Hindawi Publishing Corporation
Discrete Dynamics in Nature and Society
Volume 2011, Article ID 487864, 16 pages
doi:10.1155/2011 /487864

Research Article

Iterative Approximation of Common
Fixed Points of Two Nonself Asymptotically
Nonexpansive Mappings

Esref Turkmen,! Safeer Hussain Khan,? and Murat Ozdemir!

! Department of Mathematics, Faculty of Science, Ataturk University, 25240 Erzurum, Turkey
2 Department of Mathematics, Statistics and Physics, Qatar University, Doha 2713, Qatar

Correspondence should be addressed to Murat Ozdemir, mozdemir@atauni.edu.tr
Received 11 October 2010; Accepted 17 February 2011
Academic Editor: Xiaohui Liu

Copyright © 2011 Esref Turkmen et al. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

Suppose that K is nonempty closed convex subset of a uniformly convex and smooth Banach
space E with P as a sunny nonexpansive retraction and F := F(T;) N F(Tp) = {x € K : T1x =

Tox = x}#0. Let Ty, T, : K — E be two weakly inward nonself asymptotically nonexpansive
mappings with respect to P with two sequences (k9) ¢ [1,00) satisfying ZZ’:l(ks ) —1) < oofi =
1,2), respectively. For any given x; € K, suppose that {x,} is a sequence generated iteratively by
Xpa1 = (1= an)(PTl)nyn + Dtn(PTz)"]/m Yn = (1 _ﬂn)xn +ﬂn(PT1)nxnr n € N, where {a,,} and {ﬁn} are
sequences in [a,1 — a] for some a € (0,1). Under some suitable conditions, the strong and weak
convergence theorems of {x,} to a common fixed point of T; and T, are obtained.

1. Introduction

Let E be a real Banach space with K, its nonempty subset. Let T : K — K be a mapping.
A point x € K is called a fixed point of T if and only if Tx = x. In this paper, N stands for
the set of natural numbers. We will also denote by F(T') the set of fixed points of T, that is,
F(T) = {x € K: Tx = x} and by F := F(T1) N F(I>), the set of common fixed points of two
mappings T1 and T,. T is called asymptotically nonexpansive if for a sequence {k,} C [1, o)
with lim,, ok, = 1, ||[T"x-T"y|| < ky||x—y| forall x,y € K and alln € N. T is called uniformly
L-Lipschitzian if for some L > 0, || T"x-T"y|| < L|jx—-y|| foralln € Nand all x, y € K. T is said
to be nonexpansive if | Tx - Ty|| < ||x — y|| forall x,y € K. Let P : E — K be a nonexpansive
retraction of E into K. A nonself-mapping T : K — E is called asymptotically nonexpansive
(according to Chidume et al. [1]) if for a sequence {k,} C [1,00) with lim,_, .k, = 1, we
have ||T(PT)" 'x - T(PT)" 'y|| < k,||x - y|| forall x,y € K and n € N. T is called uniformly
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L-Lipschitzian if for some L > 0, |T(PT)" 'x — T(PT)"'y|| < L|lx - y|| for all n € N and all
x,y €K.

In what follows, we fix x; € K as a starting point of the process under consideration,
and take {a,}, {Bn} sequences in (0,1).

Agarwal et al. [2] recently introduced the iteration process

Xne1 = (1= an)T"x + 2, Ty,

1.1)
Yn=(1=Pu)xn+pT"xy, neN

They showed that their process is independent of Mann and Ishikawa and converges faster
than both of these. See Proposition 3.1 [2].

Obviously the above process deals with one self-mapping only. The case of two
mappings in iteration processes has also remained under study since Das and Debata [3]
gave and studied a two mappings scheme. Also see, for example, Takahashi and Tamura
[4] and Khan and Takahashi [5]. Note that two mappings case, that is, approximating the
common fixed points, has its own importance as it has a direct link with the minimization
problem, see, for example, Takahashi [6].

