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A class of drift-implicit one-step schemes are proposed for the neutral stochastic delay differential
equations (NSDDEs) driven by Poisson processes. A general framework for mean-square conver-
gence of the methods is provided. It is shown that under certain conditions global error estimates
for a method can be inferred from estimates on its local error. The applicability of the mean-square
convergence theory is illustrated by the stochastic 8-methods and the balanced implicit methods.
It is derived from Theorem 3.1 that the order of the mean-square convergence of both of them for
NSDDEs with jumps is 1/2. Numerical experiments illustrate the theoretical results. It is worth
noting that the results of mean-square convergence of the stochastic 6-methods and the balanced
implicit methods are also new.

1. Introduction

In stochastic numerical analysis, the order of convergence plays a crucial role in the design
of numerical algorithms. Unlike in the deterministic modelling situation, there exist in the
stochastic environment different types of convergence. Both in the literature and in practice,
most attention is focused on two major types of convergence, that is, strong convergence and
weak convergence. There is a rich literature on this subject; we here only mention [1-4] and
the references therein.

For stochastic differential equations (SDEs), Milstein [1] presented a fundamental
convergence theorem which established the order of mean-square convergence of explicit
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one-step methods. The conditions of this theorem use both properties of mean and mean-
square deviation of one-step approximation. The theorem showed that under certain
conditions global error estimates for a method can be inferred from estimates on its local
error. Buckwar [4] extended the convergence theory in [1] to stochastic functional differential
equations. Recently, Zhang and Gan [5] extend the theory to neutral stochastic differential
delay equations (NSDDEs). Therefore, the convergence theory in [1] and its generalization
have received some attention in the case of nonjump SDEs. However, in the jump-SDE
context, which is becoming increasingly important in mathematical finance [6-8], to our best
knowledge, no corresponding convergence theory of numerical methods for NSDDEs with
jumps has been presented in the literature. Motivated by the work of Zhang and Gan [5], our
aim is to establish a relationship between the consistent order and the convergence order of
the methods for the NSDDEs with jumps.

In this paper, a class of drift-implicit one-step schemes are proposed for NSDDEs
driven by Poisson processes. A general framework for mean-square convergence of the
methods is provided. It is shown that under certain conditions global error estimates for a
method can be inferred from estimates on its local error. The applicability of the theory about
mean-square convergence is illustrated by the stochastic -methods and the balanced implicit
methods. It is derived from Theorem 3.5 that the order of the mean square convergence of
both of them for NSDDEs with jumps is 12. It is worth noting that the results of mean-square
convergence of the stochastic 8-methods and the balanced implicit methods are also new.

2. Neutral Stochastic Delay Differential Equations with Jumps

Let (Q, ¥, {¥t}i>0,P) be a complete probability space with a filtration {F:}, satisfying the
usual conditions (i.e., it is right continuous and ¥, contains all the P-null sets). Let W (t) :=
Wy (t),..., Wb(t))T be a b-dimensional Wiener process, and N (t) is a scalar Poisson process
with intensity A (A > 0), both defined on the space (, ¥, {¥:};>0,P). And | - | is used to
denote both the norm in R? and the trace norm (F-norm) in R*?. Also, C([t,t.]; R%) is used
to represent the family of continuous mappings ¢ from [t;, 1] to R, Finally, L’; ([t1, t2]; RY) is
used to denote a family of ¥;-measurable, C([t1, t2]; R%)-valued random variables ¢ ={p):
t) <u <t} such that ||(p||£ = sup; ., El¢g ()] < co. E denote mathematical expectation with
respect to PP.

Consider the neutral stochastic delay differential equations (NSDDEs) with Poisson-
driven jumps

d[x(t) - G(x(t-7))] = f(x(t7),x(t” —7))dt + g(x(t7),x (¢t —7))dW (t)
@2.1)
+u(x(t”),x(t" —7))dN(t), te[0,T],

with initial data
x(t) =¢(t), te[-7,0], (2.2)

where ¢(t) € L ([-7,0];R?). Here, 7 > 0 is a constant, x(t”) denotes lims_+-x(s), f : R? x
RY — RY, g :RIxRY — R™ 3 :RIxRY — RY and G: RY — R
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By the definition of It6-interpreted stochastic differential equations, the integral ver-
sion of (2.1) is expressed as follows:

t
x(t) = G(x(t = 7)) + x(0) - G(x(-7)) + fof(x(s_),x(s_ - 7))ds
(2.3)

+ f;g(x(s_)/x(s_ -7))dW(s) + ﬂu(x(s‘),x(s‘ -7))dN(s), t>0.

