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We first propose the concept of almost periodic time scales and then give the definition of almost
periodic functions on almost periodic time scales, then by using the theory of calculus on time
scales and some mathematical methods, some basic results about almost periodic differential
equations on almost periodic time scales are established. Based on these results, a class of high-
order Hopfield neural networks with variable delays are studied on almost periodic time scales,
and some sufficient conditions are established for the existence and global asymptotic stability of
the almost periodic solution. Finally, two examples and numerical simulations are presented to
illustrate the feasibility and effectiveness of the results.

1. Introduction

It is well known that in celestial mechanics, almost periodic solutions and stable solutions to
differential equations or difference equations are intimately related. In the same way, stable
electronic circuits, ecological systems, neural networks, and so forth exhibit almost periodic
behavior. A vast amount of researches have been directed toward studying these phenomena
(see [1-6]). Also, the theory of calculus on time scales (see [7] and references cited therein)
was initiated by Stefan Hilger in his Ph.D. thesis in 1988 [8] in order to unify continuous and
discrete analysis, and it has a tremendous potential for applications and has recently received
much attention since his foundational work. Therefore, it is meaningful to study that on time
scales which can unify the continuous and discrete situations. However, there are no concepts
of almost periodic time scales and almost periodic functions on time scales, so that it is
impossible for us to study almost periodic solutions to differential equations on time scales.
Motivated by the above, the main purpose of this paper is to propose the concept
of almost periodic time scales and then give the definition of almost periodic functions
on almost periodic time scales, then establish some basic results about almost periodic
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differential equations on almost periodic time scales by using the theory of calculus on
time scales and some mathematical methods. Furthermore, based on these results, as an
application, we consider the following high-order Hopfield neural networks with variable
delays on time scales:

x () = —ci(t)xi(t) + Zaij(t)fj (xj(t=71i; (1))
=1
! (1.1)
+ Zzbiﬂ(t)gj(xj (t - O'ijl(t)))gl(xl(t - 'Uiﬂ(t))) +Li(t), i=12,...,n,

i=11=1

where n corresponds to the number of units in a neural network, x;(¢) corresponds to the
state vector of the ith unit at the time ¢, ¢;(t) represents the rate with which the ith unit will
reset its potential to the resting state in isolation when disconnected from the network and
external inputs, a;;(t) and b;j(t) are the first- and second-order connection weights of the
neural network, y;;(t) > 0, oiji(t) > 0 and v;;;(t) > 0 correspond to the transmission delays,
I;(t) denote the external inputs at time ¢, and f; and g; are the activation functions of signal
transmission.

2. Almost Periodic Differential Equations on Time Scales

In this section, we will establish some basic results about almost periodic differential equa-
tions on almost periodic time scales.

Let T be a nonempty closed subset (time scale) of R. The forward and backward jump
operators 0,p : T — T and the graininess ¢ : T — R* are defined, respectively, by

o(t) =inf{s €T :s>t}, p(t) =sup{seT:s<t}, u(t) =o(t) - t. (2.1)

A point t € T is called left-dense if t > inf T and p(t) = t, left-scattered if p(t) < ¢,
right-dense if t < sup T and o(t) = t, and right-scattered if o(t) > t. If T has a left-scattered
maximum m, then T¢ = T \ {m}, otherwise T* = T. If T has a right-scattered minimum m,
then Ty = T\ {m}, otherwise Ty = T.

A function f : T — R is right-dense continuous provided it is continuous at right-
dense point in T and its left-side limits exist at left-dense points in T. If f is continuous at
each right-dense point and each left-dense point, then f is said to be a continuous function
onT.

Fory : T — Randt € T¥, we define the delta derivative of y(t), y(t), to be the
number (if it exists) with the property that for a given € > 0, there exists a neighborhood U
of t such that

| [y(e®) - y()] - y* o) - s]| < elo®) -5, (22)

foralls e U.
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Let y be right-dense continuous, if Y2 (t) = y(t), then we define the delta integral by
t
f y(s)As =Y (t) - Y(a). (2.3)

A function p : T — R is called regressive provided 1 + pu(t)p(t) #£0 for all t € T*. The
set of all regressive and rd-continuous functions p : T — R will be denoted by R = R(T) =
R(T,R). We define the set R* = R*(T,R) = {p e R : 1 + u(t)p(t) > 0,Vt € T}.

