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It is shown that the sequence of the generalized Bell polynomials S,(x) is convex under some

restrictions of the parameters involved. A kind of recurrence relation for S, (x) is established, and
some numbers related to the generalized Bell numbers and their properties are investigated.

1. Introduction

Hsu and Shiue [1] defined a kind of generalized Stirling number pair with three free
parameters which is introduced via a pair of linear transformations between generalized
factorials, viz,

(tla), =D S(nkapy)(t-y B
k=0 1.1)

(t16), = kﬁlS(n,k;ﬂ,«x, Dty la),
-0

where n € N (set of nonnegative integers), a, , and y may be real or complex numbers with
(a,B,7) # (0,0,0), and (t | a),, denotes the generalized factorial of the form

n-1
(tla), =] [t-ja), n>1, (t|a) =1 (1.2)
j=0

In particular, (t | 1), = (t),, with (), = 1. Various well-known generalizations were obtained
by special choices of the parameters a,f, and y (cf. [1]), and the generalization of some
properties of the classical Stirling numbers such as the recurrence relations

Sn+1,kapy)=Snk-Lapy)+ (kp-na+y)S(nk;apy), (1.3)



2 Discrete Dynamics in Nature and Society

the exponential generating function

pla _ k n
(1+ at)ﬂ“[“*“t%] = kSS(n k; a,ﬂ,y)%, (1.4)
n>0 .
the explicit formula
1 & (kN ..
S(nk;a,p,y) = WZ(—l)k ]< .>(/5] +yla),, (1.5)
720 ]

the congruence relation, and a kind of asymptotic expansion was established. As a follow-
up study of these numbers, more properties were obtained in [2]. Furthermore, some
combinatorial interpretations of S(n, k;a,f,y) were given in [3] in terms of occupancy
distribution and drawing of balls from an urn.

Hsu and Shiue [1] also defined a kind of generalized exponential polynomials S, (x) =
Su(x;a,B,y) in terms of generalized Stirling numbers S(n, k; a, §,y) with a, §,and y real or
complex numbers as follows:

S,u(x) = ZS(n, k; (x,ﬂ,y)xk. (1.6)
k=0
We may call these polynomials generalized Bell polynomials. Note that when x = 1, we get
Wn = Sn(l) = Zs(nlk/a/ﬁ/}/)/ (17)
k=0

the generalized Bell numbers. A kind of generating function of the sequence {S,(x)} for the
generalized exponential polynomials has been established by Hsu and Shiue, viz,

an(x);—n! = (1+at)/® exp[((1+at)ﬂ/“—1>%], (1.8)

n>0

where a,#0. In particular, (1.8) gives the generating function for the generalized Bell
numbers:

(1.9)

m ((1 +at)P/% - 1)
ZW"_| = (1+at)%exp
= nl p

Note that, when a — 0, (1 + at)!/* — exp(yt). Hence,

1+ at)'/® exp [((1 +at)P/o - 1) %] — e exp [(eﬂt - 1) %] (1.10)
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If we define the polynomial G, 4 (x) as

Gn,ﬂrr(x) = hn})sn(x/ a/ﬁ/r)/ (111)
a—
then its exponential generating function is given by

ZG”W x)— = exp

n>0

rt+ (ef“ 1>ﬁ]' (1.12)

We may call G, 5, (x) the (r, §)-Bell polynomial. Hence, with x = 1, this yields the exponential
generating function for the (r, §)-Bell numbers. Now, if we use S(n, k;,y) to denote the
following limit:

S(n,k;p,y) = limS(n,k;a,p,7), (1.13)
then, by (1.5),
k
S(n,k;By) = ﬁkk,Z(— 1)* 1<]_>(pj+y)n, (1.14)
Gupr(x) = kznos(n, kB, y)x". (1.15)

Also obtained by Hsu and Shiue is an explicit formula for S, (x) of the form

x/p o x
Sn(x) = (E> Z( /ﬁ) (kp+y|a),. (1.16)

Consequently, with x = 1, we have

_ 1 1/pw(kﬂ+y|a>n
W, = (E) %T (1.17)

Note that, by taking a« = 0, (1.16) gives

x/p oo x/
Gt = () 50 D g ey, (L1
the explicit formula for (r, §)-Bell polynomial. When x = 1, this gives

1/p o 1/
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a kind of the Dobinski formula for (r, §)-Bell numbers. This reduces further to the Dobinski
formula for r-Bell numbers [4] when f = 1. Moreover, with y = 0, we get

1& k
B, = E%H’ (1.20)

which is the Dobinski formula for the ordinary Bell numbers [5].