Being an important generalization of the class of nonexpansive self-mappings, the
class of asymptotically nonexpansive self-mappings was introduced by Goebel and Kirk [7]
whereas the concept of asymptotically nonexpansive nonself-mappings was introduced by
Chidume et al. [1] in 2003 as a generalization of asymptotically nonexpansive self-mappings.
Actually they studied the iteration process

X1 = P<(1 — )X + anT(PT)"_lxn>, neN. (1.2)

Nonself asymptotically nonexpansive mappings have been studied by many authors
[8-11]. Wang [10] studied the process

w1 = P((1= @)xn+ anTi(PT)"'yy),
(1.3)
Y= P((1=Bu)xu + fTo(PT)" 'x), nEN.

Very recently, Thianwan [12] considered a new iterative scheme (called projection type
Ishikawa iteration) as follows:

Xn+1 = P<(1 - an)yn +a, T (PTl)nilyn>/
(1.4)

Y= P((1=B)xu + B To(PT)"'x,), neN.

As a matter of fact, if T is a self-mapping, then P is an identity mapping. In addition, if
T : K — Eisasymptotically nonexpansive and P : E — K is a nonexpansive retraction, then
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PT : K — K is asymptotically nonexpansive. Indeed, for all x,y € K and n € N, it follows
that

I(PT)" = (PT)"y|| = || PT(PT)"  x = PT(PT)" 'y |
< ||T(PT)"‘1x - T(P:r)"-ly” (1.5)

< knllx = wl-

The converse, however, may not be true. Therefore, Zhou et al. [13] introduced the following
generalized definition recently.

Definition 1.1 (see [13]). Let K be a nonempty subset of real normed linear space E. Let P :
E — K be the nonexpansive retraction of E into K.

(i) A nonself-mapping T : K — E is called asymptotically nonexpansive with respect
to P if there exists sequences {k,} € [1,00) with k, — 1asn — oo such that

|(PT)"x — (PT)"y|| < kn||lx-y|, Vx,yeKmneN (1.6)

(ii) A nonself-mapping T : K — E is said to be uniformly L-Lipschitzian with respect
to P if there exists a constant L > 0 such that

[ (PT)"x = (PT)"y|| < L||x -y

, Yx,yeK,neN. (1.7)

Futhermore, by studying the following iterative process

x1 €K, xpi1 = anxy + Pu(PT1)"xy + yu(PT2)"x,, neN, (1.8)

where {a,}, {B.}, and {y,} are three sequences in [a,1 — a] for some a € (0,1), satisfying
@y + Pn + yn = 1, Zhou et al. [13] obtained some strong and weak convergence theorems for
common fixed points of nonself asymptotically nonexpansive mappings with respect to P in
uniformly convex Banach spaces. As a consequence, the main results of Chidume et al. [1]
were deduced.

Incorporating the ideas of Agarwal et al. [2], Thianwan [12], and Zhou et al. [13],
a new two-step iterative scheme for two nonself asymptotically nonexpansive mappings is
introduced and studied in this paper. Our process reads as follows.

Let K be a nonempty closed convex subset of a real normed linear space E with
retraction P. Let T1,T, : K — E be two nonself asymptotically nonexpansive mappings
with respect to P:

x; €K,
Xp1 = (1= an) (PT1)"yn + an(PT2)"yn, (1.9)

Yn = (1—ﬂn)xn+ ﬁn(PTl)"xn, neN,
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where {a,} and {f,} are sequences in [0, 1]. Following the method of Agarwal et al. [2], it is
not difficult to see that our process is able to compute common fixed points at a rate better
than (1.3) and (1.4).

Under suitable conditions, the sequence {x,} defined by (1.9) can also be generalized
to iterative sequence with errors. Thus all the results proved in this paper can also be proved
for the iterative process with errors. In this case our main iterative process (1.9) looks like

x1 €K,
Xni1 = An(PT1)" Yy + Pu(PT2)" Y + Ynlin, (1.10)
Yn = Xy + B, (PT1)"x, + ¥, 00, neN,
where {a,}, {Bn}, {yn}, {2}, {B,}, {y, )} are real sequences in [0, 1] satisfying a, + f, +y, =1 =

a, + P, + v, and {u,}, {v,} are bounded sequences in K. Observe that the iterative process
(1.10) with errors reduces to the iterative process (1.9) when y,, = y;, = 0.

