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Let {Xyi,i > 1,n > 1} be an array of rowwise p-mixing random variables. Some strong law of large
numbers for arrays of rowwise p-mixing random variables is studied under some simple and weak
conditions.

1. Introduction

Let {X,X,, n > 1} be a sequence of independent and identically distributed random vari-

ables. The Marcinkiewicz-Zygmund strong law of large numbers states that
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if and only if E|X|* < co. In the case of independence, Hu and Taylor [1] proved the following
strong law of large numbers.

Theorem 1.1. Let {X,; : 1 <i < n, n > 1} be a triangular array of rowwise independent random
variables. Let {a,, n > 1} be a sequence of positive real numbers such that 0 < a, T oco. Let g(t)
be a positive, even function such that g(|t|)/|t]F is an increasing function of |t| and g(|t|)/|tP*! is a
decreasing function of |t|, respectively, that is,
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for some nonnegative integer p. If p > 2 and
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where k is a positive integer, then
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Zhu [2] generalized and improved the result of Hu and Taylor [1] for triangular arrays
of rowwise independent random variables to the case of arrays of rowwise p-mixing random
variables as follows.

Theorem 1.2. Let {X,; : i > 1, n > 1} be an array of rowwise p-mixing random variables. Let
{an, n > 1} be a sequence of positive real numbers such that 0 < a, T oo. Let g(t) be a positive, even
function such that g(|t|)/|t| is an increasing function of |t| and g(|t|)/|t|P is a decreasing function of
|t|, respectively, that is,
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for some nonnegative integer p. If p > 2 and
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where v is a positive integer, v > p, then

1 J
a_ngxm'

i=1

> g> < 0. (1.7)

[ee]
Ve >0, 2;P<{r<1]a<§
n= -

In the following, we will give the definitions of a p-mixing sequence and the array of
rowwise p-mixing random variables.
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Let {X,, n > 1} be a sequence of random variables defined on a fixed probability space
(Q,¥,P). Write ¥5 = 0(X;, i € S C N). For any given c-algebras B, R in ¥, let

p(B’ R) = sup |E}<Y_—E)<E1Y/|2 (18)
XeL,(B),YeL,(®) (Var X VarY)

Define the p-mixing coefficients by

p(k) = sup{p(¥s, Fc) : S,T are finite subsets of N such that dist(S,T) >k}, k>0.
(1.9)

Obviously, 0 < p(k +1) < p(k) <1and p(0) = 1.

Definition 1.3. A sequence {X,,, n > 1} of random variables is said to be a p-mixing sequence
if, there exists k € N such that p(k) < 1.

An array of random variables {X,;, i > 1,n > 1} is called rowwise p-mixing if for every
n>1, {X,;, i > 1} is a p-mixing sequence of random variables.

The p-mixing random variables were introduced by Bradley [3], and many applica-
tions have been found. p-mixing is similar to p-mixing, but both are quite different. Many
authors have studied this concept providing interesting results and applications. See, for
example, Zhu [2], An and Yuan [4], Kuczmaszewska [5], Bryc and Smoleniski [6], Cai [7], Gan
[8], Peligrad [9, 10], Peligrad and Gut [11], Sung [12], Utev and Peligrad [13], Wu and Jiang
[14], and so on. When these are compared with the corresponding results of independent
random variable sequences, there still remains much to be desired.

The main purpose of this paper is to further study the strong law of large numbers for
arrays of rowwise p-mixing random variables. We will introduce some simple conditions to
prove the strong law of large numbers. The techniques used in the paper are inspired by Zhu

2].

2. Main Results

Throughout the paper, let I(A) be the indicator function of the set A. C denotes a positive
constant which may be different in various places.

The proofs of the main results of this paper are based upon the following lemma.

Lemma 2.1 (Utev and Peligrad [13, Theorem 2.1]). Let {X,, n > 1} be a p-mixing sequence of
random variables, EX; = 0, E|X;|P < oo for some p > 2 and for every i > 1. Then, there exists a
positive constant C depending only on p such that

P n n p/2
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As for arrays of rowwise p-mixing random variables {X,; : i > 1, n > 1}, we assume
that the constant C from Lemma 2.1 is the same for each row throughout the paper. Our main
results are as follows.

Theorem 2.2. Let {X,,; : i > 1, n > 1} be an array of rowwise p-mixing random variables and let
{an, n > 1} be a sequence of positive real numbers. Let {g,(t), n > 1} be a sequence of positive, even
functions such that g,(|t|) is an increasing function of |t| and g, (|t|)/|t| is a decreasing function of |t|
for every n > 1, respectively, that is,
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Proof. For fixed n > 1, define
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It is easy to check that for any € > 0,
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Firstly, we will show that
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Actually, by conditions g, (|t)/|t| | as |¢| T and (2.3), we have that
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which implies (2.8). It follows from (2.7) and (2.8) that for n large enough,
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The conditions g, (|t|) T as |f| T and (2.3) yield that
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By Markov’s inequality, Lemma 2.1 (for p = 2), C,’s inequality, g,(|t|)/|t| | as [t| T and
(2.3), we can get that
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Corollary 2.3. Under the conditions of Theorem 2.2,
1
a_ZXm' — 0 as.as n— oo. (2.15)
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Theorem 2.4. Let {X,; : i > 1, n > 1} be an array of rowwise p-mixing random variables and let
{an, n > 1} be a sequence of positive real numbers. Let {g,(t), n > 1} be a sequence of nonnegative,
even functions such that g,(|t|) is an increasing function of |t| for every n > 1. Assume that there
exists a constant 6 > 0 such that g, (t) > 6t for 0 <t < 1. If

s iEgn< - ) < oo, (2.16)

n=1 i=

then for any € > 0, (2.4) holds true.