In this paper, a recurrence relation and convexity of the generalized Bell numbers will
be established and some numbers related to W,, will be investigated. Some theorems on (r, f3)-
Bell polynomials will be established including the asymptotic approximation of the (r, 3)-Bell
numbers.

2. More Properties of S, (x)

Recurrence relation is one of the useful tools in constructing tables of values. The recurrence
relation for the ordinary Bell numbers [6] is given by

B = i <:> By, (21)

k=0

with initial condition By = 1. Carlitz’s Bell numbers [7] also satisfy the recurrence relation:

Apr(0) = —AnA, (1) + YK <"> <” > VA ), p= 1, 22)
& \k/ \k X

with Ag(L) = 1. Note that for A =1, A,(1) = B, and (2.2) will reduce to (2.1). Moreover, Mez6
[4] obtained certain recurrence relations for the r-Bell polynomials, respectively, as

nl/n—-1
By (x) = rBpqr(x) + xz< >Bk,r (x). (2.3)
o\ k

The following theorem will generalize all of these recurrence relations.

Theorem 2.1. The generalized exponential polynomials satisfy the following recurrence relation:

n n
Sna (.X') = (Y - d?l) Sn(x) + Zx<k> (ﬂ | a>ksn—k(x) (24)
k=0
with So(x) = 1. Moreover, the generalized Bell numbers W, = S, (1) satisfy

Wi = (y —an)W, + zn: <:> Bl a) W, k. (2.5)
k=0
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Proof. Differentiating both sides of (1.8) with respect to t will give

pla
(1 +aty/e - >ﬁ] <(1+‘;t)+—atx+y> (2.6)

Applying binomial theorem and Cauchy’s rule for product of two power series will yield

p
(1+at)>'S, " <Zs (x)— > <Z <;> xat" + y>,
n>0 n>0 n>0 n

P (x) = (1+at)"exp

n>0

(2.7)
p p
> Su(x ) +Zna5 (x) => Zxk'( > akS, i (x) ot
n>0 n! n>0 k .
Comparing the coefficients of t" /n!, we obtain
non\ [P
Sps1(x) + anS,(x) = ySu(x) + Zxk!( > a )akS, i (x), (2.8)
k=0 k k
which is precisely equivalent to (1.10). O

By taking a = 0, Theorem 2.1 yields the recurrence relations for the (r, §)-Bell poly-
nomials. More precisely,

G pr(x) = 7Gppr(x) + zn;x <:> B Gk pr (). (2.9)

k=0

These further give (2.3) when p = 1. Surely, (2.2) can be deduced from (2.5) by letting
(a,B,7) = (4,1,0). Furthermore, for (a,,y) = (0,0,1), (2.4) gives

§n+1 (.’X,') = 2§n(x), (2~10)

where B, (x) = S o()xk If we let B, = B,(1), we get

Bys1 = 2By, (2.11)

which implies

zn:<n;;1> =oml_1, (2.12)



6 Discrete Dynamics in Nature and Society
the number of distinct partitions of an (n+2)-set into 2 nonempty subsets, or simply S(n+2,2),
the classical Stirling number of the second kind.

Mathematicians have been aware for quite a while that the global behaviour of
combinatorial sequences can be used in asymptotic estimates. One of these interesting

behaviours is convexity [5]. A real sequence vy, k = 0,1,2,...is called convex on an interval
[a, b] (containing at least 3 consecutive integers) when

v < %(vk_l + k1), k€la+1,b-1]. (2.13)

For instance, the sequence of binomial coefficients () satisfies the convexity property since

n+2 n+1 n n
-2 + = >0, fork>2. (2.14)
()=(0)()-(5)

This implies that

1 /— —
Bn+1 < E (Bn + Bn+2>/ (2-15)

that is, En is convex.
The next theorem asserts that the sequence of generalized exponential polynomials as
well as the generalized Bell numbers is convex under some restrictions.