If r is a regressive function, then the generalized exponential function e, is defined by

t
e (t,s) = exp{j §#(T)(T(T))AT}, (2.4)

for all s,t € T, with the cylinder transformation

Log(l+hz)
——, if h#0,
bz=1" h ’ 25)
z, if h=0.
Definition 2.1 (see [7]). Let p,q: T — R are two regressive functions, define
— = — p —
peq=pratups,  op=-y -, peq=pe (). (2.6)

Lemma 2.2 (see [7]). Assume that p,q: T — R be two regressive functions, then
(i) eo(t,s) =1land ey(t, t) =1;

(i) ep(o(t),s) = (1 + u(t)p(t))ey(t, s);

(i) ep(t,5) = 1/ep(s, ) = ep(s, b);
(iv) ep(t/ S)ep(sz r) = ep(tr r);

(V) (ecp(t,9))" = (6p) (Decp(t,5);

(vi) if a,b,c € T, then [ p(t)e,(c, o (b)) At = e,(c, a) - e,(c, b).

Definition 2.3. A subset S of T is called relatively dense if there exists a positive number L
such that [a,a + L] N s#0 for all a € T. The number L is called the inclusion length.

Definition 2.4. Let C be a collection of sets which is constructed by subsets of R. A time scale
T is called an almost periodic time scale with respect to C, if

C*={ireﬂc:tire'[r, Vteﬂl‘}aé(z), (2.7)

ceC

and C* is called the smallest almost periodic set of T.
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Remark 2.5. If C = {R}, then C* = {zr e R: t £ 7 € T,Vt € T}, C* is called the smallest almost
periodic set of T. If B is a set which is constructed by absolute values of all the elements in C*,
thatis B = {|7| : T € C*}, obviously, B is the smallest positive almost periodic set of the time
scale T. Let p = inf;ep{T} > 0, p is called the smallest positive period of a time scale T with
respect to C. It is easy to see that this definition includes the concept of periodic time scale
and is proper (see [9]).

Throughout this paper, we always restrict our discussion on almost periodic time
scales. In this section, we use the notation | - | to denote a norm of R".

Definition 2.6. Let T be an almost periodic time scale with respect to C. A function f(f) €
C(T,E") is called almost periodic if for any given € > 0, the set

E(e, f) = {TreC : |ft+7) - f(t)| <&, VteT) (2.8)

is relatively dense in T; that is, for any given € > 0, there exists an | = I(¢) > 0 such that each
interval of length I contains at least one 7 = 7(¢) € T(f, ¢, T) satisfying

|f(t+7) - f(t)| <e, VteT. (2.9)

The set E(g, f) is called e-translation set of f(t), 7 is called e-translation number of f(t), and
I(¢) is called contain interval length of E(g, f).

Obviously, E{¢, f} C C*.Soif E{¢, f} #0, then we can discuss almost periodic problems
on an almost periodic time scale and it is meaningful. We denote AP(T) as a set constructed
by all almost periodic functions on an almost time scale T.

Remark 2.7. If C = {R} and T = R, then C* = R, in this case, Definition 2.6 is equivalent
to Definition 1.1 in [10]. If C = {Z} and T = Z, then C* = Z, in this case, Definition 2.6 is
equivalent to the definition of the almost periodic sequences in [11, 12].

Lemma 2.8. Let f € C(T,R") be an almost periodic function, then f(t) is bounded on T.

Proof. For given ¢ < 1, there exists a constant /, such that in any interval of length I(¢), there
exists T € E{¢, f}, such that the inequality |f(t + T) — f(t)| < ¢, Vt € T holds. And noticing
that f € C(T,R"), then in the limited interval [0, ]}, there exists a number M > 0, such
that |f(t)] < M. For any given t € T, we can take 7 € E{e, f} N [~t,—t + ]}, then we have
t+7 € [0,1];. Hence, we can obtain |f(t + 7)| < M and |f(t +T) — f(t)| < 1.So for all t € T, we
have |f(t)|] < M + 1. This completes the proof. O

Similar to the case of T = RR, one can easily show the following theorems.
Theorem 2.9. If f, g € C(T,R") are almost periodic, then f + g, f g are almost periodic.

