∈ X, we write O(x, f) =
{fn(x)}∞n=0. Let |A| denote the cardinality of a set A and Z+ = {0, 1, . . .}.

A subset S ⊂ Z+ is called the positive upper density if

lim sup
k→∞

1
k + 1

∣
∣
{

0 ≤ j ≤ k : j ∈ S
}∣
∣ > 0. (2.1)

For any two nonempty setsU,V ⊂ X, we writeNf(U,V ) = {n ∈ Z+ : U
⋂

f−n(V )/= ∅}.
Obviously, we have Nf(U,V ) = {n ∈ Z+ : fn(U) ∩ V /= ∅}.

A map f : X → X is topologically transitive ifNf(U,V ) is nonempty, for any nonem-
pty open sets U,V ⊂ X.

A map f : X → X is topologically ergodic if Nf(U,V ) has positive upper density, for
any nonempty open setsU,V ⊂ X.

A map f : X → X is topologically weak mixing if f × f is topologically transitive.
Let (X, f) be a dynamical system. For δ > 0, a sequence {xi}∞i=0 of points in X is called

a δ pseudoorbit of f if d(f(xi), xi+1) < δ for all i ≥ 0. A sequence {xi}∞i=0 is said to be ε traced
by some point z ∈ X if d(fi(z), xi) < ε for every i ≥ 0. A point x ∈ X is said to be a stable
point of f if, for any ε > 0, there exists δ = δ(x) > 0 satisfying that d(fn(x), fn(y)) < ε for any
y ∈ X with d(x, y) < δ and any n ≥ 0.

A map f : X → X is called Lyapunov stable, if every point of X is a stable point of f .
A map f : X → X is said to have sensitive dependence on initial conditions if every

point of X is not a stable point of f .
A map f : X → X is said to have the pseudoorbit tracing property, if, for any ε > 0,

there exists a δ > 0 such that every δ pseudoorbit of f can be ε traced by some point in X.
A sequence {xi}∞i=0 of points inX is called a δ average pseudoorbit of f if there exists an

integer N = N(δ) > 0 such that for any integer n ≥ N and every integer k ≥ 0,

1
n

n−1∑

i=0

d
(

f(xi+k), xi+k+1
)

< δ. (2.2)

Amap f : X → X is said to have the average shadowing property, if for any ε > 0 there
exists a δ > 0 such that every δ average pseudoorbit {xi}∞i=0 of f is ε shadowed in average by
some point z in X, that is,

lim sup
n→∞

1
n

n−1∑

i=0

d
(

fi(z), xi

)

< ε. (2.3)
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A sequence {xi}∞i=0 of points in X is called an asymptotic average pseudoorbit of f if

lim
n→∞

1
n

n−1∑

i=0

d
(

f(xi), xi+1
)

= 0. (2.4)

For a given dynamical system (X, f), a sequence {xi}∞i=0 of points in X is said to be
asymptotically shadowed in average by some point z ∈ X if

lim
n→∞

1
n

n−1∑

i=0

d
(

fi(z), xi

)

= 0. (2.5)

Amap f : X → X is said to have the asymptotic average shadowing property, if every
asymptotic average pseudoorbit of f is asymptotically shadowed in average by some point
in X.

We know from [9] that the pseudoorbit tracing property does not imply the asymptotic
average shadowing property and the asymptotic average shadowing property does not imply
the pseudoorbit tracing property.

3. Main Results

The following lemmas will be used in the proof of Theorem 3.5.

Lemma 3.1 (see [10]). Let X be a compact metric space containing at least two points and f : X →
X a continuous map. If f is topologically weakly mixing, then f has sensitive dependence on initial
conditions.

Let (X, f) and (X′, g) be dynamical systems and X ×X′ the product space with metric
d′′((x, x′), (y, y′)) = max{d(x, y), d′(x′, y′)}, where d and d′ are, respectively, metrics for X
and X′. Let the map f × g be defined by (f × g)(x, x′) = (f(x), g(x′))(x ∈ X, x′ ∈ X′).

Lemma 3.2. Let (X, f) be a dynamical system. Then, f has the asymptotic average shadowing pro-
perty if and only if f × f has the asymptotic average shadowing property.

Proof. Suppose that f has the asymptotic average shadowing property. Let {(xi, yi)}∞i=0 be an
asymptotic average pseudoorbit of f × f , that is,

lim
n→∞

1
n

n−1∑

i=0

d′′((f × f
)(

xi, yi

)

,
(

xi+1, yi+1
))

= 0. (3.1)

This implies that

lim
n→∞

1
n

n−1∑

i=0

d
(

f(xi), xi+1
)

= 0,

lim
n→∞

1
n

n−1∑

i=0

d
(

f
(

yi

)

, yi+1
)

= 0.

(3.2)
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So {xi}∞i=0 and {yi}∞i=0 are asymptotic average pseudoorbits of f . Hence, there are two points
z1, z2 ∈ X such that

lim
n→∞

1
n

n−1∑

i=0

d
(

fi(z1), xi

)

= 0, (3.3)

lim
n→∞

1
n

n−1∑

i=0

d
(

fi(z2), yi

)

= 0. (3.4)

By Lemma 2.3 in [9] and (3.3), there is a set J0 ⊂ Z+ of zero density such that

lim
j→∞

d
(

fj(z1), xj

)

= 0, (3.5)

where j /∈ J0. Similarly, there is a set J1 ⊂ Z+ of zero density such that

lim
j→∞

d
(

fj(z2), yj

)

= 0, (3.6)

where j /∈ J1. Let J = J0
⋃

J1. Then, J is a subset of Z+ of zero density and

lim
j→∞

d′′
((

f × f
)j(z1, z2),

(

xj , yj

))

= 0, (3.7)

where j /∈ J . So, by Lemma 2.3 in [9], we have

lim
n→∞

1
n

n−1∑

i=0

d′′
((

f × f
)j((z1, z2)),

(

xj , yj

))

= 0. (3.8)

Consequently, f × f has the asymptotic average shadowing property.
Similarly, one can easily prove that if f ×f has the asymptotic average shadowing pro-

perty, then so does f . Thus, the proof is ended.