Theorem 2.2. The sequence of generalized exponential polynomials S, (x) with x > 0, & < 0, and
B,y > 0 possesses the convexity property, viz,

Spr1(x) < %(Sn(x) +Su(x)), n=12,.... (2.16)

Proof. Since a < 0 and (kf +y — na) > 0, we have
0< 1= (kB+y-na)]’ —a(kp+y-na),
0<1-2(kp+y—na)+ (kp+y-na)’ —a(kp+y - na), (2.17)
2(kp+y-na) <1+ (kp+y-na)(kp+y-na-a).
Multiplying both sides by (kff + v | a),, we get
2(kp+yla),,, < (kp+yla),+(kB+yla),,,. (2.18)

Thus, making use of (1.16), we obtain (2.16). O

Note that, for (a,f,y,x) = (0,6,7,1), (2.16) asserts the convexity of (r,f)-Bell
polynomials which further imply the convexity of r-Bell polynomials when § = 1. Moreover,
letting (a, B, v, x) = (0,1,0,1), (2.16) yields (2.15) and implies the convexity of B,.
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3. A Variation of Generalized Bell Numbers

Let us denote Z(n, ka,py) = k!ﬂkS(n, k;a, B, y) and define

Bu(a,B,7) = ;Z(n, ko, B,y). (3.1)

The numbers A(n, k; a, B,y) were given combinatorial interpretation in [2], for nonnegative
integers a, §,and y, as the number of ways to distribute n distinct balls, one ball at a time,
into k + 1 distinct cells, first k of which has g distinct compartments and the last cell with y
distinct compartments such that

(i) the compartments in each cell are given cyclic ordered numbering,
(ii) the capacity of each compartment is limited to one ball,

(iii) each successive a available compartments in a cell can only have the leading
compartment getting the ball,

(iv) the first k cells are nonempty.

Illustration of (iii)

Suppose the first ball lands in compartment 3 of cell 2. The compartment numbered 4, 5, 6,. . .,
a,a+1,a +2 will be closed. And suppose the second ball lands in compartment f§ - 2 also of
cell 2. Then compartments numbered f—1,5,1,2,a+3,a+4,a+5,...,2a - 3 of cell 2 will be
closed.

If k + 1 cells will be changed to any number of cells with the last cell containing y
distinct compartments and the rest of the cells each has g distinct compartments such that
only the last cell could be empty, then this gives the combinatorial interpretation of B, (a, §, 7).

The following theorem contains a kind of exponential generating function for

Bu(a, B, Y)-

Theorem 3.1. The numbers B, (a, B, y) have the following exponential generating function:

n y/a
>'Bu(a B, Y)t—, = 2(1& (3.2)

= nl 2 (1+at)P*

Proof. Using the exponential generating function in (1.4), we get

ZBn (a, B, Y):l_n, = ZZﬂkk!S(rl, k;a,p, Y):l_n,

n>0 o n>0k>0
= (1+at)’* 3 [(1+at)/ - 1]k
= a a (3.3)
k>0
=(1+at)’* !

1- [ +anf*-1]

This is exactly the desired generating function. O
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Differentiating both sides of (1.9) with respect to t, we yield

n

- d
A(Tl, k’ a’ﬂ’Y) = dtn

(1 +at)”’ “((1 +at)P/* - 1>k] . (3.4)
t=0

Since Z(n, k; a, B, y) vanishes when k = 0 and k > n, we have

©  gn
Bu(a,B,y) = Zﬁ
k=0

1+ at)Y/“((l +at)Pl - 1)k]
t=0

n

dr

(1+at)’® (2 -1+ at)ﬂ/“>_1]
t=0

(3.5)

N =
Q..|Q_‘
3

o [(1 + at)”“i (%(1 + at)’”"‘>v]

v=0 =0

1

1& d"
R (r+pv)/a
zggdtﬂ [+ a7 5.

This result is embodied in the following theorem.

Theorem 3.2. The number B,(a, B, v) is equal to
1& —»
Bu(a,B,y) = EZ(Y +pv|a) 2V, n>1 (3.6)
v=0

The next theorem provides a recurrence relation for the number B, (a, f,y) which can
be used as a quick tool in computing its first values.

Theorem 3.3. The following recurrence relation holds:

[uny

n—

Bl 1) = (10, (010,255 (7) (610, s ), 67)

wheren > 1.