Definition 2.1 (see [9]). An R¢-valued stochastic process x(t) on —7 < t < T is called a solution
to (2.1) with initial data (2.2) if it has the following properties:

(i) {x(t)}o<s<r is continuous and F-adapted;

(i) {f(x(t), x(t-7))} € LY([0, T RY), {g(x(t), x(t - 7))} € L2([0, T, R™),
{u(x(t), x(t - 7))} € £'([0, T;RY);

(iii) x(t) = ¢(t), -7 <t <0, and (2.3) holds for every t € [0, T] with probability 1, where
£p([0,T];RY) denotes the family of Borel measurable functions @ : [0,T] — R4
such that fOT | (t)|Pdt < oo a.s.

A solution {x(t)} is said to be unique if any other solution {x(t)} is indistinguishable
from {x(t)}, thatis,

P{x(t) = X(t) Vt € [0T]} = L. (2.4)

In order to guarantee the existence and uniqueness of the solution, we impose the
following hypothesis.

Assumption 1 (global Lipschitz condition). There exists a positive constant K such that for all
X1,X2,Y1,Y2 € Rd,

lo(x1, 1) = v(x2,12) |” < K<|x1 -0 + |y - yz|2>, v=fgoru (2.5)

Assumption 2 (linear growth condition). There exists a positive constant L such that for all
x,y €RY,

lo(x, v)|? <L<1+|x|2+ |y|2>, v=f,goru (2.6)
Assumption 3. There is a constant 7 € (0, 1) such that for all xy,x; € R4
IG(x1) = G(x2)| < 7|21 = x2]- (2.7)

Remark 2.2. In this paper, we always assume that 77# 0. Otherwise, the system (2.1) reduces
to the stochastic delay differential equations with jumps.

We use J1, /2, ... to denote the constants which are independent of the stepsize h.
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Lemma 2.3. If Assumptions 1-3 hold, then (2.1) has a unique strong solution x(t) on t > —7, and
the solution of (2.1) satisfies

E< sup IX(t)I2> < (2.8)

—7<t<T

where ] is a positive constant which depends on constants T, n, L, and initial function ¢(t).

It is not hard to prove Lemma 2.3 in a similar way as the proof of Theorems 6.2.2 and
6.4.51in [9].

Lemma 2.4. Let Assumptions 2 and 3 hold. Assume that the initial function @(t) is uniformly
Lipschitz L2-continuous, that is, there is a positive constant H such that

Elg(u) - ¢u)|* <Huw -w), if -7 <up <uy <0, (2.9)
then

Elx(t) - x(t2)* < H(t — 1), (2.10)

forall0 <t <t, <Twitht; — st € [-1,0], t, — sT € [-7,0], where the constant H depends on
constants H, T, initial function g (t), and positive integer s.

Lemma 2.4 is a modified version of [10, Lemma 2.1]. In a similar way, it is not hard to
obtain the estimate (2.10).

In this paper, we will use the following inequality. For any a,¢ > 0and 0 < a < 1, we
have

2

2
2 _a
a+c) < —+
( )_a

< (2.11)

1-a

3. Implicit One-Step Schemes

Define a mesh with uniform step h which satisfies 7 = mh for an integer number m (for
convenience, we assume that m > 2), and suppose that g is a positive integer with g = T/h.
Let t, = nh, n = 0,1,...,q. The drift-implicit one-step methods for the simulation of the
solution x(t) of (2.1) are defined as follows:

Yn+1 = G(Yn+1—m) - G(Yn—m) + Yn
+ (I)f(h/ Yo, Yourt, Yoom, Yoir1-m, AWy, ANn)
(3.1)
+ (I)g(h/ Yn/ Yn—m/ AWn/ ANn) + (Du (h/ Yn/ Yn—mr AWnl ANn)/

n=0,1,...,9-1,
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where Y;, is an approximation of the exact solution x(t,), and @, (v = f, g, and u) are
increment functions. AW,, = W (t,.1) - W (t,), AN, = N(ty+1) — N(t,), and AW, is independ-
entof AN,,. Y,y = ¢(t, — 7) whenn —m < 0.