2. Preliminaries

For the sake of convenience, we restate the following concepts and results.
Let E be a Banach space with its dimension greater than or equal to 2. The modulus of
E is the function 6g(¢) : (0,2] — [0, 1] defined by

6p(e) = inf{l - H%(x+y)” xll =1, |ly)l =16 = ||x—y||}. (2.1)

A Banach space E is uniformly convex if and only if 6g(¢) > 0 for all € € (0,2].
Let E be a Banach space and S(E) = {x € E : ||x|| = 1}. The space E is said to be smooth
if

e 2.2)
t—0 t

exists for all x, y € S(E).

A subset K of E is said to be a retract if there exists a continuous mapping P: E — K
such that Px = x for all x € K. A mapping P : E — E is said to be a retraction if P> = P.
Let C and K be subsets of a Banach space E. A mapping P from C into K is called sunny if
P(Px +t(x — Px)) = Px for x € C with Px + t(x — Px) e Cand t > 0.

Note that, if P is a retraction, then Pz = z for every z € R(P) (the range of P). It is
well-known that every closed convex subset of a uniformly convex Banach space is a retract.

For any x € K, the inward set Ix (x) is defined as follows:

Ix(x)={y€eE:y=x+A(z-x),z€ K,1>0}. (2.3)

A mapping T : K — E is said to satisfy the inward condition if Tx € Ix(x) forallx € K. T
is said to be weakly inward if Tx € clIx(x) for each x € K, where cl Ik (x) is the closure of
Ik (x)
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A Banach space E is said to satisfy Opial’s condition if, for any sequence {x,} in E,
X, — x implies that

lim sup|x,, — || < lim sup||, - ]| (2.4)

n—oo n—oo

for all y € E with y # x, where x,, — x means that {x,} converges weakly to x.

Recall that the mapping T : K — K with F(T) # 0 is said to satisfy condition (A) [14] if
there is a nondecreasing function f : [0,00) — [0, o0) with f(0) =0, f(f) > 0 for all € (0, 0)
such that ||x — Tx|| > f(d(x, F(T))) for all x € K, where d(x, F(T)) = inf{||[x —p|| : p € F(T)}.
Khan and Fukhar-ud-din [15] modified condition (A) for two mappings as follows: Two
mappings T1, T> : K — K are said to satisfy condition (A’) [15] if there is a nondecreasing
function f : [0,00) — [0,00) with f(0) =0, f(t) >0 for all t € (0, o0) such that

%(le—Tlxll + |lx = Tox[l) > f(d(x, F)) (2.5)

for all x € K, where d(x, F) =inf{||x —p|| : p € F := F(T1) N F(T2)}.

Note that condition (A’) reduces to condition (A) when T; = Ty. It is also well-known
that condition (A) is weaker than demicompactness or semicompactness, see [14].

A mapping T with domain D(T) and range R(T) in E is said to be demiclosed at p
if whenever {x,} is a sequence in D(T) such that {x,} converges weakly to x* € D(T) and
{Tx,} converges strongly to p, then Tx* = p.

We need the following lemmas for our main results.

Lemma 2.1 (see [16]). If {r,}, {ta} are two sequences of nonnegative real numbers such that

Tn1 < (1 +ty)r,, mneN (2.6)

and Y771ty < oo, then limy, , .1, exists.

Lemma 2.2 (see [17]). Suppose that E is a uniformly convex Banach space and 0 < p <t, <g<1
forall n € N. Also, suppose that {x,} and {y,} are sequences of E such that

lim sup||x,| <7, limsup||y.|| <7, nliir;o||(1 — b)Xn + by =7 2.7)

n—oo n— oo

hold for some r > 0. Then limy, _, || x, — Y| = 0.