Proof. Making use of (3.6), we have

E Bn—'(a/,ﬁ/Y) 1& )[_5 ﬂv-f—y ~
G)#es-2G) (e ) .
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Summing up both sides from j = 0 to n — 1 and using Vandermonde’s formula, we get

-t @hy) 1e e (BN /PN
S(en st 5(5G)(E))

Hence, we have

n-1

<n>(ﬁ|a)3—;(aﬁr)— Z(<v+1>ﬁ+y|a>2"—<ﬂ|a>nzzr

j=0

Now, by (3.6),
1& -
Eé(ﬂ(” +1)+y|a) 27V = vzzo(p(v +1)+y[a) 270D

- 2([51; +yla),2” - (yla),
=2B,(a,B,7) - (v | a),

and (1/2) 372,27 = 1. Thus,

n-1

<n>(ﬁla)Bn;(aﬁY) Bu(a,By) (| 4), - (| a),

j=1

which is precisely equivalent to (3.7).

Note that when n =1, (3.7) gives
Bi(a,f,y) =y +p,

while (3.6) gives

Bi(a,f,y) = Y+ﬂ<22:11>

This implies that

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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The following theorem gives a kind of congruence relation for B, (a,f,y) with the
restriction that a — 0. We use Gn,ﬂ,r to denote the following limit:

Gn,ﬁ,r = hn})Bn (“/ ﬂ/ Y) . (3.16)

Theorem 3.4. Let r and f be integers. Then for any odd prime p and n > 1, one has the following
congruence relation:

Guip-1pr — Gnpr =0 (mod 2p). (3.17)

Proof. Note that the explicit formula in (1.14) can be expressed in terms of a kth difference
operator. That is,

k [k
|[akpt+n)"] = D) <]> (Bi+r)", (3.18)
=0

where A¥ denotes the kth difference operator. Hence,

Grip-ipr = %[Ak(ﬁt +r)" 7 (3.19)
Thus,
Guip-1pr — Gpr = ZAk{ (Bt + 1) [(Bt+ 1) — (Bt +7)] }t:o' (3.20)
k=0

Since, by Fermat's little theorem, (Bt + r)P — (Bt + r) is divisible by p,
(Bt +r)"[(Bt+1)" = (Bt +7)] = px, (3.21)

for some integer x. Also, since (Bt +7)" and (Bt + )" —1 are of different parity, (Bt +r)"[ (Bt +
)Pt —1] is divisible by 2. Hence,

(Bt+r)"[(Bt+7)"" 1] =2py, (322)
for some integer y. Thus, we have
(Bt+7)"[(Bt+7)"" 1] =0 (mod 2p). (3.23)

This completes the proof of the theorem. O
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4. Some Theorems on (r, f)-Bell Polynomials

The (r, p)-Bell polynomials G, ,(x) have already possessed numerous properties. Some of
them are obtained as special case of the properties of S,(x). However, there are properties of
the ordinary Bell numbers or r-Bell numbers which are difficult to establish in S, (x) but can
be done in G, 3-(x). For instance, using the rational generating function for S(n, k; §, r) in [2]
which is given by

tk
S(n,k;B,r)t" = , (4.1)
2k P I =
we can have
1 1
S(n, k; B,r)t" =
2k P = B =7 () =)

_ 1 1
T (L= i/ (BO) T (L -1/ (Bt) — 1) (2

-1 (-1)k

Gt T ((rt - 1)/ (B) +i)

It can easily be shown that

k /rb—1 AN (ﬂ+1‘)t—1
1;[(7—1)_ <—ﬁt >k. (4.3)

Thus,

nk:B,r)t" ) xk = -1 (_1)k xk
Z<ZS< e >t> %<ﬂkm—1> (((ﬁ+f)t—1)/ﬂt)k> ’

(4.4)
k
n _ 1 _
> <ZS(n, k; ﬁ,r)xk>t" i (@) ( x/|ﬁ) :
120 \k=0 =15 (((B+r)t-1)/pt), K
This can be expressed further as
-1 ! -x
S Gupr )t = o= iFi| (Brr)t-1 |2 ), (45)
= rt—1 Bt p
where ; F; is the hypergeometric function which is defined by
O (a a <. (a k
Fq< ai, a, ..., a t> _ (a1)(az2)y - ( P)kt_" (4.6)
P bi, by, ..., bq k=0 (b1)k (b2) -+ (bq)k k!
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where (a;); = ai(a; +1)(a; +2) -+ - (a; + j — 1). Applying Kummer’s formula [8],

b—
€x1F1< Z‘—x> = 1F1< ba

we obtain the following generating function.

