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We propose to study a generalized family of max-type difference equations and then prove the
global attractivity of a particular case of it under some parameter conditions. Through some
numerical results of other cases, we finally pose a generic conjecture.

1. Introduction

The study of max-type difference equations is a hotspot in the area of discrete dynamics
because such equations are often closely related to automatic control theory and competitive
dynamics. For recent advances in this direction see [1-8] and the references therein.

Motivated by [9], Liu et al. [10] studied the following nonautonomous max-type
difference equation:

_ Pt 71Yn-s
q + (i)n (yn—lr ey yn—m) + Yn-s

Yn s ne NO/ (11)

where p > 0,7,9 > 0,s,m € N, and ¢, : (R")" — R", n € Ny are mappings satisfying
the condition fmin{xy,...,x,} < ¢u(x1,x2,..., %) < pmax{xy,...,x,}, for some fixed p €
(0,+00). Whenp =0, g € (0,1), they proved that every positive solution to (1.1) converges to
zero if r < g, while (r —q)/(1 + p) if r > g. If p > 0 and rq > p, then each positive solution

to (1.1) converges to (\/(q -7+ 4p(1+p)-(q—1))/(2(1 + p)), for some p € (0, +o0), except
for the case g < 7, B € (fo, +o0), where By = 4p/(q — r)* + 1. Note that the behavior of positive

solutions to (1.1) for the case g < r, f € (fo, +o0), is still an unsolved open problem as was
mentioned in [10].
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Here, we propose to investigate the asymptotic behavior of positive solutions to the
generalized family of max-type difference equations

X, = max
1<i<k

pi + 1iXp-s }
, neN, 1.2
{qi+xn—s+fi(xn—1/'-~/xn—m) 0 ( )
where p; > 0, 15,q; > 0, s,m,k € N, k > 2 and the functions f; : [0,400)" — [0,+00),
i=1,2,...,k satisfy the condition

pmin{uy, ..., Uy} < fi(ui, ua, ..., Up) < pmax{u, ..., Uy}, (1.3)

for some fixed g € (0,1).
In this paper, we mainly consider the particular case that all p; are zero, and then
obviously (1.2) reduces to the following form:

ti
Xy = Xy_g X MAx , mneNp. (1.4)
" " 15i§k{ qi + Xp-s + fi(xn—ll . -1xn—m) }

Let x* be a nonnegative equilibrium point of (1.4), then we have

e X{Islias)lg{qi+(1+ﬂ)x*}. (1.9)

It follows directly from (1.5) thatif 0 < r; < g; for alli =1,2,...,k, then (1.4) has the unique
nonnegative equilibrium x* = 0, while if there exists at least one j € {1,2,...,k} such that
r; > qj, then (1.4) has a zero equilibrium x* = 0 and a unique positive equilibrium x* =
maxici<k {ri = qi} /(1 + ).

Finally, the following two beautiful theorems are derived.

positive solution to (1.4) converges to the unique nonnegative equilibrium zero.

Theorem 1.1. Consider (1.4) with condition (1.3). If 0 < r; < g; forall i = 1,2,...,k, then every

Theorem 1.2. Consider (1.4) with positive initial values and positive r; and g;. Let f; : [0, +00)™ —
[0, +o0) be functions such that for some fixed p € (0,1), there hold

pmin{uy,..., uy} < fi(u, ..., uy) < pmaxfuy, ..., uy}, i=12,... k. (1.6)

If there exists at least one j € {1,2,...,k} such that rj > qj, then the unique positive equilibrium of
(1.4) is a global attractor.