Lemma 2.3 (see [18]). Let E be real smooth Banach space, let K be nonempty closed convex subset
of E with P as a sunny nonexpansive retraction, and let T : K — E be a mapping satisfying weakly
inward condition. Then F(PT) = F(T).

Lemma 2.4 (see [1]). Let E be a uniformly convex Banach space and let C be a nonempty closed
convex subset of E. Let T be a nonself asymptotically nonexpansive mapping. Then I —T is demiclosed
with respect to zero, that is, x, — x and x, — Tx,, — 0 imply that Tx = x.
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3. Main Results
3.1. Convergence Theorems in Real Banach Spaces

In this section, we prove the strong convergence of the iteration scheme (1.9) to a common
fixed point of nonself asymptotically nonexpansive mappings T; and T, with respect to P
in real Banach spaces. Let T;, T, : K — E be two nonself asymptotically nonexpansive
mappings with respect to P with sequences { kD) c [1,00) satisfying Z,‘le(k,(f) -1) <oo(i =
1,2), respectively. Put k, = max{ k,(ql), kflz) }, then obviously >.»°, (k, — 1) < oo. From now on
we will take this sequence {k,} for both T; and T5.

We first prove the following lemmas.

Lemma 3.1. Let E be a real normed linear space and K a nonempty closed convex subset of E which
is also a nonexpansive retract of E. Let Ty, T, : K — E be two nonself asymptotically nonexpansive
mappings with respect to P with sequence {k,} C [1,00) satisfying > o1 (kn — 1) < oo. Suppose that
{xn} is defined by (1.9) and F #0. Then,

(1) limy, — o ||xn — p|| exists forall p € F;

(ii) there exists a constant M > 0 such that ||Xpm — p|| < M||x, — p|| for all m,n € N and
p€F.

Proof. (i) Letp € F. From (1.9), we have
lyn =Pl = [(1 = Bn)xn + Bu(PT1)"xn - p||

< (L=Pu)llen =pll + Pul (PT2)"n = |
< (L= Pa)lln = pll + Buknl|xn =

(3.1)
= (1+ pulkn = 1)) [|lxn - p|
< (1 + (kn = 1)||x — p|
= kul[xn = p||-
By (3.1) and (1.9), we obtain
%041 = pll = [|(1 = ) (PT1) "y = an( PT2)"yn —p|
= |1 = &) (( PT)"yu = P) = an(( PT2)"yu —p)||
< (1= an)kn|lyn = pll + anknllyn - pl|
~ kol - 42
< kallen = |

- (1 + (k;‘; - 1>>||xn -pll

Note that 352, (k, — 1) < oo is equivalent to 3,52, (k2 — 1) < oo. Thus, by (3.2) and Lemma 2.1,
limy, || x» — p|| exists for all p € F(T).
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(ii) From (3.2), we have
s~ pll < &2l . 63)

It is well known that 1 + x < e* for all x > 0. Using it for the above inequality, we have

i =l < (14 (Khus = 1)) lnsmr = Pl

< o | psms — |

< ekimﬂ—l [(1 + <ki+m72 - ]>> ||xn+m72 - P“]

< ekﬁ+m7171+kﬁ+m,zfl ||xn+m72 - p" (34)

< Zi gD [E

-l
< M|x, - pl|,

where M = = 6D Thatis, | Xpem - pll < Mllx, — pll forall m,n € Nand p € F. O

Theorem 3.2. Let E be a real Banach space and K a nonempty closed convex subset of E which is
also a nonexpansive retract of E. Let T1,T» : K — E be two nonself asymptotically nonexpansive
mappings with respect to P with sequence {k,} C [1, 00) satisfying > .i>; (k, — 1) < co. Suppose that
{x,} is defined by (1.9) and F #(. Then, {x,} converges strongly to a common fixed point of T and
T; if and only if liminf,, _, . d(x,, F) = 0, where d(x,, F) = inf{||x —p|| : p € F}.