x), (4.7)

Theorem 4.1. The (r, p)-Bell polynomials satisfy the following generating function:

rt—1
—1 1 pt X
Gn r(-x)tn = — - 1F _ = 1. (48)
% b rt—1 ox/P o pt +'[:: 1p

It will be interesting if one can also obtain a generating function of this form for S, (x).
Now, using the integral identity in [9],

ImJ‘ ele” sin(n0)do = ]—' (4.9)
0

2n

and the explicit formula in (1.14), we get

%S(Tl,k}ﬂ,r) ﬂkk|z( 1)k ]< >ImJO e(.ﬁf”)eie 81n(n9)d9

_ [%k' Im f: [g(_l)k—f <’;> (eﬂe"‘*)j ] e’ sin(n0)do (4.10)
Imf [ Eﬂe -

] ™" sin(n0)do.

Hence,

k
© pe” 1)/ .
ZS(n, k;ﬂ,r)xk = % Imf uxk ere’ sin(n0)do
k=0 0

OMS

(4.11)

2 ! e
n! ImJ‘ x(eﬂ -1)/p gre® sin(n0)do.
Thus,

Grpr(x) = B e’ in(n6)de, (4.12)

where f #0. By simple algebraic manipulation, this can further be expressed as follows.
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Theorem 4.2. The (r, p)-Bell polynomials have the following integral representation:

2n!

Gupr(x) =
prx) =0

f” el @ sin(J,(0)) sin(n0)do, (4.13)
0

where

xeP <9 cos(Bsin 0)
ﬁ 7
xeP <9 gin (B sin 0)

p

J1(6) =rcosO +

(4.14)
J2(0) =rsinf +

It will also be compelling to establish such integral representation for S,(x).

The Bell polynomials B, (1) are known to be connected to the Poisson distribution.
More precisely, B,(1) can be expressed in terms of the moment of the Poisson random
variable Z with parameter A > 0 as

B,(\) = E\[2"]. (4.15)

The exponential generating function for the (r, 3)-Bell polynomials in (1.12) can be written as
follows:

er/PPteIPE) — IR, [ewt)z]

=2 { ) <Z> R pREL 5] 2] } c 10

120 k=0
Hence, we can also express the (r, #)-Bell polynomials in terms of the following moment:
Gupr(x) = Ex/p[(BZ+7)"]. (4.17)

Now,

Gn,ﬂ,r (x) = Z <Z> rnikﬂkEx/ﬂ [Zk]
k=l

- %<:> P BBy (%) (4.18)

(=}

n

(3)r ez (5)

M=

=~
1l

Thus, we have the following theorem.
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Theorem 4.3. The (r, p)-Bell polynomials equal

n

k
Gupr(x) = Z <Z> r”*kZﬂk*fS(k,j)xf. (4.19)
7=0

k=0

An extension of the Bell polynomials B, (y, A), defined by Privault [10] as
DBy, i)t—, = gyt (4.20)
=~ n!

can be expressed in terms of the (r, §)-Bell polynomials as

B (¥, 1) = Guiavy (=) (4.21)
Using Theorem 4.3, we obtain
- (" n-k £ Ny
Bu(y,=4) = Gui -1y (M) = 3 )= NS(k, j) V. (4.22)
k=0 =0

This is exactly the identity obtained by Privault in [10].

5. An Asymptotic Approximation for G, ;,

Using the exponential generating function for G, in (1.12) with x = 1 and Cauchy’s
theorem for integrals, we obtain the integral representation

nt [ explrz+ (@¥/p)]

2i ), Zntl

Gurp = dz, (5.1)

where y is the circle z = Re?,—or < 0 < or. Contour integration yields

n!
27riR"

f exp <ﬁ’1eﬂRei9 +7rRe® — inf - ﬂ’1>d9, (5.2)

—Jr

Gn,r,ﬂ =

which can be written into the compact form

T

Gurp = Af exp(F(0))d6, (5.3)
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where

A nlexp(rR + plefR — p1)
B 20 R ’

F(9) = ﬂ‘leﬂReie +rRe® — inf - <rR + ﬂ‘leﬁR>.