Theorem 2.10. If f(t) € C(T,R") is almost periodic, then F(t,x) is almost periodic if and only if
F(t) is bounded on T, where F(t) = fé f(s)As.

Theorem 2.11. If f(t) is almost periodic, F(-) is uniformly continuous on the value field of f(t), then
F o f is almost periodic.
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Definition 2.12. Let x € R", and A(t) be an n x n rd-continuous matrix on T, the linear system
x2() = A)x(t), teT (2.10)

is said to admit an exponential dichotomy on T if there exist positive constant k, &, projection
P, and the fundamental solution matrix X(¢) of (2.10), satisfying

|X()PX(0(s))|, < keea(t, 0(5)), s,teT, t>0(s), (2.11)
|X(5)(I - P)X(0(9))], < keeal(o(s),1), s,teT, t<o(s),

where | - [p is a matrix norm on T, (say, e.g., if A = (aij) ., then we can take |Aly =

(S S lag)'?).

Consider the following almost periodic system
x%(t) = A(t)x(t) + f(t), teT, (2.12)

where A(t) is an almost periodic matrix function, f(t) is an almost periodic vector function.

Lemma 2.13. If the linear system (2.10) admits exponential dichotomy, then system (2.12) has a
bounded solution x(t) as follows:

x(t) = It X(H)PX Y (o(s)) f(s)As — ’[m X ()T -P)X " (o(s))f(s)As, (2.13)
-0 t
where X (t) is the fundamental solution matrix of (2.10).

Proof. In fact,

x4 (t) - A(t)x(t)

=x20 [ PX 085 + X(0M)PX (o))
-X30) [ (= P)X 7 0(e) £(5) 85+ X(@(0)(T - )X (0()£ 1)

t +00
-AOX0 [ PXT0()f s+ ADX() | (1= PIX(@(s)f(5)As

=X(o(®)(P+I-P)X (o) f(b)
=f®),
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[lx[| = sup
teT

<sup
teT

< (5 2 KAl = 22kl

J‘t X(H)PX (o(s)) f(s)As — f+w XTI -P)X " (o(s))f(s)As

>kllf||

+

rw eon(0(5),t)As

t

f eoult, 0(5))As

7

a a

(2.14)
where || - || = sup,;| - |. So, by Lemma 2.8, x(t) is a bounded solution of system (2.12). The
proof is complete. O

Lemma 2.14 (see [7]). Let A be a regressive n x n-matrix-valued function on T. Let ty € T and
Yo € R"™. Then the initial value problem

vA(H) = AMyt),  ylt) =yo (2.15)
has a unique solution y : T — R™. Moreover, the solution is given by
y(t) = ea(t, to)yo. (2.16)

Lemma 2.15. Let ¢;(t) be an almost periodic function on T, where c;(t) > 0, —c;(t) € R*, Vt € T and

min{infc,-(t)} =m>0, (2.17)
1<i<n | teT
then the linear system

x4 (t) = diag(—ci(t), —ca(t), ..., —ca(t))x(t) (2.18)

admits an exponential dichotomy on T.

Proof. According to Lemma 2.14, one can see that
X(t) = e—c(t, to), (2.19)

where —c = diag(—ci(t), —c2(t), ..., —cn(t)), is a fundamental solution matrix of (2.18).

Now, we prove that X(t) admits an exponential dichotomy on T. In fact, noticing that
—ci(t) € R*, thenfort > o(s),t,s €T, Vi=1,2,...,n.