Remark 3.1. Now, we discuss the solvability of (3.1). If increment function ®; does not
depend on Y., it is not difficult to find that the approximations Y,, can be computed
iteratively. If @y depends on Yj,;1, in order to guarantee the existence and uniqueness of a
solution, the general approach is to assume Lipschitz continuity of ®@; with respect to Y41
with the Lipschitz constant less than 1, and then to apply Banach’s contraction mapping
principle [4].

We denote by ?(thrl) the value that is obtained when the exact solution values are
inserted into the right-hand side of (3.1), that is,
Y (tni1) = G(x(tui1 = 7)) = G(x(ty — 7)) + x(tn)
+ q)f (h/ x(tn)r x(tn+1)/ x(tn - T)/ x(tn+1 - T)/ AWn/ ANn)

(3.2)
+ @y (1, X(t), X (b — T), AWy, AN,,) + @y (h, (), x (b — T), AW, AN),

We introduce the following definitions, which are presented in the literature, see [1, 3],
for example.

Definition 3.2. The local error of method (3.1) is the sequence of random variables
Sns1 = X(tys1) = Y(tpe1), m=0,1,...,q-1. (3.3)
The global error of method (3.1) is the sequence of random variables

eni=x(ta) = Yn, n=0,1,...,4q. (34)

Definition 3.3. The numerical method (3.1) is said to be consistent with order py in the mean
and with order p, in the mean square sense if the following estimates hold with p, > 1/2 and
pr=p2+1/2:

Og}gq{lllE(@u | Ft)ll, < Hoh™, as h—0,

(3.5)

max ||6Tl+1||L2 < thpzr as h — 0/
0<n<g-1

where the constants Hy and H; do not depend on h but may depend on T and the initial data.
Here, ||z]|1, := (Elzf)'/*.
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Definition 3.4. The numerical method (3.1) is said to be convergent with order p in the mean
square sense, on the mesh points, if the following estimate holds:

P
g&ﬁll%llh < HyHP, ash — 0, (3.6)

where the constant H, does not depend on h but may depend on T and the initial data.

In order to obtain the main result, the following properties of the increment functions
are required. There exist positive constants Ly such that for x;, y; € R (i=1,2,3,4),

4
|(I)f(h/ X1,X2,X3,X4, AWnI AN?‘[) - (Df(h/ ylr yZ/ y3/ y4/ AI/\/n/ ANn) | S thZ |xi - yill
i=1

(3.7)

and there exist the positive constants Lg, L,, Lz such that for all ¥; -measurable random
variables x1,x3,y1, Y3 € R4,

E|Dg (h, x1,%3, AW,, AN,,) - @y (1, y1,y3, AW,,, AN,,) |*

) i (3.8)
< th[E|X1 - y1| +E|X3 —y3| ],
E|(I)u(h/ X1,X3, AWTl/ ANTZ) - (Du (h/ ylr y3/ AWnr ANT‘[) I2
) i (3.9)
< hL, [E|x1 —y1|” +E|xs - y3| ],
E((Dg(h/ X1, X3, AWn/ ANH) - (Dg(h/ Y1, Y3, AWnr ANTL) | ?tn) = O/ (310)
|E[(Du(h/ X1,X3, AWn/ ANn) - (I)u (h/ ]/1, ]/3/ AWn/ ANn) | ?tn] | (3 11)

< th[|x1 - y1| + |x3 - y3|]-

Now, we state our result on the convergence of the one-step method (3.1).

Theorem 3.5. Suppose that Assumption 3 and the conditions (3.7)—(3.11) hold. Assume that the
one-step method (3.1) is consistent with order p; in the mean and order p, in the mean square sense,
then the method (3.1) is convergent with order p = p, — 1/2 in the mean square sense.