Proof. The necessity of the conditions is obvious. Thus, we need only prove the sufficiency.
Suppose that liminf, ., ,d(x,, F) = 0. From (3.2), we have

d(xps1, F) < <1 + (ki - l))d(xn,F). (3.5)

As 37 (ky — 1) < oo, therefore lim,_,d(x,, F) exists by Lemma 2.1. But by hypothesis
liminf, _, ,d(x,, F) = 0, therefore we must have lim,, _, .d(x,, F) = 0.

Next we show that {x,} is a Cauchy sequence. Let ¢ > 0. Since lim,_, . d(x,, F) = 0,
therefore there exists a constant n such that for all n > ng, we have

2

d(xy, F) < I

(3.6)
where M > 0 is the constant in Lemma 3.1(ii). So we can find p’ € F such that

=PIl < 577 (37)
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Using Lemma 3.1(ii), we have for all n > ng and m € N that

[%nsm = Xull < || %nem = || + |20 = 2'||

< M|xn, = p'l| + M2ca, ' 53)
= 2M|oen, ~ /|

<E.

Hence {x,} is a Cauchy sequence in a closed subset K of a Banach space E, therefore it must
converge to a point in K. Let lim,, _, ,x, = g. Now, lim,, _, . d(x,, F) = 0 gives that d(g, F) = 0.
Since the set of fixed points of asymptotically nonexpansive mappings is closed, we have
q € F. This completes the proof of the theorem. O

On the lines similar to this theorem, we can also prove the following theorem which
addresses the error terms.

Theorem 3.3. Let E be a real Banach space and K a nonempty closed convex subset of E which is also
a nonexpansive retract of E. Let Ty, T, : K — E be two asymptotically nonexpansive mappings with
respect to P with sequence {k,} C [1, o0) satisfying 3,71 (kn—1) < co. Suppose that {x,} is defined by
(1.10) with 371 ¥n < 00, Doy Yo < 00 and F #@, Then, {x, } converges strongly to a common fixed
point of Ty and T, if and only if liminf, _, ,d(x,, F) = 0, where d(x,, F) = inf{||x - p| : p € F}.

3.2. Convergence Theorems in Real Uniformly Convex Banach Spaces

In this section, we prove the strong and weak convergence of the sequence defined by the
iteration scheme (1.9) to a common fixed point of nonself asymptotically nonexpansive
mappings T; and T, with respect to P in real uniformly convex and smooth Banach space.
We first prove the following lemma.

Lemma 3.4. Let K be a nonempty closed convex subset of a real uniformly convex Banach space E.
Let T1, T, : K — E be two nonself asymptotically nonexpansive mappings with respect to P with
sequence {k,} C [1,00) satisfying >.»>1 (k, — 1) < co. Suppose that {x,} is defined by(1.9), where
{a,} and {p,} are sequences in [a,1 — a] for some a € (0,1). If F #0, then

Jim [, — (PT)2]| = Jim [, = (PT2) | = 0. (39)

Proof. By Lemma 3.1(i), lim, —, oo ||x, — p| exists. Assume that lim,,_, oo||x, —p|| = ¢. If ¢ = 0, the
conclusion is obvious. Suppose ¢ > 0. Taking lim sup on both sides in that inequality (3.1),
we have

limsup ||y, —p|| <limsup||x, —p| = lim ||x, - p| =< (3.10)

n—oo n—oo n—co
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Thus ||[(PT1)"yn — pll < kully — p|| for all n € N implies that

limsup||(PT1)"y. - p|| < c. (3.11)
n—oo
Similarly,
limsup||(PT2)"y» - p|| <c. (3.12)
Further,

c= nhjr;o”xnﬂ _P”
= lim [|(1 - o) (PT1)" Y + @0 (PT2)"yn = p|

= Tim [|(1 = &) (PT2)"yn = p) + @ (PT2) "y = p) |

(3.13)
< lim [(1 — ) [[limsup ((PT1)"yn — p) || + an ||lim sup ((PT2)"y, — p) |”
n—o n—oo n—oo
< lim [(1 = ap)c + anc]
=c
gives that
Tim [[(1 = ) ((PT1)"yn = p) + o (PT2) "y~ p) || = <. (3.14)
Hence, using (3.11), (3.12), (3.14), and Lemma 2.2, we obtain
nlgr;o” (PT2)"yn - (PTl)n]/n” =0. (3.15)
Noting that
||xn+1 - P” = ”(1 = a) (PT1)"Yn + an(PT2)"yn _P"
< ||(PT) "y — p|| + au || (PT2) "y = (PT1) "y | (3.16)
< knllyn = pll + || (PT2)"yn = (PT1) "y |
which yields that