2. Preliminary Lemmas

For the purpose of establishing the main results, some auxiliary lemmas are essential.
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Lemma 2.1. Consider the first-order difference equation

"
Xy = Xp_q X max{—l}, neNy, (2.1)
1<i<k  4i + Xp-1

with positive initial value x_y and positive r; and q;. If there exists at least one j € {1,2,...,k} such
that r; > q;, then

lim x, = max{r;—g;:i=1,2,...,k}. (2.2)

n—oo

Proof. Suppose that max{r; —¢q; : i = 1,2,...,k} = r — g,, which is positive, for some 7 €
{1,2,...,k}. By making the variable change x, = (7 — )y, into (2.1) and then canceling the
positive term 7, — g, from the resulting equation, we can derive

7i
Yn = Yn-1% ?;i’ﬁ{ P P S } n € No. (2.3)

Note that min{a1/b1,a2/b2} < (al + az)/(bl + bz) < max{al/bl,az/bz} for ai,b,- > O, i= 1,2
Then it follows from (2.3) that

qiyn + (i = 4:) Yo } < max { qiyn + (re = Gr)yn

< m <max{yy,, 1}. (2.4)
gi + (rr = qc) Yn 1sisk | qi+ (7 = 4z) Yn }

Ynil = maX{

1<i<k

In addition, the following two inequalities hold:

FiYn e Yn g (Yn - 1)
Yn 1—1=max{——1} > Tyn AT (25
' tsisk | gi + (rr = Ge) Yn Gr + (e = Gr) Yn e+ (e = Gr) Yn
TiYn e lYn (rr = qr)yn(1 = yn)
Y1l ~Ynp=MaXy ————~— — VYn Z——yn= .
1Slsk{ i + (T = Gz ) Yn } Gr + (rr = Gr) Yn gr + (e = G) Yn

(2.6)

In the following, we are confronted with three possibilities.

Case 1. If there exists ng > —1 such that y,,, = 1, then it follows from (2.4) and (2.5) that y,, = 1
holds for all n > ny.

Case 2. If there exists ny > —1 such that y,, > 1, then it follows from (2.5) and (2.6) that

Yo 2 Yngsl 2 Ynge2 2 -+ > 1. (2.7)
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Thus there is a finite limit y = lim,, ¥, > 1. By taking the limits on both sides of (2.3) and
canceling the positive factor y from the resulting equation, we obtain

i
1 _Illgi?lf{q,-+ (rT—qT)y}’ 28)

which implies y = 1. Because if y > 1, then

1m{m} m{m} - 9

leading to a contradiction.

Case 3. If y, <1 for all n > -1, then it follows from (2.5) and (2.6) that

Y1 <Yo<yi < <yp<---<L (2.10)

Therefore, the limit of y,, exists, denoted by 0 < y = lim, 1, < 1. By taking the limits on
both sides of (2.3) and canceling the nonzero factor y from the resulting equation, there hold

Ti
1= _ 211
?;i?lg{qi+(rr—q7)y}' @11)
which implies y = 1. Because if 0 < y < 1, then
T Ti
1= —n t 212
%zz{qﬁm_%)y} m{q<q>} , (212

which is a contradiction.

In either of the above three cases, we get lim,,_, .y, = 1, implying lim,, _, o, X, = 77 — g7.

O
From Lemma 2.1, we have the following result.
Lemma 2.2. Consider the s-order difference equation
Ti
Xp = Xp_g X max{ _ }, n € Ny, (2.13)
1<ik | Gi + Xp—s

with positive initial values and r;,q; > 0. If there exists at least one j € {1,2,...,k} such that r; > q;,
then

lim x, =max{r;—g;:i=1,2,...,k}. (2.14)

n— oo
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Proof. Let {x,},>_s be an arbitrary positive solution to (2.13). Apparently we know that the
sequence {x,},s_s can be divided into s subsequences {xj,sk }x>0, j = —S,~s+1,...,-1, which
are, respectively, positive solutions to the first-order equation (2.1) with positive initial values
X_5,X_s41,---,X-1. According to Lemma 2.1, we derive limy ., xj sk = max{r; —q; : i =
1,2,...,k} for all j = —s,-s + 1,...,-1, which directly lead to lim,_,,x, = max{r; — g :
i=1,2,...,k}. O

Lemma23. Leta>b>0,0<p<1,and0<e < ((1-pP)/(1+p))(a—->b). Define two sequences
{my} and { My} in the following way:

M1 = a_b/
€
mkle_ﬂ<Mk+E>/ k=1/2""’ (215)

Mk=M1—ﬁ<mk_1—ﬁ), k=23,....