If u(0) > 0,0 € [0(s),t)r,s,t € T, we have

p1(0)(m/2)

i
TTr )2 1-p(0)5 >1-p@®)ci(®) >0, (2.20)
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then

(2.21)

f Log(1 - u(6)ci(0)) AD < ' Log(1- (ﬂ(Q)(rﬁ/Z)/l+;4(6)(171/2)))A9
o(s) u(6) “Jos) 1 (6) ’

therefore

exp{f;(s> e ;ﬁléf)Ci(G)) AG} - exp{J‘;(@ e (#(9)(7?1:12)/1 D Ae}’
(2.22)

then, we can get
e-c;(t,0(s)) < ee(ns2)(t,0(8))- (2.23)

If u(0) =0,0 € [0(s),t)y,s,t € T, we can get

e_(t,o(s)) = exp{f —ci(Q)AG} < exp{ft —%AQ} = es(my/2) (t,0(s)). (2.24)

o(s) o(s)
Hence, set P = I, then

|X(OPX(0(5)| = |e-ct,to) ezt (0 (5), 1),

= le—c(t, to)e—c(to, o(s))|o

= le—c(t, 0(s))lo

(2.25)

<n'eqims) (t,0(3)),

2

where 771 = minj<jc, {infrerc;(t)}. We can take k = n'/2,a = i71/2, therefore, X(t) admits an

exponential dichotomy on T with P = I. This completes the proof. O

3. An Application

It is well known that high-order Hopfield neural networks (HHNNSs) have been extensively
applied in psychophysics, speech, perception, robotics, adaptive pattern recognition, vision,
and image processing. There exist many results on the existence and stability of periodic and
almost periodic solutions for the neural networks with delays. We refer the reader to [13-27]
and references therein.

In fact, both continuous and discrete systems are very important in implementing and
applications. But it is troublesome to study the existence and stability of almost periodic
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solutions for continuous and discrete systems, respectively. Therefore, it is meaningful to
study that on time scales which can unify the continuous and discrete situations (see [28,29]).
In this section, by using the concepts and results developed in previous sections, we will
study the existence and global asymptotic stability of almost periodic solution of (1.1).

The system (1.1) is supplemented with initial values given by

xi(s) = ¢i(s), se€[-0,0]p, 6=max{y,o0,v},

= max {y; o= max {0j; U = max {0j; i,7,1=1,2,...,n
4 1Si,]'§n{Yl]}, 1Si,]‘,l§n{ it} 19‘,,',191{ ih  LI=12m (3.1)
Yij = supyij(t), 0ij1 = sup oiji(t), vjj; = sup vjji(t),
teT teT teT

where @;(-) € C([-0,0]1, R).
For the sake of convenience, we introduce the following notations:

ci = inflc;(t)], ¢; = sup|ci(t)|, aj; = sup|a;; (1),
- teT teT teT
o . (3.2)
biji = sup|bi;i(t)], I; = sup|I;(t)|.
teT teT

In this section, we assume the follwing.
(H1) ci, aij, biji, Li, t=vij, t—oijy, t—vi € C(T,R) are almost periodic, —¢; € R" and ¢; >
0,fori,j,l=1,2,...,n

(H>) There exist positive constants M;, N;, j = 1,2,...,n such that [fj(x)] < M;,
Igi(x)| < Njforj=1,2,...,n, x €R.

(H3) Functions f;(u), gj(u)(j = 1,2,...,n) satisfy the Lipschitz condition, that is, there
exist constants Lj, H; > 0 such that |fj(u1) — fj(u2)| < Lijlu1 — ua|, |gj(u1) — gj(u2)| <
Hjlul —u2|, ] = 1,2,...,1’1.

Let X = {¢g | ¢ : T — R",is a continuous almost periodic function} with the norm
lgllx = sup,.pllg(s)||. Clearly, X is a Banach space.

Definition 3.1. The almost periodic solution x*(t) of system (1.1) is said to be globally
asymptotically stable if for any € > 0 and ty € [-6,+0o0), there exists 6(¢) > 0 and o =
o(to,€,¢) > 0 such that ||p(t) — x*(t)|| < 6 for t € [-0,0]; implies ||x(t, ) — x*(t)|| < € for all
t € [to+ 0, +00)7.