¢ < liminf||y, - p||- (3.17)
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By (3.10) and (3.17), we obtain

lim ||y, —p|| = c. (3.18)

n— oo
Moreover, ||[(PT1)"x, — pll < kullx, — p|| for all n € N implies that

limsup||(PT1)"x, —p|| < c. (3.19)

n—oo

Hence
c= lim [y, —pl|
= Jim [|(1= )+ Bu(PT2) "o ~
= lim || (1= ) (xn = p) + B ((PT1)"x0 = p) |
(3.20)
< lim [(1 —Bn) liI:Lszp(xn -p)|| +Bn lifqnjip((PTl)"xn -p) H]
< lim [(1 - pu)c+ Puc]
=c
gives that
Tim [|(1= Bu) (xn = ) + Pu(PT1)"xn = p) || = . (3.21)
Again by Lemma 2.2, we obtain
lim | (PT1)"x, — x4 || = 0. (3.22)
In addition, from y, = (1 — Bn)xn + Bu(PT1)"x,, we have
[y = all = B[l (PT2)" 20 = x]]- (3.23)
Hence by (3.22),
lim ||y — x4 | = 0. (3.24)

n—oo

Also

| (PT2) "y — xn|| < ||(PT2)"yn — (PT1)" || + || (PT1)" Y — (PT1)"xu || + || (PT1)" x5 — x|

< ||(PT2)"yn = (PT0) || + K[|y = 2u | + || (PT1) "ot = 26|
(3.25)
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implies by (3.15), (3.22), and (3.24) that

lim || (PT2)"yn - xa| = 0. (3.26)

Using (3.24) and (3.26), we obtain

”(PTZ)nxn - xn” < ”(PTZ)nxn - (PTz)"}/n” + ”(PTZ)nyn - xn”

(3.27)
< knl|lxn = yul| + || (PT2)"yn — x|,
so that
lim | (PT2)"x, - x4 || = 0. (3.28)
Then
| (PT1)"yn = xu|| < |[(PT1)"yn — (PT1)" x| + || (PT1)" 2 — 2| (329)
< Knllyn = 2| + [ (PT2) " = 2|
gives
Tim || (PT1)"yn — x| = 0. (3.30)
From (3.15), and (3.30), we have
26ns1 = 2l = || (1 = @) (PT1)" Y + an(PT2)" Y = x|
< [(PT) "y — xa| + atu || (PT2) "y — (PT2) "y | (3.31)
— 0 asn— oo.
Thus from ||x,41 = Yull < ||Xne1 — xull + |Xn — yull, we get
Jim [Joni1 = yal| = 0. (3.32)
From (3.30), (3.31) and
[|2¢n1 = (PT1)"yn| < %01 = Xnll + |[x2 = (PT1)"y]|, (3.33)

we have

lim {1 = (PT2)"yal| = 0. (334)



12 Discrete Dynamics in Nature and Society

Now we make use of the fact that every nonself asymptotically nonexpansive mapping with
respect to P must be uniformly L-Lipschitzian with respect to P combined with (3.22), (3.32),
and (3.34), where L = sup, . {kx} > 1, to reach at

||.X'n - (PTl)xn|| < ||xn - (PTl)”xn” + ||(PT1)"xn - (PTl)nyn—lll + ”(PTl)nyn_l = (PTl)xn”