Then limy _, omy = limy _, o Mg.

Proof. Observe that

My — My = —B((1-p)(a-b) - (B+1)e) <0,

mk+1—mk=ﬂ[Mk—Mk+1+ 2,...,

€
k(k + 1)]’ k=1, (2.16)

€
Mk+1—Mk——ﬁ|:mk—Mk_1+m], k—2,3,....
It follows by induction that {my} is increasing and { My} is decreasing. Again by induction

we derive my < a—band My >0,k =1,2,.... Hence there are two finite limits ¢ = limy _, o, 7
and 7 = limy _, ., M. By taking limits on both sides of (2.15), we derive

¢=a-b-pn, n=a-b-p, (2.17)
which imply (1 -)({ —#) = 0. Therefore { =1 = (a-b)/(1+p). O

3. Proofs of Main Theorems

In this section, we are in a position to prove the main theorems presented in Section 1.
Proof of Theorem 1.1. Note that for the case r; < ¢q;, i = 1,2,...,k, the behavior of positive

solutions to (1.4) is quite simple. In this case, we have that

i
Xp < Xpg X {rslg:{ q—’l} = UXp-s, (3.1)
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where y = maxi<i<k(7i/qi} < 1. Easily the subsequences {xis:j}ey,, j € {0,1,...,5 = 1}
converge to zero, hence the sequence {x,} also converges to zero.

For the caser; < g;,i=1,2,...,k with at least one j € {1,2,...,k} such that r; = g;, we
can obtain that

i
Xp < Xpg X MAX =X, (3.2)
1<i<k | gi

In this case, the subsequences {xis;}icy,, j = 0,1,...,5 — 1 are all positive and nonincreasing,
thus they converge, respectively, to some nonnegative limits ¢; := lim; _, o, x154j, j=0,1,...,5-1.

If we replace n in (1.4) by sl + j, | € Ny for an arbitrary fixed j € {0,1,...,5 -1} and let
I — oo, we can get

ti
- ’ 3.3
¢ ‘PJX{Iglias)l:{%ﬂlfj+fi(‘me-“"””"’)} o

wherev; € {0,1,...,s-1},i=1,...,m. Without loss of generality, assume that ¢; # 0, then we
obtain that

Tr

1= ,
qT+(Pj +fT(‘Pv1/~-1(Pvm)

(3.4)

with some fixed number 7 € {1,2,..., k}. Because r; < g, then it follows from (3.4) that

Gr + ;i + fr(@or, - @o,) =11 < Gr. (3.5)
Therefore we have
@i+ fr($orr - ¥0,) =0, (3.6)

leading to ¢s; = 0, which is a contradiction. Hence we have that ¢; =0, =0,1,...,s -1, and
every positive solution to (1.4) converges to zero, if r; < g; foralli=1,2,... k. O

Proof of Theorem 1.2. Suppose that max{r; —¢g; : i = 1,2,...,k} = r —gr > 0 for some 7 €
{1,2,...,k}. Let € be an arbitrary fixed real number with 0 < ¢ < ((1 - B)/(1 + pB))(rr — gz).
Define two sequences { M} and {my} in the way shown in (2.15) with a =, b = g5. O

Let {x,} be an arbitrary positive solution to (1.4). Next, we proceed by proving two
claims.

Claim 1. There exists Ny € N such that m; — e < x,, < M; + € for all n > Nj.

Proof of Claim 1. Note that

anxn_sxmax{L}, n=0,1,2,.... (3.7)
1<i<k | 4i + Xp—s
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Consider the following difference equation:

’.
z{) = 2. x max —(1) , n=0,1,2,.... (3.8)
1<i<k qi + 2,7

(1) (1) Z(1) _

Let {zill)} be a positive solution to (3.7) with the initial values z* = x4, 2., = x2,...,2; =

X_s.