Theorem 3.2. Assume that (Hy)—(H3) hold, and suppose that
(Ha) maxicicn { 272 aiLj + X7 35 ElejHl + 30 25 EﬂNlHj/ﬁ} <1,

then (1.1) has a unique almost periodic solution.
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Proof. For any given ¢ € X, we consider the following almost periodic differential system:

xP () = —ci(t)xi(t) + > aij(t) fi (i (t — 13 (1))

= (3.3)
+ 3> bii(t)gj (i (t — oin(h)) & (@i (= viju(1)) + Li(t),  i=1,2,...,7.
j=11=1

Since miny<;<, {infc;(£)} >0, i =1,2,...,n,t € T, it follows from Lemma 2.15 that the
linear system

xA() = —ci()xi(t), i=1,2,...,n (3.4)

admits an exponential dichotomy on T. Thus, by Lemmas 2.13 and 2.15, we obtain that system
(1.1) has a bounded solution:

x(pi(t)
t
- f eato®)
X (Zaij(f)ff(%(t =y (D)) + D D bin(t)g (9 (E = 0in(£))) &1 (i (£ = viju (1)) + Ii(t)> As,
=1 j=11=1
i=1,2,...,n
(3.5)

and it follows from Theorems 2.9-2.11 and e_,(t, 0(s)) being almost periodic that x,, is also
almost periodic.

Denote
max{ SiaagMj+ 3 3 EﬂNle } .\ max{ Z} . (3.6)
! Gi S
and define a mapping T : X — X, To(t) = x,(t), V¢ € X. Set
X' ={peX]llollx <L} (37)

Next, let us check that Ty € X*. For any given ¢ € X*, it suffices to prove that
T < L;

IT(0)x = Supm.aX{
teT 1

f e, (t,0(s)) <Zaij(t)fj(</’j (t-7i(1))
. =

+> > bin(h) g (9 (t - 0i (1)) & (i (t = vi(h))) + Ii(t)> As

i=11=1

}
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t n
SsugmaX{ f ec,-(t,o(s))<Za_ijf;(</);(t—ri,-(t)))
te ! - j=1
non.__ T
+ 2, 2.biigi (9 (t = 0in(6))) g1 (u (£ = i (1)) } + mﬁx{ - } As
j=11=1 =
t
< sup max f e (t,o(s)) Zal]M + ZZb,]lN N; +max
teT ! - j=11=1 i Cl
S @M+ X0 S b NN I
< miax o + mlax p =L,

(3.8)

which shows that Ty € X*. So T is a self-mapping from X* to X*.
Next, we shall prove that T is a contraction of X*.
For any ¢, ¢ € X*,

IT(p) - T(¥)llx
=sup||T(p) () ~T(») V)]

t n
< sup ml.aX{ f e (t,0(s)) <Zaif(t) (fi(gi(t=yi;(1))) = fi(gi (t = y3;(1))))
€ - j=1

+ 2 2 biin () (85 (s (t = s (1)) &1 (pu (t = vin (1))

j=11=1

f e (t,0(s)) <iaﬁ(t) (fi (i (t=yi;(1)) = fi (g (t = y3;(1))))
. <

-8 (i (t —oip(t))) g (g (t - Uijl(t))))> As

< sup max
teT 1

+ 20 D biit () (8 (97 (¢ = oi (1)) | &1 (1 (t = i (D)) = i (g (t = v (£))) |

j=11=1

+]gi (i (t = oiji(1))) = gj (i (t = oian(t)) ) | &1 (g (t - Uiﬂ(t))))> As

}I|¢—wllx

<Za1]L + ZZblﬂN Hi + ZZbl,lNlH > As

j=11=1 j=11=1

< sup max
teT !
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1 Cl

Z?:l aijLj+ Z?:l p EﬂNjHl + Z?:l p Ejl]\]lHj
< max : llo - wll

=pllo -«
(3.9)

Because p < 1, so T is a contraction of X*.
By the fixed point theorem of Banach space, T has a unique fixed point ¢ in X* such
that Ty = ¢, ¢ is an almost periodic solution of system (1.1) in X*. The proof is complete. [

Theorem 3.3. Assume that (H1)—(Hy) hold. Suppose further that (Hs). Let

5 _ 2- 25 L -2 5 S b (NiH; + N;H)

i = — 27
(G + S @l + S i b (NiH; + NjH)) ) (3.10)

and for any ty € [-6, +o0)r, the following holds

t
f (6i —u(s))As — +o0, t— +o0, i=1,2,...,10 (3.11)
to

Then the almost periodic solution of system (1.1) is globally asymptotically stable.