Define ¢ = e 3%/8 and let

5= [ expronas, - [ exp(renae.

€

Thus (5.3) can be written as
Gurp=A1+ AJ‘ exp(F(6))d6 + AJ,.

Lemma 5.1. There exists a constant k > 0 such that

—kplePR

12| <e (7 —e).

Proof. It can be shown that

|exp(F(6))| _ e—[(rR+ﬂ’lepR)+ﬂ’1 cos(ﬂRsinQ)eﬂR“’sa]‘

Since cos0 < 1 for 0 < e < 0 < or, we have

lexp(F(0))] = e Pt [1-cos(BRsin6)].

15

(5.4)

(5.5)

(5.6)

(5.7)

(5.8)

(5.9)

Since [1 — cos(fRsin )] > 0 for cos 6 < 1 for 0 < € < 6 < r, there exists a constant k > 0 such

that [1 — cos(BRsin0)] < k. Hence

ol < e 7 (o —e).

(5.10)

O

It will be seen later that R — oo as n — oo. With the result in Lemma 5.1 we see that

J1 and J, will tend to zero as n — oo. Hence

Gurp ~ AJ exp(F(0))do.

(5.11)
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Observe that F(0) is analytic at 0 = 0.Thus F(6) has a Maclaurin series expansion about 6 = 0.
This Maclaurin expansion can be written in the form

F(6) = (ReﬂR +7R=n)i0 + %(ﬂRZ + RePR + rR>i29
. (5.12)
+ D[k (ePF) + R i6)",

k=3

where we define p to be the operator p = R(d6/dR). Choose R such that RefX + rR - n = 0;
that is, R satisfies the equation xefR + rx — n = 0. This R is shown to exist in the following
lemma.

Lemma 5.2. There exists a unique positive real solution to the equation xePR + rx —n = 0.

Proof. We can rewrite the given equation in the form

=eP*, (5.13)

The desired solution is the x-coordinate of the intersection of the functions h(x) = x/(n—rx)
and g(x) = e~ O

It can be seen from the preceding lemma that R — oo as n — oo. With this choice of
R, we have

F(0) = —% (BR? + ReP® +7R) 0 + é[ﬂ_lpk (e#%) + rR|(i0)". (5.14)

We now introduce the following notations:
1/2
¢ = [(1 /2)(BR?e® + Ref® + rR) ]9,

B ) + rRe Y i)

Ak k+2/27

(k +1)I[1/2(BR? + R + rRe—FR)] (5.15)

2= e PR
f(z) = iakzk.
k=1
Then F(6) = —¢* + f(z) and

h

Gurp ~ cf exp [—¢2 + f(z)]dz, (5.16)
~h

where h = (1/2)(BR2%e + RefR + rR)/2e3R/8 and C = A/[(1/2)(BR2eR + rR)]"/*.
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We have defined z as a function of R. However, for the moment we consider z to be an
independent variable and expand e/ into a convergent Maclaurin series expansion of the
form

e/® = 3'b 2", (5.17)
k=0
where by = e/ =1, by =&/ f(0) = a1, and by = a> + (a?/2).
Lemma 5.3. There is a constant R, such that for all R > R,,

|ax| < |2¢]. (5.18)

Proof. We see that

Rk+2 [1 4 O(Rk+2)] (2)(k+2)/2 | |k+2

|lak| = (5.19)
(k +2)1(BR2) 721 + o(R?)]
which tends to
2k+2/2 o 42
5.20
2y <219 (5:20)
as R — oo. From this, it follows that there is a constant R, satisfying (5.18). O

Now, it will follow from Lemma 5.3 that the radius of convergence of (5.17) becomes
large when 0 is near zero. Thus, z = e P®/? is within the domain of convergence.
With z = e PR/2,

s-1 h
Gurp ~ CZ <I . e“i’zbk d(])) zK + Qs, (5.21)
k=0 \”7

where

h ©
Qs = f < e‘¢2bkzk>d¢. (5.22)
-h \k=s

Note that R — oo asn — oo. Furthermore with

h= %(ﬂRzeﬂR + RePR + rR>1/ze’3R/8
(5.23)
= %(ﬁRz +R+ rRe’ﬂR>1/2e(R(4ﬂ*3))/8,

h — o as R — oo. From these facts and the known asymptotic expansion of the function of
the form

h
f e ¥ (polynomial in |¢|)de, (5.24)
h
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the replacement of h by oo in (5.16) is easily justified (see [11]). Hence
s-1 © )
Gurp~C>, q e by dc]))zk +Q,. (5.25)
k=0 \Y —o0