Note that the mapping h(x) = rx/(q + x) is strictly increasing on the interval (0, +o0).
It follows by induction that x, < zﬁll) for all n > —s. By Lemma 2.2, we have limn_mzill) =
7z — gr = My. Hence there is an integer N] € N such that x, < M; + e forn > Nj.

Let t = max{s, m}. Note that

Xy > Xy X max{ fi }, n>N +t. (3.9)
- 1<i<k | gi + Xpes + B(M1 + €) -

Consider the difference equation

(1) (1) ti 1
Yn = Ypls X Max , n>Nj+t, (3.10)
o w{ gi + yDs + B(M + ) } 1

. 1 1 1 - .
with yz(\q)+t—1 = XNj+t-1, yl(\]zﬂ_z = xNi+t—2""’y](\Iz = xn;. Note the monotonicity of h(x), it

follows by induction that x,, > yfll) foralln > Nj. By Lemma 2.2, we get that lim,, _, Ooy,(zl) =my.

Thus there exists an integer N1 > N such that x,, > m; — € foralln > Nj. O

Working inductively, we will reach the following claim.

Claim 2. For every k € N, there exists Ny € N such that

M= <X S Mi+ 7, (3.11)

for all n > N.

Proof of Claim 2. Obviously, the case k = 1 follows directly from Claim 1. In the following, we
proceed by induction. Assume that the assertion is true for k = w(w > 1). Then it suffices to
prove the assertion is also true for k = w + 1.

Note that

i
X < Xp—s X Max

m{ G+ Xns ¥ Pl — /) } n2Ny+t (3.12)

Consider the difference equation

r
21(:»1) = zif‘_);rl) x maX{ (w+1) , }, n 2Ny +t, (3.13)
Isisk g+ 2,70 + p(my, — €/ w)
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(w+1) (w+1) (w+1)

with ZN -1 = XNutt-1, ZN, 4t = XNg+t-2/-+-, 2N, = XN,- Note the monotonicity of h(x),
it follows by induction that x, < z(w+1) for all n > N,. By Lemma 2.2, we have that
hmnéwz(wm My41. So there is an integer N:u+1 € N such that x, < My +€¢/(w+ 1)

foralln > Nw+1. Then note that

Ti
qi + Xp—s +ﬁ(Mw+1 + e/(w+ 1))

xn2xnsxmax{ } n>N, ., +t (3.14)

1<i<k

Consider the following difference equation

(w+1) (w+1) i
Yn =y X max , n>N, |+t (3.15)
o w{ g+ yaoe) + B(Mout + e/ (w+ 1>>} v
1 1 1 ..
with y("” )H 1= XN 41, zx‘;,;)JrH = XN+ 2,...,2%};) = xn - By the monotonicity of

h(x), it follows by induction that x, > yi[‘”l) forallm > N/ ,. By Lemma 2.2, we have that

hmnqu(wﬂ) = My1. So there is an integer N1 > N, ,; such that x,, > m,1 — €/ (w + 1) for

alln > Ny O

From Claim 2, we derive

lim my = hm <mk - £> < lim x, < lim X, < hm (Mk + %) = klim M. (3.16)

— 0 n— o0 n—oo k— oo

This plus Lemma 2.3 leads to that

lim x,, = lim my = hm Mk i

Jim x, = lim TR (3.17)

4. Simulations and Future Work

In the previous section, we proved the global attractivity of (1.2) when all p; are zero. In this
section, we investigate the dynamic behavior of (1.2) provided that all p; are not zero. First,
it is trivial to confirm that when all p; are not zero, (1.2) has the following unique positive

equilibrium point x* = maxj <<k { \/(qi - ri)2 +4p;(1+ ) +1i—qi}/(2(1 + B)). In the following,
some numerical results are presented.

