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We give some new identities on the Bernoulli and Euler numbers by using the bosonic p-adic
integral on Z, and reflection symmetric properties of Bernoulli and Euler polynomials.

1. Introduction

Let p be a fixed prime number. Throughout this paper Z,, Q,, and C, will denote the ring of
p-adic rational integers, the field of p-adic rational numbers, and the completion of algebraic
closure of Q. Let UD(Z,) be the space of uniformly differentiable functions on Z,. For f €
UD(Zp), the bosonic p-adic integral on Z,, is defined by

pN-1 pN-1
1(f) = fz f(0)dpu(x) = lim E(:) fu(x+pNz,) = lim LS.

N—>oopN =0

From (1.1), we note that

I(f1) =I(f) + f'(0), where fi(x) = f(x+1), (1.2)
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see [1]. As is well known, the ordinary Bernoulli polynomials are defined by the generating
function as follows:

F(t,x) =

t t _ B(x)t _ < t"
et_lex =Bl —nZ:OBn(x)E, (1.3)

symbolically. In the special case, x = 0, B,(0) = B, are called the n-th ordinary Bernoulli
numbers. That is, the generating function of ordinary Bernoulli numbers is given by

see [1-19], where we use the technical notation by replacing B"(x) by B,(x)(n > 0),

t R
F(t) = F(t,0) = -— = > \Bu—, (1.4)
n=0 :

see [1-19]. From (1.4), we can derive the following relation:

Bo=1, (B+1)"—B, =61, (1.5)

see [1, 10], where 8 ,, is the Kronecker symbol.
By (1.3) and (1.4), we easily get

By(x) = Z (';) Bix""! = Z <’;> By ix'. (1.6)
=0 =0

By (1.2) and (1.3), we easily get

+ t X < tn
j ex y)tdy(y) = e t_ ZB"(x)E' (1.7)
n=0 :

Zy

see [1, 10]. From (1.7), we can derive Witt’s formula for the n-th Bernoulli polynomials as
follows:

J (x+y)"du(y) = Bu(x), wheren€Z,, (1.8)
ZP
see [11]. By (1.1) and (1.8), we easily see that
[ wer-want) - o[ e an). 19
z, z,

Thus, by (1.8) and (1.9), we get reflection symmetric relation for the Bernoulli polynomials
as follows:

B,(1-x)=(-1)"B,(x) where n € Z,. (1.10)
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The ordinary Euler polynomials are defined by the generating function as follows:
F.(t,x) = Lext = iE (x)ﬂ (1.11)
T et ATl '

with the usual convention about replacing E"(x) by E,(x) (see [8, 9]). In the special case,
x =0, E,(0) = E,, are called the n-th Euler numbers (see [8, 9]).
From (1.11), we note that

2 2 - -
s G v D NG SCRL)
n=0

"

nl’

(1.12)

By comparing the coefficients on both sides of (1.11) and (1.12), we obtain the following
reflection symmetric relation for Euler polynomials as follows:

E,(x) = (-1)"E,(1-x), wherene€Z,. (1.13)

The equations (1.10) and (1.13) are useful in deriving our main results in this paper.
For n, k € Z,, the Bernstein polynomials are defined by

Bin(x) = <Z> x* (1 - x)"k, (1.14)

see [13]. By (1.14), we easily get By ,(x) = By—kn(1 — x).

In this paper we consider the p-adic integrals for the Bernoulli and Euler polynomials.
From those p-adic integrals, we derive some new identities on the Bernoulli and Euler
numbers.

2. Identities on the Bernoulli and Euler Numbers

First, we consider the p-adic integral on Z, for the nth ordinary Bernoulli polynomials as
follows:

I = fZ Bu(x)dp(x) = z<’;> B jZ * dp(x)

p 1=0

(2.1)
no/n
= Z< >Bn_lBl, where n € Z,.
1= \/
On the other hand, by (1.3) and (1.10), one gets
Li=(D"] Bu(l-x)du(x). (2.2)

Zp
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From (1.5), (1.6), (1.8), and (2.2), one notes that

L = (-1)" Z <n> By f (1-x)'dp(x)
=0 \! z,
= ()" <7> B,i(l+ B+ 61)) (2.3)
1=0
= (_1)nan—l(1) + (_1)nzn: (1;> Bn—lBl + (_1)nan—l-
1=0

Equating (2.1) and (2.3), one gets

ne ("
(1+ ™) X( ) ButBi = (<1111 + Bat) + (-1)"nByn
AN (2.4)
= 2(_1)nan—l + (_1)nn61,n—1~
Let n € Nwithn =1 (mod 2). Then, by (2.4), one has
nl/2n—-1
Z < >an—1—zBl =—(2n - 1)Byy-2. (2.5)
= \ !
Therefore, by (2.4) and (2.5), we obtain the following theorem.
Theorem 2.1. For n € N, one has
no/n
(1+ ™) Z< l>Bn_,Bl = 2(=1)"nBu-1 + (<1)" 161 -1 (2.6)
1=0
In particular,
1l /2n—1
> , Bon_1-1B; = —(2n — 1) By, . (2.7)
1=0

