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Let T > 5be an integer, T = {1,2,...,T}. We are concerned with the global structure of positive
solutions set of the discrete second-order boundary value problems A%u(t — 1) + rm(t) f (u(t)) =
0,t € T, u(0) = u(T +1) = 0, where r € R is a parameter, m : T — R changes its sign and
m(t)#0for t € T.

1. Introduction

Let T > 5 be an integer, T = {1,2,...,T}. In this paper, we are concerned with the global
structure of positive solutions set of the discrete second-order boundary value problems

A*u(t-1) +rm(t) f(u(t)) =0, teT, (1.1)
u(0)=u(T+1)=0, (1.2)

where r € R is a parameter, m : T — R changes its sign, and m(t) #0 for t € T.

The boundary value problems with sign-changing weight arise from a selection-
migration model in population genetics, see Fleming [1]. m changes sign corresponds to the
fact that an allele A; holds an advantage over a rival allele A, at the same points and is at
a disadvantage at others. The parameter r corresponds to the reciprocal of the diffusion. So,
the existence and multiplicity of positive solutions with sign-changing weight in continuous
case has been studied by many authors, see, for example, [2-8] and the references therein.
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For the discrete case, there are many literature dealing with difference equations
similar to (1.1) subject to various boundary value conditions. We refer to [9-17] and the
references therein. However, there are few papers to discuss the existence of positive solutions
to (1.1) and (1.2) if m(t) changes sign on T. Maybe the main reason is the spectrum of the
following linear eigenvalue problems

A’u(t-1) + im(tyu(t) =0, teT, 13
u(0) =u(T+1)=0 "

is not clear when m changes its sign on T.
In 2008, Shi and Yan [18] investigated the spectrum of the second-order boundary
value problems of difference equations

-Alp(t-1)Au(t - 1)] + g(t)u(t) = Am(t)u(t), teT,
< p(0)Au(0) > _ K<u(0)> (1.4)
~p(T)Au(T) w1/’

ki k . . . .. .
where K = <k£ k;i) is a symmetric and positive definite 2 x 2 matrix. p : {0,1,...,T} — R,

qg:T — R,andm : T — R satisfy

(Al) m: T — R changes its sign, and m(t) #0 for t € T.
(A2) p(t-1) >0, g(t) >0, p(t-1) +4g(t) >0, for t € T, and p(0) + k11 #0, p(T) > 0.

They proved that (1.4) has T eigenvalues A1 < A, <+ < Ar which have T correspond-
ing linearly independent and orthogonal eigenfunctions.

However, it’s easy to see that (1.3) is not included in (1.4) under the condition (A2).
Also, Shi and Yan [18] provided no information about the sign of the eigenvalues and no
information about the corresponding eigenfunctions.

In this paper, we will show that (1.3) has two principal eigenvalues A,,- < 0 < A+,
and the corresponding eigenfunctions we denote by ¢, - and ¢, . don’t change their sign on
T:= {0,1,...,T, T +1}. Based on this result, using Rabinowitz’s global bifurcation theorem
[19], we will discuss the global structure of positive solutions set of (1.1) and (1.2).

The assumptions we are interested in this paper are as follows:

(H1) f € C(R,R) with sf(s) > 0 for s #0;
(H2) fo = limyg~0(f(s)/s) € (0,0);
(HS) foo = lirn|s|—>+oo(f(s)/S) =0;

(H3) fo = c0.

Our main result is the following.

Theorem 1.1. Assume that (H1), (H2) hold.
(i) If (H3) holds, then there exist 0 < \* < A,/ fo and Ay, -/ fo < A < O such that (1.1),
(1.2) has at least one positive solution for r € (—oo, As) U (A*, o0).

(ii) If (H3’) holds, then there exist p, < A~/ fo < 0 and p* > Ay, ./ fo > 0 such that (1.1),
(1.2) has at least one positive solution for r € (p.,0) U (0, p¥).
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The rest of the paper is arranged as follows. In Section 2, the existence of two principal
eigenvalues of (1.3), and some properties of these two eigenvalues will be discussed. In
Section 3, we will prove our main result.