Lemma 3.3. A topologically transitive map from a compact metric space into itself is a surjective map.

Proof. By the definition, the proof is easy and is omitted here.

We do not know whether a continuous self-map of a compact metric space with the
asymptotic average shadowing property is topologically transitive. However, we have the
following lemma which is from [11].

Lemma 3.4. Let (X, d) be a compact metric space. If f : X → X is a equicontinuous surjection and
has the asymptotic average shadowing property, then f is topologically transitive.

In [10], Gu proved that every Lyapunov stable map from a compact metric space onto
itself is topologically ergodic, provided it has the asymptotic average shadowing property.
However, we obtain the following theorem.
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Theorem 3.5. If a Lyapunov stable map f from a compact metric space X into itself is topologically
transitive and has the asymptotic average shadowing property, then X is consisting of one point.

Proof. Let f : X → X be a Lyapunov stable map of a compact metric space X, and suppose
that f is topologically transitive and has the asymptotic average shadowing property. Assum-
ing that X consists of at least two points, we derive a contradiction. First of all, we note that
every Lyapunov stable map is continuous by the definition and that f is a surjective map by
Lemma 3.3 since f is topologically transitive. Since f × f also has the asymptotic average
shadowing property by Lemma 3.2, f × f is topologically transitive by Lemma 3.4. Thus, f is
topologically weakly mixing by definition. Hence, by Lemma 3.1, f has sensitive dependence
on initial conditions, so that f is not Lyapunov stable. This is a contradiction.

Remark 3.6. Theorem 3.5 shows that [10, Theorem 3.1] cannot be true. Indeed, letX be a com-
pact metric space containing at least two points, and let f : X → X be a continuous Lya-
punov stable map. Suppose that f has the asymptotic average shadowing property. If [10,
Theorem 3.1] is correct, then f is topologically ergodic, so that f is topologically transitive by
definition. Thus, by Theorem 3.5 proved above,X must be consisting one point. This is a con-
tradiction, and, thus, [10, Theorem 3.1] cannot be true.

To prove Theorem 3.1 in [10], the author first construct a sequence {wi}∞i=0 as follows.
For any two nonempty open subsetsU,V ⊂ X and any ε > 0, choose x ∈ U,y ∈ V with

{z ∈ X : d(x, z) < ε} ⊂ U and {z ∈ X : d(y, z) < ε} ⊂ V . Let w0 = x, w1 = y, w2 = x, w3 = y,
w4 = x−1, w5 = x, w6 = y−1, w7 = y, w2k+j = x−2k−1+1−j for j ∈ {0, 1, . . . , 2k−1 − 1}, and w2k+j =
y−(2k−1−1)+j−2k−1 for j ∈ {2k−1, 2k−1+1, . . . , 2k −1}, where f(x−t) = x−t+1 for every t > 0, x0 = x and
f(y−l) = y−l+1 for every l > 0, y0 = y. And then the author showed that the sequence {wi}∞i=0
is an asymptotic average pseudoorbit of f . Finally, the author defined Jz = {i : wi ∈ {z−2i−1+1,
z−2i−1+2, . . . , z−1, z} and d(fi(w), wi) < δ} for z ∈ {x, y}with the positive constant δ satisfying
that for any u, v ∈ X, d(u, v) < δ implies d(fn(u), fn(v)) < ε for every integer n ≥ 0 and

Jm
(

y
)

=
{

i ∈ Jy : wi = y−m
}

(3.9)

for every m ≥ 0 and showed that there is an integer m0 ≥ 0 such that D(Jm0(y)) > 0 which
leads to the fact that f is topologically ergodic, whereD(Jm0(y)) is the upper density of the set
Jm0 .

Remark 3.7. In fact, for a given integer m ≥ 0 and any n ≥ m + 1, let k = [(lnn)/(ln 2)], where
[(lnn)/(ln 2)] is the greatest integer less than or equal to lnn/ ln 2. Then, by the definition of
the sequence {wi}∞i=0, D(Jm(y)) ≤ ((k+1)/2k), which impliesD(Jm(y)) = 0. Consequently, the
proof of Theorem 3.1 from [10] is not correct.

As an application, we obtain the following theoremwhich follows fromTheorem 3.1 in
[12]. For completeness, we now give a different proof here.

Theorem 3.8. Let (X, d) be a compact metric space with at least two points. Then the identity map
iX : X → X does not have the asymptotic average shadowing property.

Proof. Clearly, the identity map iX is Lyapunov stable. Assume that the identity map iX :
X → X has the asymptotic average shadowing property. By Lemma 3.4, the identity map iX
is topologically transitive. Since (X, d) is a compact metric space with at least two points, by
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Theorem 3.5, the identity map iX does not have the asymptotic average shadowing property.
Thus, the proof is ended.

Remark 3.9. Theorem 3.8 extends Example 5.1 from [9], and the proof of Theorem 3.8 is sim-
pler than that of Example 5.1 from [9].
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