Proof. According to Theorem 3.2, we know that (1.1) has an almost periodic solution x*(t) =
(x3(t), x5(t),... ,x,’;(t))T. Suppose that x(t) = (x1(f), x2(t),... ,x, ()" is an arbitrary solution
of (1.1). Then it follows from system (1.1) that

(xt) = x5 (1)) = =cs(t) (xa(t) = x5 () + Sy (O (£ (i (=15 0)) = £ (3 (¢ = 15()) )
j=1

+ 3 3 b (1) (5 (i (¢ = 03 () &1 (xa (t = 03 (1))

j=11=1

~i (% (t = 0u(®) ) 1] (E = via(®)) )
(3.12)

fori=1,2,...,n, the initial condition of (3.12) is

gi(s) = ¢i(s) —x;(s), s€[-0,0]y, i=1,2,...,n. (3.13)
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Let y;(t) = x;(t) — x}(t), we use the Lyapunov function V(y) = yTy, where y(t) = (y1(b),
ya(t), ..., ya(t)", from (3.12) we have

()" = 230520 + O (v2 1)

<2yi(t) [_Ciyi(t) + > aLi|yi(t—yi(®)|

j=1

+> > biji (NiHj |y, (t = 0yt () | + HiNj |y (t = v (£)) |)]

i=11=1

+ () [—Ciyi(f) + > aLilyi(t -y ()]

=1

2
+> > bijt (NiH; |y, (t = 0y () | + HiNj |y (t - v (£)) |)]

j=11=1

i=1 j=11=1

n n n .
< <—Zﬁ +2 L +2) > i (NiH; + N;'Hl)> llv||?

j=1 j=11=1

2
+u(t) <c_l~ + > aiLi+ > > b (N Hj + NjHl)> lvlI*

n n n
=- [22 =2 L =23 > biji(NiH; + N Hi)
j=1

j=11=1

2
—p(t) <C_i + 2@l + 3 > b (NiH; + N1H1)> lylI*

=1 j=11=1

2
n non__
=- <a + D@L+ D> bij (N Hj + N,-H1)>
j=1 j=11=1
Zﬁ—227=1a_z] j_22?=1 Z?:lgﬂ(NlH]-kN]Hl) (t) ” ”2
X — 2 —H Y
(@ + Sja @Ly + X Si by (NHj + N H)) )

2
=_<a+za—ﬁLf+zz@<N,H,~+N,-Hz>) (6 - k) Iy

=1 j=11=1

(3.14)
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Then we can easily get

2
VAym) = Y (v0) <=3 <c—,. + 25a@L+ X > by (NiH; + N;-Hz>> (6 - u®) 1yl
i=1 i

n
i=1 =1 j=11=1

<=¢®p(llvll),
(3.15)

where () = minycie (6} ~ (), §(5) = Sy @+ S ALy + Xy Sy by (N H + N H) 2.

Let a(s) = (1/n)s? and b = s> where a,b € C([0, o), R"), it is easy to see that

@ a(llyl) < V(y®) <blyll);

(it) VA(y®)lan < —¢®Od(lylD-

Let Q be a domain in the space R” that contains the origin of coordinates. We choose
aconstanta > Oand setI’ = {y € Q : V(y(t)) < a(a)}. Assume that statement Sy has the
following form: for any ¢ € I'and € > 0, ty € [0, +00)q, there exists a constant ¢ = g(to, €, ¢) >
0 such that ||y (to + ¢, 9)|| < €.

Assume that statement Sy is not true, that is, there exist ¢' € I and &1 > 0 such that for
any constant ¢ > 0, one has ||y(fo + ¢, ¢')|| > 1. Since

t
f ¢(s)As — +o0, t— 400, (3.16)
to

we conclude that, for 77 > a(a)/$(e1), there exists a constant g1 = g1(to, €1, ¢') such that

J‘tom &(s)As > 1. (3.17)

to

Every t € [to, ty + ¢1)7 can be represented in the form ¢ = £y + ». Hence, for all ¢ € [to, to + G1) 7,
we have ||y (t,¢')|| > €1. Integrating the inequality from (ii), we get