2. Existence of Two Principal Eigenvalues to (1.3)

Recall that T = {1,2,...,T}and T = {0,1,...,T+1}. Let X = {u: T — R | u(0) = u(T+1) = 0}.
Then X is a Banach space under the norm ||u||y = max,z|u(t)|. LetY = {u | u: T — R}. Then
Y is a Banach space under the norm ||u||y = maXer|u(t)].

It’s well known that the operator y : X — Y,

x(0,u(1),u(2),...,u(T),0) = (u(1),u2),...,u(T)) (2.1)

is a homomorphism.
Define the operator L : X — Y by

Lu(t) = -A’u(t-1), teT. (2.2)

In this section, we will discuss the existence of principal eigenvalues for (1.3) with
m: T — R that changes its sign. The main idea we will use aries from [20, 21].

Theorem 2.1. Equation (1.3) has two principal eigenvalues Ay, . and Ay, - such that Ay, < 0 < Ay,
and the corresponding eigenfunctions, we denoted by s, .+ and ¢, - do not change sign on T.

Proof. Consider, for fixed \, the eigenvalue problems

Lu—Am(t)u(t) = pu(t), teT,

(2.3)
u(0) =u(T+1)=0.
By Kelley and Peterson [22, Theorem 7.6], for fixed A, (2.3) has T-simple eigenvalues
Hma ()‘) < ,um,Z()‘) <ee < /*lm,T()‘)/ (24)

and the corresponding eigenfunction ¢, x (A, t) has exactly k — 1 simple generalized zeros.
Thus, A is a principal eigenvalue of (1.3) if and only if p,,1(A) = 0.

On the other hand, let
T ) T T
Sma = {Z|A¢(t)| A mndn?:peX, Spt) = 1}. (2.5)
t=0 t=1 t=1

Clearly, S, is bounded below. Then g, 1(\) = inf Sy ).

For fixed ¢ € X, A — S |AdH)]* - A XL, m(t)¢?(t) is an affine and so concave
function. As the infimum of any collection of concave functions is concave, it follows that
A — pm1(L) is a concave function. Also, by considering test functions ¢1, ¢, € X such that
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Sam(t)@A(t) < 0and 3, m(t)p2(t) > 0, it is easy to see that p, (1) — —coas A — *oo.
Thus, A — p,1 (L) is an increasing function until it attains its maximum and is a decreasing
function thereafter.

Since p1(0) > 0, A — py1(A) must have exactly two zeros. Thus, (1.3) has exactly
two principal eigenvalues, A,,. > 0 and A, < 0, and the corresponding eigenfunctions we
denoted by ¢, + and g, - don’t change sign on T. O

Remark 2.2. From the proof of Theorem 2.1, it is not difficult to see that the following results
hold.
(i) If m(t) > 0 on T and there exist at least one point fy € T such that m(ty) > 0, then
(1.3) has only one principal eigenvalue A, . > 0.
(ii) If m(t) < 0 on T and there exist at least one point ty € T such that m(ty) < 0, then
(1.3) has only one principal eigenvalue A,, - < 0.

Now, we give some properties for the above principal eigenvalue(s).

Theorem 2.3. Let m : T — R change its sign. Assume that there exists m' : T — R such that
m(t) < m'(t) for t € T. Then the followings hold.

(i) If m' changes sign on T, then Ay - < Ay, Ay + < A s
(ii) If m' >0, then 0 < Ay + < Ay s

Proof. For convenience, we only prove the case (i). It can be seen that for A > 0, Sy,1 > S0,
which implies piy1 (L) > 1 (A) and consequently, Ay + > Ly 4.

On the other hand, for A < 0, S;,0 < Sy, which implies p,1 (1) < (L) and
consequently, A, - > Ay . O

Suppose that Tgp = {a+1,a+2,...,b— 1} is a strict subset of T, and mr, denote the
restriction of m on Ty. Consider the linear eigenvalue problems

A?u(t—1) + Aim@B)u(t) =0, teT,,

u(a) = u(b) = 0. 26)

Then we get the following result.