Proof. We use the same notations as that in Theorem 2.2. The proof is similar to that of
Theorem 2.2.
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Firstly, we will show that (2.8) holds true. In fact, by the conditions g,(t) > 6t for
0 <t<1and (2.16), we have that

max
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which implies (2.8).

According to the proof of Theorem 2.2, we only need to prove that (2.11) and (2.12)
hold true.

When |X,,i| > a, >0, we have g,(Xni/an) > gx(1) > 6, which yields that

Pl > a2) = EI(Xl > an) < 5Ega( 3. (2.18)

Hence,
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By Markov’s inequality, Lemma 2.1 (for p = 2), C,’s inequality, g,(t) > 6t for0 <t <1
and (2.16), we can get that
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which implies (2.12). This completes the proof of the theorem. O
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Corollary 2.5. Under the conditions of Theorem 2.4,

l n
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Corollary 2.6. Let {Xy;,i > 1, n > 1} be an array of rowwise p-mixing random variables and let

{an, n > 1} be a positive real numbers. If there exists a constant p € (0,1] such that

© 7 1
> E<L> < oo, (2.22)
=1

T \lanl + Xl
then (2.4) holds true.

Proof. In Theorem 2.4, we take

g
1+

gn(t) = 0<p<1l, n>1 (2.23)

It is easy to check that {g,(t), n > 1} is a sequence of nonnegative, even functions such that
gn([t]) is an increasing function of || for every n > 1. And

th >

gu(t) > t, 0<t<1,0<p<l. (2.24)

NI =
N —

Therefore, by Theorem 2.4, we can easily get (2.4). O

Acknowledgments

The authors are most grateful to the editor Carlo Piccardi and anonymous referee for careful
reading of the paper and valuable suggestions which helped to improve an earlier version
of this paper. This work is supported by the National Natural Science Foundation of China
(10871001) and the Academic innovation team of Anhui University (KJTD001B).

References

[1] T.-C. Hu and R. L. Taylor, “On the strong law for arrays and for the bootstrap mean and variance,”
International Journal of Mathematics and Mathematical Sciences, vol. 20, no. 2, pp. 375-382, 1997.

[2] M.-H. Zhu, “Strong laws of large numbers for arrays of rowwise p-mixing random variables,” Discrete
Dynamics in Nature and Society, vol. 2007, Article ID 74296, 6 pages, 2007.

[3] R. C. Bradley, “On the spectral density and asymptotic normality of weakly dependent random
fields,” Journal of Theoretical Probability, vol. 5, no. 2, pp. 355-373, 1992.

[4] J. An and D. M. Yuan, “Complete convergence of weighted sums for p-mixing sequence of random
variables,” Statistics & Probability Letters, vol. 78, no. 12, pp. 1466-1472, 2008.

[5] A. Kuczmaszewska, “On Chung-Teicher type strong law of large numbers for p-mixing random
variables,” Discrete Dynamics in Nature and Society, vol. 2008, Article ID 140548, 10 pages, 2008.

[6] W. Bryc and W. Smolenski, “Moment conditions for almost sure convergence of weakly correlated
random variables,” Proceedings of the American Mathematical Society, vol. 119, no. 2, pp. 629-635, 1993.



Discrete Dynamics in Nature and Society 9

[7] G.-H. Cai, “Strong law of large numbers for p-mixing sequences with different distributions,” Discrete
Dynamics in Nature and Society, vol. 2006, Article ID 27648, 7 pages, 2006.

[8] S.X.Gan, “Almost sure convergence for p-mixing random variable sequences,” Statistics & Probability
Letters, vol. 67, no. 4, pp. 289-298, 2004.

[9] M. Peligrad, “On the asymptotic normality of sequences of weak dependent random variables,”
Journal of Theoretical Probability, vol. 9, no. 3, pp. 703-715, 1996.

[10] M. Peligrad, “Maximum of partial sums and an invariance principle for a class of weak dependent
random variables,” Proceedings of the American Mathematical Society, vol. 126, no. 4, pp. 1181-1189,
1998.

[11] M. Peligrad and A. Gut, “Almost-sure results for a class of dependent random variables,” Journal of
Theoretical Probability, vol. 12, no. 1, pp. 87-104, 1999.

[12] S. H. Sung, “Complete convergence for weighted sums of p-mixing random variables,” Discrete
Dynamics in Nature and Society, vol. 2010, Article ID 630608, 13 pages, 2010.

[13] S. Utev and M. Peligrad, “Maximal inequalities and an invariance principle for a class of weakly
dependent random variables,” Journal of Theoretical Probability, vol. 16, no. 1, pp. 101-115, 2003.

[14] Q. Wu and Y. Jiang, “Some strong limit theorems for p-mixing sequences of random variables,”
Statistics & Probability Letters, vol. 78, no. 8, pp. 1017-1023, 2008.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