By the same motivation, let us also consider the p-adic integral on Z, for Euler polynomials
as follows:

I = jz En(0)du(x) = 3 <’;> En jz ¥ dp(x)

P 1=0

no/n
= <1>En_lBl, where n € Z,.
1=0

(2.8)
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On the other hand, by (1.12) and (1.13), one gets

1=0

b= [ E0-0du = (1" <"> B[ (-x)du(o)
z, l Z,
= (—1)”211: <7> En_l(l + By + 61/1) (2.9)
1=0
= n(_l)nEn—l(l) + (_1)712”: <7> En—lBl + (_1)nnEn—l~
1=0

From (1.12) and the definition of Euler numbers, one has

E,(x) = i <7> Ex™! = i <Tll> E,ix' = (E+x)", (2.10)

1=0 1=0

Eo=1, (E+1)"+E, =26, (2.11)

see [8, 9] with the usual convention of replacing E" by E,. By (2.9), (2.10), and (2.11), one
gets

G n
I =n(-1)"(260-1 = Ep1) + (-1)"nEy1 + (—1)"Z<Z>Ensz- (2.12)

1=0

Equating (2.8) and (2.12), one has

(1 + (—1)"*1) i <7> EnBy = 2n(-1)"60 1. (2.13)

1=0

Therefore, by (2.13), we obtain the following theorem.

Theorem 2.2. For n € NU {0}, one has

(1 + (—1)"‘1)i <7> EnBy = 2(~1)"160 1. (2.14)

1=0

In particular,

n+l /2p+ 1
> l Exn1-1B =0, forneN. (2.15)
1=0
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Let us consider the following p-adic integral on Z, for the product of Bernoulli and
Euler polynomials as follows:

L= IZ B () En (x)dje(x)

P

-3y ('Z> (Z) B kEne fz 4 (x) dp () (2.16)

=>> <m> (n) Bin-kEn-¢Bje.
ioe-o \k / \¢

On the other hand, by (1.10) and (1.13), one gets

L= ()" [ Bu(1= 0B, (1L 1)

ZP
_ (_1\mtn s m n Y
= (—1)m+nizn; <m> <n> By kEn_¢(k + € + Brio + 61 ks0) (2.17)
icoeo \k/ \¥¢

= (-1)""mByu1 (1)En(1) + (-1)""" 1By (1) Ex-1(1)

m n m n
+ (D)™ < k> <€> By En-¢Bive + (-1)""™"(mB,,1 Ey + 1By Ep_1).

k=0¢=0

Equating (2.16) and (2.17), one gets

<(_1)m+n+1 + 1) ii <1;:> <Z> By xE,_¢Biie

k=0¢=0
(2.18)
= (-1)""m(By-1 + 61,m-1) (260, — En)
+ (—1)m+"n(Bm + 61,m)(260,n—1 - Enfl) + (_1)m+n(anEn71 + mBm,lEn).
For n € N, by (2.18), one gets
m 2n m 2n
<(—1)m+1 + 1>ZZ< > < >BmkE2n€Bk+€

k=0e=0 \ k ¢

(2.19)

= (=1)™"'2n(Byy, + 61,m) Ezn-1 + (=1)"(2nB,,Ezn1)

= (-1)™"'2n81 yEop_1.

Therefore, by (2.19), one obtains the following theorem.
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Theorem 2.3. For n € N, one has

m 2n m Zn
((—1>m”+1)22< k>< e)BmkEWBM: (1) 2m61 mEanr. (220)

k=0£=0

In particular, for m € N, one has

2mil2n 2m+1\ /2n
Z Z p Boyms1-kEon—¢Bise = 0. (2.21)

k=0 ¢=0

By the same motivation, we consider the p-adic integral on Z, for the product of
Bernoulli and Bernstein polynomials as follows:

I, = J By (x) By (x)dp(x) where m,n,k € NU {0}. (2.22)
z

P

From (1.6) and (1.14), one gets

= <:> i 1:) B_e fz (1 - x)"Fdu(x) (2.23)
=0

RS /m\ /n—k
1)/ '
NS () (" o

On the other hand,

- (1) fz Bun(1 = X)By_in(1 - x)cdpe(x)

m k k
= (—1)’"< >ZZ( 1)]< > <]_>Bm_e<n —k+j+ €+ Bujsosj + O1nkees)
£=0j=0
n n
=(-1)" < >(n k)B (1)60x + (-1)™ <k>mBm_1(1)6o,k - (—1)m<k> mB,, (1) k6o k-1
m k k
1 m< >ZZ( 1)]< > < ,)Bm—eBn—k+€+j
£=0j=0 ]
n n
+ (_1)m <k> (mBm—l - kBm)(Sn,k + (_1)m <k> Bm6n,k+1-

(2.24)
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Equating (2.23) and (2.24), one gets

m n-k n—-k
D" 1)]< >< , >Bm—e3k+e+j
2=0=0 ]

= ((11 - k)Bm(l) + mBm—l(l))60,k - kBm(1)60,k—1 + (mBm—l - kBm)6n,k (2.25)
k
+B 6nk+1 +ZZ( 1)]< >< > m—¢Bn- k+€+j-
¢=0j=0 ]

By (2.25), we obtain the following theorem.