< "xn - (PTl)nxn” + kn”xn — Yn-1 ” + L”(PTl)n_lyn—l —Xn

(3.35)
Thus
Jim [lx, = (PT)xa|| = 0. (3.36)
From (3.24), (3.26), and (3.31), we have
(|31 = (PT2)" x| < llxtnar = xaull + [|2n = (PT2)" | + || (PT2)"yu — (PT2)"xn]|
< Nxnsr = Xall + [[x0 = (PT2)" Y| + k|| yn = 2xa]| (3.37)
— 0 asn — oo,
and so
nlglgonxnﬂ - (PT»)"x,|| = 0. (3.38)

Again making use of the fact that every nonself asymptotically nonexpansive mapping with
respect to P must be uniformly L-Lipschitzian with respect to P and (3.28), (3.31) and (3.38),
we have

|xns1 = (PT2)xp41]] £ | Xni1 = (PT2)" Xpi

+ || (PT>)" 2 i1 — (PTo)"x,

+[|(PT)" s = (PT)x0n (3.39)
< [t = PT)™ st | + Kt i = 20l + LI (PT2) "0 = 20 |
This gives,
Jim [|l2c, = (PT2)xx]| = 0. (3.40)
This completes the proof of the lemma. O

Theorem 3.5. Let K be a nonempty closed convex subset of a real uniformly convex and smooth
Banach space E with P as a sunny nonexpansive retraction. Let T1, T, : K — E be two weakly inward
and nonself asymptotically nonexpansive mappings with respect to P with sequence {k,} C [1,0)
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satisfying .71 (k, — 1) < co. Suppose that {x,} is defined by (1.9), where {a,} and {p,} are two
sequences in [a,1 — a] for some a € (0,1). If one of Ty and T, is completely continuous and F #§,
then{x,} converges strongly to a common fixed point of Ty and T,.

Proof. By Lemma 3.1(i), lim,,—. »o||x,, — p|| exists for any p € F. It is sufficient to show that
{x,} has a subsequence which converges strongly to a common fixed point of T1 and T>. By
Lemma 3.4, limy, _, o ||x,— (PT1) Xy || = limy, — o [|x,— (PT2)x,|| = 0. Suppose that T; is completely
continuous. Noting that P is nonexpansive, we conclude that there exists subsequence
{PT1xy,} of {PTix,} such that PTix,;, — p. Thus |[x,, — pll < [lxn, — PTixy, || + [|[PTixs, — pl|
implies x,, — pasj — co. Again lim;_, [|xs, — (PT1)xy, || = 0 yields by continuity of P and
T; that p = PTip. Similarly p = PTop. By Lemma 2.3, p = Tip = Tpp. Since F is closed, so
p € F. Thus {x,} converges strongly to a common fixed point p of T; and T,. This completes
the proof. O

Theorem 3.6. Let K be a nonempty closed convex subset of a real uniformly convex and smooth
Banach space E with P as a sunny nonexpansive retraction. Let T1, T, : K — E be two weakly inward
and nonself asymptotically nonexpansive mappings with respect to P with sequence {k,} C [1,0)
satisfying >.>° 1 (kn — 1) < oo. Suppose that {x,} is defined by (1.9), where {a,} and {p,} are two
sequences in [a,1 — a] for some a € (0,1). If Ty and T, satisfy condition (A') and F #0, then {x,}
converges strongly to a common fixed point of Ty and T.

Proof. By Lemma 3.1(i), lim,, . o ||x, — p|| exists, and so, lim,, ., d(x,, F) exists for all p € F.
Also, by Lemma 3.4 lim,,_, »||x, — (PT1)x,|| = lim,—o|lxn — (PT2)x,|| = 0. It follows from
condition (A’) and Lemma 2.3 that

lim (e F) < Jim (301 = (PTx] + - (PE)xl)) =0, (4)

That is,

Tim £ (d(xa, F)) = 0. (3.42)

Since f : [0,00) — [0, ) is a nondecreasing function satisfying f(0) = 0, f(t) > 0 for all
t € (0, 00), therefore we have

lim d(x,, F) = 0. (3.43)