V(y(to+61))

to+61

to+61
sv<y(t0>>—£ 0PIyl as <at@) - ¢e) [ 605 < atw) - plenn <o,
(3.18)

which is impossible. Thus, Sy is true.
We choose an arbitrary ¢ > 0 and set £; = b~ (a(e)) > 0. Since statement Sy is true, for
any ¢ € I'and € > 0 there exists a constant ¢ = g(to, £, ¢) > 0 such that ||y (t, + ¢, ¢)|| < €1.
Since t > to + ¢ for all t € [ty + ¢, +o0), we obtain the following inequality for the

solution y(t) = y(t, ¢):
a([lyl) < V(y®) < V(y(to+¢)) <b(|ly(ta+9)[) <blen). (3.19)

Hence, |ly(t)|| < a'b(e1) = e forall t € [ty + g, +0) .
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Figure 1: Transient response of state x1, x, in Example 4.1.

Thus, for any ¢ € I'and ¢ > 0, there is a constant ¢ = g(to, €, ¢) > 0 such that ||y (¢, )| <

¢ forall t € [ty + g, +oo0). Choosing a constant 6 > 0 so that b(6) < a(a), we obtain Bs := {y €
"t |lyll < 6} c I'. Therefore, the almost periodic solution x*(t) of system (1.1) is globally
asymptotically stable. This completes the proof. O

4. Numerical Examples and Simulations

Consider the following neural networks system on time scales:

2
X (1) = —ci(D)xi(t) + Djai() f (x5 (¢ - y3(1)))

j=1

(4.1)
2 2
+ ZZbiﬂ(t)gj (xj (t - O‘,']'l(t))>gl (xl(t - Uijl(t))) +I(t), i=1,2,t>0,
j=11=1
where
fr(x1) = g1(x1) = Sin<2x1>, fa(x2) = g2(x2) = COS(;&)- (4.2)

Obviously, fi(x;), gi(xi)(i = 1,2) satisfy (H,) and (H3), and

Li=L,=H=H,=M; =M,=N; =N, =1. (4.3)
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Example 41. T =R, u(t) =0,

1 1 1 3 1 4
a(t) = 20+%cost ap(t) = 4O+Ecos<\ft> a» (t) = 20+%cos<3t>,

ax(t) = fo+;—0cos<1t>, C1(f)=1+21—051n<gt>, cz(t)—1+21—5sm<;t>,

Ii(t) = 430 + Esm(ft) L(t) = ! — + icos<?zi‘>,

1 1 1 4
b1 (t) = b (t) = 30 + 20 sm(ft) bi1a(t) = boa(t) = 0 40 cos<§t>,
1 1 1 3
bin(t) = b (t) = % " 55 cos<\/§t>, bin(t) = b (t) = 80 * 30 sm<1t>.
(4.4)
We get that (H;) is satisfied, and
_ 21 _ 2 R C L
1720 2725 LT =27 25
1 1 1 1
1 — 10/ 12 = 10/ 21 — 5/ 22 = 10/
1 N
b = b = — b = byry = —
1 = b = 1, 2 = bz = 55,
1 .
bio1 = by = 10 bioy = by = 10’
(4.5)
so, we have
Z?:l ayjL; + Z?:l 212=1 ?ﬂNjHl + Z?:l 212:1 ?ﬂNlHj _ 2 <1
c1 19
Z]z':1 aiLj + Z]z':1 212:1 @NiHl + 212':1 212:1 glelH 55
[} 96
(4.6)

2¢1-25" @l -2 " b (N H; + N;H,
6 = = 2]1 1jLj 211211 ]( j j 2)=0.444>0,

(@ + S @l + Sy S by (NiH; + NiH) )

ZCZ—ZZ a2 22 Z bz[ NIH +NH1
5, = =1 o1 i b€ 2)=0.3164>0.

(Cz + 3 @yl + 27:1 Sty baii (NI Hj + N;'Hl)>




Discrete Dynamics in Nature and Society

0.25 T T T T T T

02

0.15

X2

0.1

0.05

0 L L L L
-015 -01 -0.05 0 0.05 0.1 0.15 0.2

X1

Figure 2: Phase response of state variables x1, x, in Example 4.1.
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Figure 3: Phase response of state variables x;, x, with time ¢ in Example 4.1.