Theorem 2.4. (i) If m(t) > O for t € Ty, then (2.6) has only one positive principal eigenvalue Ay, +
such that 0 < Ay, + < )LmTO,Jr.
(ii) If m(t) < O for t € To, then (2.6) has only one principal eigenvalue Ay, - such that
M = < A =
' (iii) If m changes its sign on Ty, then (2.6) has two principal eigenvalue Ay, - < 0 and
Moz, v > 0 such that

M < Ay er Ay o < A 2.7)

Proof. Consider the following problems:

~A%u(t —1) — Am(t)u(t) = pu(t), teT,,
(2.8)
u(a) =u(b) =0.
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Let pim, x denote the kth eigenvalue of (2.8), and ¢, k the corresponding eigenfunction
which has exactly k — 1 generalized zeros in (a,b). Let E = {u : {a,...,b} — R | u(a) =
u(b) = 0} be a Banach space under the norm ||u|z = max{|u(t)] : t € {a,a+1,...,b-1,b}}.
Let

b-1 b-1 b-1
Sz 4 = {Z|A¢(t)|2 ALY mt)pt)’ :peE, D p(t) = 1}. (2.9)
t=a t=a+1 t=a+1

We get Himgy ) = inf SmTO 1. Similar to the proof of Theorem 2.1, we get the following assertions.

(i) If m(t) > O for t € Ty, then (2.6) has only one principal eigenvalue Ay, + > 0.
(ii) If m(t) < 0 for t € To, then (2.6) has only one negative principal eigenvalue A, - <
0.
(iii) If m changes its sign on Ty, then (2.6) has two principal eigenvalue A, - < 0 and
Loy v > 0.

Now, we prove that the inequalities in (i), (ii), and (iii) hold. For convenience, suppose
that 30! G a (W) = 1.

t=a+1
Let tffm%,l denote the extension of By 1 by zero on T, that is,

()Um-yro,l ()‘/ t)/ t e TO/
Fnay 1 (L, 1) = (2.10)
0, teT \ To.

Then,

b-1 5 b-1
g1 ) = 2| Agr a (D] =2 3 mBygd, (1)
t=a

t=a+1

T 2 T
- §|A¢m%,lu, H| - A2 mOF, 1)

(2.11)
T T T
> inf {vau, HI> = A> mt)* (L 1), D o*(\ 1) = 1}
veX A t=1 t=1
= pma (L),
which implies the desired results. O

3. The Proof of the Main Result

First, we deal with the case r > 0.
Recallthat L: X — Y,

Lu(t) = —A%u(t - 1). (3.1)
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Let ¢, ¢ € C(R,R) be such that

f@u) = fou+¢(u), f@) = foou+&(u).

Clearly,
6(w)

lim =—= =0, lim M =
[ul—0 u ul—o0 U

0.

Let

&u)=gwﬁmwﬂ'

<s<

Then, ¢ is nondecreasing and

=0.

lul—o0 U

Let us consider

Lu - Am(t)r fou — Am(t)ré(u) =0,

as a bifurcation problem from the trivial solution u = 0.
Equation (3.6) can be converted to the equivalent equation

u(t) = AL [m()r fou(:) + m(-)rg(u(-)] ().

Further, we note that ||[L™' [m(:)¢(u(-))]|| = o(||u||) for u near 0 in X, since

|17 tm()@)1| = max

T

D G(t, 5)m(s)§(u(s))
s=1

< C-maxjm(s)|l[gm()],

where

(T+1-t)s, 0<s<t<T+1,

Gt s) = ——
Tl Tv1-s)t, 0O<t<s<T+1.

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

The results of Rabinowitz [19] for (3.6) can be stated as follows: from (A, . /7 fo,0),

there emanates an unbounded continua C. of positive solutions in R x X.

It is clear that any solution of (3.6) of the form (1,u) yields a solution u of (1.1) and
(1.2). So, we focus on the shape of C, under the conditions (H1)-(H3) or (H1)-(H3’), and we

will show that C, crosses the hyperplane {1} x X in R x X.
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Lemma 3.1. Suppose that (H1)-(H3) hold. Let ] = [a, b] be a given compact interval in (0, o0). Then
forall r € ], there exists My > 0 such that all possible positive solution u of (1.1) and (1.2) satisfy
llullx < Mj.