Experiment 1. Consider the first-order difference equation

0.2 + 0.6x,,1 TXp 1
0.6 + xp-1 + 0.3x,1" g + xp1 + 0.3x,1

Xy = max{ }, neN, (4.1)

where r, g > 0 and the initial value xg > 0. (See Figures 1 and 2).
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0.4 0.7
038, 0.65
0.36
0.34 0.6
032 0.55
0.3
0.28 05
0.26 0.45
0.24 .
0.22 0.4
0.2 : : ; - 0.35 : . : :
0 10 20 30 40 50 0 10 20 30 40 50
(a) Initial value xo = 0.2 (b) Initial value xy = 0.7
Figure1:r =1,9=2; x* = v26/13 = 0.3922.
0.85 . . . . 0.9
0.8 0.88
075t 0.86
*
0.7 0.84
* *
0.65 0.82
0.6 * 0.8 »
0.55 078+ %,
*x
0.5 . . : : 0.76
0 10 20 30 40 50 0 10 20 30 40 50
(a) Initial value xo = 0.5 (b) Initial value xy = 0.9
Figure2:r =2,q9=1;x* =10/13 = 0.7692.
Experiment 2. Consider the second-order difference equation
0.5+ x- 0.8+ rx,—
X, = max 2 2 , n>2, (4.2)
1+x,0+0.5x,1" g+ xp2+0.5x,1
where 7, g > 0 and the initial values xg, x; > 0. (See Figures 3 and 4).
Experiment 3. Consider the third-order difference equation
0.5+ Xn-3 3xn,3
X, = max , , n>3,
2 2 2 2
1T+ x,3+09/ (22 +x2,)/2 2+ x,3+091/ (x>, +x.,)/2
(4.3)

where the initial values x, x1, x; > 0. (See Figure 5).
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0.65 0.8
0.6 0.75
055} 0.7
05 b # 065"
*
0.45 06 * o
0.55 *
0.4 t*
051 «
035 0.45
0.3 0.4
0.25 0.35
0.2 ' ' ' ' 0.3 : : : :
0 10 20 30 40 50 0 10 20 30 40 50
(a) Initial values xp = 0.2, x; = 0.4 (b) Initial values xp = 0.8, x; = 0.3
Figure3:r=1,g=2;x" = V/3/3 = 0.5774.
14 13
135t 1.2
* Ky
1.3 % 1.1 * *
*
125 1
* *
121 0.9 p*
LS| *., 0.8
* ¥ T
1.1 0.7
*
1.05 0.6
1 : : : ' 0.5 : : : :
0 10 20 30 40 50 0 10 20 30 40 50

(a) Initial values xp = 1.3, x; = 1.0

(b) Initial values xp = 0.5, x; = 0.9

Figure4:r=2,9=1;x* = (+/5.8+1)/3 = 1.1361.

Inspired by this work and the results of [10], here we pose the following conjecture.

Conjecture 4.1. Consider (1.2) with nonnegative p; and positive r; and q;. Let f; : [0,+00)" —
[0,+00),i=1,2,...,k be k functions such that for some fixed p € (0,1), there hold

pmin{uy,..., ur} < fi(wy,..., ux) < pmaxfuy, ..., ux}.

(4.4)

Ifrigi > pi foralli = 1,2,...,k, then every positive solution to (1.2) converges to the equilibrium

point

*

X = ;max
2(1+ p) 1sizk

{\/(qi —ri)" +dpi(1+p) +7i - qi}.

(4.5)
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04,
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0.15 031
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0 50 100 150 0 50 100 150
(a) Initial values xp = 0.1, x; =0.3, x, = 0.5 (b) Initial values xo = 0.3, x; = 0.7, x, = 1.0
0.8 1.1
*
07+ *, 1r
o6f _ 09,
"***ttttt*
Whddes.o L
0571 ™ 0.8 "
* %
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* f*
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* Frg
** “'“
0.2 0.5 "‘*&&ttt‘;ttt’;‘;*:{{‘ 1
0.1 0.4 . .
0 50 100 150 0 50 100 150

(c) Initial values xp = 0.8, x; = 0.3, x, = 0.1 (d) Initial values xp = 1.1, x; = 0.8, x, = 0.6

Figure 5: x* = 10/19 = 0.5263.
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