Theorem 2.4. For n,m € N, one has

2m 2n /2m\ /2n 2m
ZZ(—])] p By ng+] =2nBy,, + Z ¢ Boy—eBonse- (2.26)
j

¢=0=0 2=0

Now, we consider the p-adic integral on Z, for the product of Euler and Bernstein
polynomials as follows:

Is = fz En(x) By n(x)dp(x)

'p

= Z <TZ> Em—e IZ xeBk,n(x)d#(x) (227)
=0 P
m n-k -k
< >ZZ( 1)]< ><n . >Em—éBk+Z+j-
£=0j=0 ]

On the other hand, by (1.13) and (1.14), one gets

I =(-D" , Bukn(1 = X)Ep(1 - x)dpu(x)

n k S/ m k )
— (_1\™ _1VJ _ n—k+0+j
(-1) <k>€§_o;]_=0( 1) ( €><j>Emepr (1 = x)"™ T dp x)

T\ 2L & /m\ [k )
= (_1) Z (_1)] . (n -k+¢ +]+ Bn—k+€+j + 61,n—k+€+j)Em—é
k/) == ¢ ]
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n n n
=(-1)"(n- k)< >Em(1)50,k + (—1)m< >mEm—1(1)50,k - (—1)m< >Em(1)k5o,k—1
k k k
m k k
+ ( 1 < >ZZ 1)]< > < ,>Em—ZBn—k+Z+j
¢=0j=0 ]

n
+ (=" <k> (6uk+1Em + 6ni(ME,1 — kE,,)).

(2.28)
Equating (2.27) and (2.28), one gets
m n—k n-k
( 1)mZZ( 1)]< > < . >Em—€Bk+€+j
¢=0j=0 )
= (n - k)En(1)6ox + mOokEm-1(1) = kE;n(1)60,k-1
(2.29)

k
+ZZ( 1)]< >< > m— EBn k+€+j
£=0j=0 j

+ 6n,k+1Em + (mEm_1 — kEm)6n,k-

Therefore, by (2.11) and (2.29), we obtain the following theorem.

Theorem 2.5. For n,m € N, one has

2m 2n 2m 2n
ZZ( 1)/ . JE2m-eBesj = —2mEs;1 + Bomion. (2.30)
]

£=0j=0

Finally, we consider the p-adic integral on Z, for the product of Euler, Bernoulli, and Bernstein
polynomials as follows:

I = f B, (x) Ex(x) B (x)dje(x)

Zy

< >;})]ZO < ><]> ats fzp AL () 231)
r s n-k _k

(555 () ) (7 ek e
¢=07=01i=0 i

On the other hand, by (1.10), (1.13), and (1.14), one gets

Io= 0 [ B(1= 0.1 =3By (1= )

Zy

k y
= (—1)’+s< >ZZZ -1)' < >< ><,>Br_gEs_jf (1—2x)" M dy(x).
£=0j=0 i=0 L Zy

(2.32)
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Equating (2.31) and (2.32), we easily see that

r s n-k s n-k
HSZZZ 1) < > < > < . >Br€EsjBk+€+i+j
£=0j=0 i=0 ] 1

r s k T\ /s\ [k
= ZZZ(_l)I <e> <]> <l> (1’1 ~k+€+i+ ] + Bn—k+é+i+j + 61,n—k+€+i+j)Br—€Es—j

7070 =0
= (n—k)B,(1)Es(1)60x + 7B,-1(1)60 kEs(1) + sB,(1)Es_1(1)60 k
k
— kB, (1)Es(1)60k-1 + ZZZ( 1)’ < >< ><,>Br—eEs—jBn—k+e+i+j
£=0j=0 i=0 1

+ 6n,k+1BrEs + (rBr—lEs + SBrEs—l - kBrEs)6n,k-

(2.33)
Therefore, by (1.5) and (2.11), we obtain the following theorem.
Theorem 2.6. Forr,n,s € N, one has
2r 2s 2n 2s 2n
ZZZ( 1)’ . )Bor—¢E2s-jBeiyj
£=0j=0 i=0 j 1
(2.34)

r [2r S 2s
= —25Bp,Eps 1 + ) . BoraiBaniatizs = 1), i1 Ess2ji1Bonsorszj-2

2=0 j=1 \4] —
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