Proof. Suppose on the contrary that there exists a sequence {y,} of positive solutions for (3.6)
with {u,} C J and [|y,|ly — oo. Let a € (0,1/bQ), where Q = Z;l G(s, s)|m(s)|. Then, by
(H3), there exists u, > 0 such that u > u, implies f(u) < au.

Let K, = maxye[o,u,) f (1) and let A, = {t € T | yn(t) < ug} and B, = {t € T | yu(t) > 1y ).
Then we have

T
Yu(t) = pn Y G(t, 8)m(s) f (Yu(s))
s=1
= ttn > G(t,5)m(s) f (yn(s)) + pn > G(t, 5)m(s) f (yn(s)) (3.10)
An Bn

< pnKoQ + pu 2 G(t, 5)m(s) f (yu(s))
By

forteT. Thus,

l et K.Q +ZG(t sym(s)d ¥ (3.11)
lyallx % [l
On By, yn(s) > ug implies f(yx(5))/lynllx < f(Yn(5))/yu(s) < a. Thus,
1 < KaQ aZG(s s)|m(s)| < —= K.Q +aQ. (3.12)
= ly IIX Tyl
Since 0 < a < p,, < b for all n, we have 1/;4,1 > 1/b for all n, and, thus,
% ” “l(lgx aQ. (3.13)
By the fact |ly,|ly — wasn — oo, we get
% Q< % (3.14)
This contradiction completes the proof. O

Lemma 3.2. Suppose that (H1)—(H3) hold. Then Proj,Cy D [Ay,+ /7 fo, +o0).

Proof. Assume on the contrary that sup{l | (\,y) € C.} < oo, then, there exists a sequence
{ (,ufl/ yn) } E C+ SuCh that

lim ||ya||y = pn < Co (3.15)

n— oo
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for some positive constant Cy independent of n, since C, is unbounded. On the other hand,
Uy > 0 forall n € N, since (0,0) is the only solution of (3.6) for A = 0 and C. N ({0} x X) = 0.
Meanwhile, {(p, y,)} satisfy

Azyn(t -1)+ ynm(t)myn(t) =0, teT,

Ya() (3.16)
Yn(0) =y, (T +1) =0.
By (H3), there exist a positive constant Ly > 0 such that f(u) < Lsu. Define a function y :

T — [0, 00) by

Ly, m(t) >0,
x(t) = (3.17)
0, m(t)<DO0.

Then, m(t)(f (y(t))/ya(t)) < x(t)m(t). Let y, be the principal eigenvalue of linear eigenvalue
problem

A’o(t-1) + yx(tymt)o(t) =0, teT,

(3.18)
v(0) =v(T +1) =0.
Then, by Remark 2.2, y, > 0. Subsequently, by Theorem 2.3, we know that
Yo < i (3.19)
This combine with Lemma 3.1, lim,, _, .oty = o0, which contradicts (3.15). Thus,
Proj,C, D [)‘"“ ) (3.20)
10j,C+ D | ——, 00 ). .
IR rfO
O

Now, by Lemma 3.2, C, crosses the hyperplane {1} x X in R x X, and, then,
Theorem 1.1(i) holds. To obtain Theorem 1.1(ii), we need to prove the following Lemma.

Lemma 3.3. Suppose that (H1), (H2), and (H3’) hold. Then Proj,C, D (0, Ay, + /7 fo).
Proof. Let {(4n,yn)} C Cy be such that |u,| + [|[yully — o0 asn — oo. Then,

Ay, (t=1) + pom(t) f (ya(t)) =0, teT,
(3.21)

Yn(0) =y, (T +1) =0.
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If {||y.|l} is bounded, say, ||y.|| < M, for some M; independent of n, then we may assume

that

lim py, = o0

n— oo

Note that

{2 0

Then, there exist two constants M3 > 0, M, > 0 such that

f(yn( )) < Ms.