It remains to show that Q, = o(|z|°) as R — oo, thatis, z — 0. From a lemma in [12],
bi| < 12¢p|<*2(1 + |2¢|2)k’1. Thus,

[1+y+;42+---], (5.26)

[ee)
Zbkzk
k=s

< [I2¢IS*Z<1 +12g) 7 2l

where j = [24|(1 + [29) 2.
Now, for u < 1, we have

291 (1 + [29") 2P
1- |22 (1 + 29]7)

< (5.27)

o0
Zbkzk
k=s

Let M and Ps(|$|)|z|° denote the denominator and the numerator, respectively, in
(5.27). Since |¢| < h and z = e PR/2, we have

1 3/2
|¢3| |z| < 3 <,3R2 +R+ rRe‘ﬂR> e3R8 0as R— oo. (5.28)
Hence for sufficiently large R, M > 1/2. Moreover,

F e ¥ P,(|¢|)de (5.29)

—o0

exists and tends to zero as R — co. Therefore,

Qi _ (= e ()
K < fw =Wy, (5.30)

Thus, |Qs| = o(|z|*). Consequently,

Gurp~C> (I e by d¢> el kPR)/2, (5.31)
k=0 \Y —oo
Since [ e ™ x" = 0 for odd 1, and byy,1, as a polynomial in ¢, contain only odd powers of ¢,

it follows that

Gurp~C3 ([ e uadp)eto® (5.32)
k=0 \ -0
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Calculation yields
R®+3R*+p'R+rRe PR
a=—P P (i),
31[(1/2) (BR? + R + rRePR)]
(5.33)
e BR* + 6fR® + 7R? + p'R + rRe PR (i<}>)4
41[(1/2) (BR? + R + rRe~PR)]? '
Taking the first two terms of the asymptotic expansion of (5.32), we have
G ~ cf e ¥bodp +Cz> f e brd. (5.34)
Since b, = a, +a3/2and b, = 1,
o) o0 2 o)
Guyp~C f e dg + C22 f amePdp + c% f e (a?)dg. (5.35)

Let I, I, and I3 denote, respectively, the integrals in (5.35). Then evaluating the last two
integrals by parts and since [*_e % d$ = 1/, we obtain

L =CvVm,

_ CeRym (BR? + 6pR? + ! + re PR)

8R(BR + 1+ rePR) (5.36)

I

|, _ T5Ce*Vm(PR +3p R + rePR)?
3= .
24R(fR + 1 + re PR’

Substituting the results in (5.35) and simplifying, we obtain

D+ E
Gn,,ﬂ~c\/7r<1+ ; ) (5.37)

where

D = (3f°R® + 86K’ + 3R + 3~ 105" — 2re PR ) re P,

E = (36> 56*) R + (214% - 308) R+ (395 — 55) R? + (24 - 306 )R+ (37! - 5672),
F = 24Re’® (BR+1+ re-ﬂR>3.
(5.38)
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Since RePR = (n - rR)p~! and R" = n"(fefR +r)7",

nlexp(rR + p1efR - )

= - : 5.39
Jr[n" (BePR +1) "] [2(n-rR)B1]"*(BR + 1+ rePR)"/? (5:39)
Using Stirling’s approximation for n!, viz,
n! ~ 2mr)e "n(1/2) (1 + i) (5.40)
12n)’

we obtain

o M+ (1/12m) exp(rR + e - ) (B + )" (5.41)

a2[(n - rR)F1]"(BR + 1+ rePR)Zen

Using (5.37), we obtain

2 ~1,6R _ 3 _ SR "
n2(1 + (1/12n)) exp(rR + f'ePR = f—n) (BR +7) <1+D+E>_ (5.42)

[(n-rR)B1]?(BR+1 + rePR)? F

nrp =
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