From Theorem 3.2, we obtain that {x,} is a Cauchy sequence in K. Since K is a closed subset
of a complete space, there exists a g € K such thatx, — gasn — oo. Then, lim,_,,d(x,, F) =
0yields that d(g, F) = 0. Further, it follows from the closedness of F that g € F. This completes
the proof. O

Theorem 3.7. Let K be a nonempty closed convex subset of a real uniformly convex and smooth
Banach space E satisfying Opial’s condition with P as a sunny nonexpansive retraction. Let Ty, T, :
K — E be two weakly inward and nonself asymptotically nonexpansive mappings with respect to P
with sequence {k,} C [1,00) satisfying > o1 (ky, — 1) < oo. Suppose that {x,} is defined by (1.9),
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where {a, } and { B, } are two sequences in [a,1— a] for some a € (0,1). If F #@, then {x, } converges
weakly to a common fixed point of Ty and T».

Proof. Let p € F. By Lemma 3.1(i), lim,, .. ||x, — p|| exists, and {x,} is bounded. Note that
PT; and PT; are self-mappings from K into itself. We now prove that {x,} has a unique weak
subsequential limit in F. Suppose that subsequences {xy,, } and {x,, } of {x,} converge weakly
to p1 and p,, respectively. By Lemma 3.4, we have lim,_, ||x, — (PTi)x, || = 0, (i = 1,2).
Lemma 2.4 guarantees that (I — PT1)p; = 0, that is, (PT1)p1 = pi. Similarly, (PT2)p1 = p1.
Again in the same way, we can prove that p» € F. Lemma 2.3 now assures that p1,p, € F. For
uniqueness, assume that p; # p», then by Opial’s condition, we have

Jim [Jx i | = Jim [l ~pi

< lim [, —po|
k— oo

= jliqngo Xn, —P2|| (3.44)
< jhl{.lo X, —P1||

- lim [lx, - pul

which is a contradiction and hence p; = p>. As a result, {x,} converges weakly to a common
fixed point of T; and T>. O

In a way similar to the above, we can also prove the results involving error terms as
follows.

Theorem 3.8. Let K be a nonempty closed convex subset of a real uniformly convex and smooth
Banach space E with P as a sunny nonexpansive retraction. Let T1, T, : K — E be two weakly inward
and nonself asymptotically nonexpansive mappings with respect to P with sequence {k,} C [1,0)
satisfying > (k, — 1) < oo. Suppose that {x,} is the sequence defined by (1.10) satisfying the
following conditions:

(i) 2521 Yn < 00, Zly Y < 00/
(ii) {a,} and {a),} are two sequences in [a, 1 — a] for some a € (0, 1).

If one of Ty and T, is completely continuous and F #(, then {x,} converges strongly to a common
fixed point of Ty and T>.

Theorem 3.9. Let K be a nonempty closed convex subset of a real uniformly convex and smooth
Banach space E with P as a sunny nonexpansive retraction. Let T1, T, : K — E be two weakly inward
and nonself asymptotically nonexpansive mappings with respect to P with sequence {k,} C [1,0)
satisfying > (ky, — 1) < oo. Suppose that {x,} is the sequence defined by (1.10) satisfying the
following conditions:

(1) X1 ¥n <00, 2001 Yn < 0

(ii) {an} and {a),} are two sequences in [a, 1 — a] for some a € (0, 1).
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If Ty and T, satisfy condition (A') and F # @, then {x,} converges strongly to a common fixed point of
T1 and Tz.

Theorem 3.10. Let K be a nonempty closed convex subset of a real uniformly convex and smooth
Banach space E satisfying Opial’s condition with P as a sunny nonexpansive retraction. Let Ty, T, :
K — E be two weakly inward and nonself asymptotically nonexpansive mappings with respect to P
with sequence {k,} C [1, 00) satisfying 3.7 (k, —1) < oo. Suppose that {x,} is the sequence defined
by (1.10) satisfying the following conditions:

(1) X1 ¥n <00, 20lq Yn < 0

(ii) {an} and {a),} are two sequences in [a,1 — a] for some a € (0,1).

IfF#0, then {x,} converges weakly to a common fixed point of T1 and T.
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