O< My < ——= (t)

Define two functions y1, y2 : T — (0, o) by

_ Mo, m(t)>0, _ Ms, m(t)>0,
" Ms, m) <o. "\ My, m(t) <o.

Let 7., * be the positive principal eigenvalue of the linear eigenvalue problems

A*o(t-1) +ny2(t)m(o(t) =0, teT,
v(0)=v(T+1) =0,
Ao(t-1)+np(t)ymHo(t) =0, teT,
v(0)=ov(T+1)=0,

respectively.
Combining (3.22) and (3.24) with the relation

f(yn( ))
Yn(t)

¥n(0) =yn(T+1) =0,

Ay, (t = 1) + rpym(t) =Ly, (t) = teT,

using Theorem 2.3, we get

N« 1"
- < < -
r_#_r

This contradicts (3.22). So, {||yxlly} is bounded uniformly for all n € N.

Now, taking {(#n, y»)} C C. be such that

”yn”x — +00, as n— +oo.

We show that lim,, _, o pt,, = 0.

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)
(3.27)
(3.28)
(3.29)

(3.30)

(3.31)

(3.32)
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Suppose on the contrary that, choosing a subsequence and relabeling if necessary, ,, >
by for some constant by > 0. By (3.32), there exists ty € T such that y,(ty) = ||y.llx and
Yn(ty) — +ooasn — +oo. Thus,

f(yn(to))
yn(tO)

n +c0, asn — +oo. (3.33)

Now, the proof can be divided into two cases.

Case 1 (m(tg) > 0). Consider the following linear eigenvalue problems

A’v(t-1) +am(Do(t) =0, t=t,

(3.34)
U(to - 1) = U(to + 1) =0.
By Theorem 2.4, (3.34) has a positive principal eigenvalue a., and
n(t
nM <ay, (3.35)
Yn (tO)
which contradicts (3.33).
Case 2 (m(tg) < 0). Since (pn, y») is a solution of (3.7), we get
0> A%y(to = 1) = —parm(to) f (ya(to)) > 0. (3.36)
This is a contradiction.
Thus, limy, -, o ptn = 0.
At last, we deal with the case r < 0.
Let us consider
Lu — Arm(t) fou — Arm(t)(u) =0 (3.37)

as a bifurcation problem from the trivial solution u# = 0. The results of Rabinowitz [19] for
(3.37) can be stated as follows: from (A, /-7 fo,0), there emanates an unbounded continua
C_ of positive solutions in R x X.

It is clear that any solution of (3.37) of the form (-1, u) yields a solution u of (1.1) and
(1.2). Now, our proofs focus on the shape of C_. It will be proved that when (H1)-(H3) hold,
then ProjrC- D (—o0, Ayy— /-7 fo), and when (H1)-(H3’) hold, ProjrC- > (A,-/-7 fo,0), that
is, C_ crosses the hyperplane {-1} x X in R x X. Since the proof is similar to the case r > 0, we
omit it. O

Remark 3.4. As an application of Theorem 1.1, let us consider nonlinear discrete problem with
indefinite weight

A%u(t-1) + rim(t) f (u(t)) =0, teT,

(3.38)
u(0)=0, u(3)=0,
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where T = {1,2},m : T — Rwithm(1) =1and m(2) = -1, and

R s, se[-1,1],
f(s)= 2s

m, s e (—OO,—l) U (1, OO)

Then,

To find the principal eigenvalues of linear eigenvalue problem
A’u(t-1)+ Am(Hu(t) =0, teT,
u(0) =0, u3) =0,
we rewrite (3.41) to the recursive sequence
u(t+1) =[2-Am(t)]u(t) —u(t-1).
This together with the initial value condition
u(0) =0, u(l) =1
imply that

u(2) = [2 - b(1)]ul) - u(0) =2 - A,

u(3) = [2 - Am(2)]u(2) —u(l) =3 - A2

The last equation together with the boundary value condition u(3) = 0 imply that

Ni-==V3,  day=V3.

Thus by Theorem 1.1(i), (3.38), has a positive solution if r € (o0, —/3) U (v/3, o0).
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