Thus, it is easy to see that

t
j (6 u(s))As — +oo, t—s +oo, i=1,2. (4.7)
to

The conditions of Theorems 3.2 and 3.3 is satisfied. Hence, we know that system (4.1) has an
almost periodic solution, which is asymptotically stable.

We take y;j = 0ijy = vij1 = 0.1,4,j,1 = 1,2, and the initial condition ¢;(0) = —0.13, ¢2(0) =
0.03,0 € [-0.1, 0], we can give the following numerical simulation figures to show our results
are plausible and effective on time scales (see Figures 1, 2, and 3).

The numerical simulations of Figures 1, 2, and 3 in Example 4.1 show that the unique
almost periodic solution is asymptotically stable, our results are effective on time scales.
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Example4.2. T =7, u(t) =1,
a1 (t) = 0.003 + 0.002 cos t, ap(t) = 0.002 + 0.001 cos<\f2t>,
4 1
a1 (t) = 0.001 + 0.003 cos <§t), ax(t) = 0.003 + 0.001 cos <Zt>'
. /6 /1
c1(t) = 0.7 +0.05sin gt , c(t) = 0.8 +0.02sin §t ,
I(t) = 0.001 + 0.002 sin(x/?;t), L(t) = 0.002 + 0.001 cosGt),
. 4
bii () = bano (£) = 0.001 + 0.002 sm(ﬁt>, bia(t) = bapa(£) = 0.002 + 0.003 cos<§t>,
/3
b1 (£) = bo (1) = 0.001 + 0.001 Cos<\@t>, biza(t) = b (1) = 0.008 + 0.002sin( 7 ).
(4.8)
We get that (H;) is satisfied, and
=075, =08, =065 =078  aj=0.005
a1 =0.003, @ =0004,  axp=0.004,
o o (4.9)
bi11 = by = 0.003, b112 = by1p = 0.005,
bix = by =0.002, by = byyy = 0.005,
so, we have
2]2':1 ayjLj + 2]2':1 Zl2=1 ﬁlejHl + Z]z':l Zzz=1 ?lelHj
=0.058 <1,
<
2 — 2 2 1 2 2 1
1 a L+ i _ b '1N'H1+ i _ b 'INZH'
Z]l 2j 5§ 211211 2jIEN 211211 2j ]=0-049<1,
C_z
2c1 —2 3 AL -2 3 S b (N Hj + NjH, 410
5 - 24 -1 ayL 21121;1( j+INj 2):1.9712>1, (4.10)
(@ + S @l + S S b (NiH; + N H)))
200 -25" ayLi -25" . " b (N;H; + N;H;
T 2jor Ayl ~ 2 By S bap (NiHy + N 2):1.8202>1.

(6 + S aLy + S S o (N H; + NjHl)>

Thus, it is easy to see that

t
f (6 — j(s)) As — +o0, t—> +oo, i=1,2. (4.11)
to
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Figure 4: Transient response of state x1, x, in Example 4.2.
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Figure 5: Phase response of state variables x1, x, in Example 4.2.

The conditions of Theorems 3.2 and 3.3 is satisfied. Hence, we know that system (4.1) has an
almost periodic solution, which is asymptotically stable.

We take y;; = oy = vy = 0.01,7,j,1 = 1,2, and the initial condition ¢;(0) =
-0.013,¢2(0) = 0.026,0 € [-0.01,0], we can give the following numerical simulation figures
to show our results are plausible and effective on time scales (see Figures 3, 4, and 5).

The numerical simulations of Figures 4, 5, and 6 in Example 4.2 show that the unique
almost periodic solution is asymptotically stable, our results are effective on time scales.
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Figure 6: Phase response of state variables x;, x, with time ¢t in Example 4.2.

5. Conclusion

In this paper, some basic results about almost periodic differential equations on almost peri-
odic time scales are established, and the existence and global asymptotic stability of an almost
periodic solution for a class of high-order Hopfield neural networks on almost periodic time
scales is investigated. The results derived in this paper are meaningful.
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