Proof. By (3.4), we have

En+l = Ensl + [G(x(tn+1 -T)) - G(Yn+l—m)]/ (3-12)
where &,,1 is defined as follows:

Eni1 = X(ty1) = G(x(tn1 — 7)) — [Yerr = G(Yas1-m)]. (3.13)
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Squaring and taking expectation on both sides of (3.12), using Assumption 3 and (2.11), we
have

1 _ 1
E|5n+1|2 < qE|5n+l|2 + EE|G(x(tn+1 - T)) - G(Yn+l—m)|2

1
< mmgwf + NE|X (b1 = T) = Ye1ml” (3.14)

- EEL@MHZ + NElens1-m|*.

It follows from (3.1), (3.2), and (3.13) that

Ene1 = X(tns1) = G(X(tna1 = 7)) = Y (tna1) + Y (tne1) = Yo = G(YVoiim)]
= x(tw1) = Y (tns1) + x(ta) — G(x(ty — 7))
+@f (b, x(tn), X(tns1), X(tn = 7), X(tws1 — T), AWy, AN,,)
+ @ (h, x(tn), X(ty — T), AWy, ANy) + @, (h, x(t,), x(ts — T), AW, AN,,) (3.15)
~ Yo + GYVoom) = @ (h, Yo, Yo, Yo, Yosrom, AWy, AN,
- CDg(h, Yo, Yo, AW,,AN,) - D, (h, Y, Yy, AW, AN,)

= 6n+1 + gn + Ry,

where

Ry = ®f(h, x(ty), x(tns1), x(tn — T), x(tne1 — ), AW, ANy)
- (Df (h/ Yo, Yoi1, Yo-m, Yn+1fm/ AWy, A]\Tn)

(3.16)
+ @ (h, x(ty), x(ty — 7), AWy, ANy) = Do (h, Yy, Yy, AWy, AN,,)
+®,(h,x(t,), x(t, —7), AW,, AN,) = D, (h, Yy, Yoo, AW, AN,).
Squaring and taking expectation on both sides of (3.15) yields
ElEnn|* < El&xl* + 2E[6p1|* + 2E[Ru|* + 2E(8 11, En) + 2E(En, Ru). (3.17)

We will now estimate the separate terms in (3.17) individually. Without loss of generality, we
can assume that 0 < h < 1. We notice that the method (3.1) is consistent with order p, in the
mean square sense; thus, there exists a constant J, such that

IE:|6n+1|2 < ]2h2pz. (3-18)
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By (3.7)-(3.9), we obtain
E|Ru|* < 3E|®¢ (h, x(tn), X(tns1), X(ty — T), X (tws1 — T), AWy, AN,)
~®¢ (1, Yo, Y, Yoo, Yostiom AW, AN, |
+ 3E| Mg (1, X(t), X (tn = T), AW, AN,) = Dy (B, Yop, Yo, AW, AN, |
+ BEI®, (B, x(tn), X (ty = 7), AWy, ANy) = @y (h, Yoy, Yiuon, AWy, AN,

< 3h2L;E(|x(tn) - Yn| + |x(tn+1) - Yn+1| + |x(tn - T) - Yn—ml
o (bnsr = T) = Y1 -m|)?+3hLg <E|x(tn) — Y, P+ Elx(t, - T)—Yn_m|2>
+3hL, <E|x(tn) — Y, P +E|x(ty - T) - yn_m|2)
< (12h2L§ +3hL, + 3hLu> <E|x(tn) ~ Y, +E|x(t, - T) - Y,,_m|2)
+ 12013 (Elx(te) = Yo + Elx(tust = ) = Yosronl’)

- (12h2L; +3hL, + 3hLu> <E|gn|2 + E|5n_m|2> + 121212 <E|gn+1|2 + E|gn+1_m|2>,
(3.19)

which, by the inequality (3.14), yields
1
E|Rn|2 < <12h2L12( + 3th + 3hLu> <EE|5n|2 + 11]E|gn_m|2>
+ (12h2L§ +3hLg + 3hLu)E|en,m|2

1 _
+12K°L} <EE|E"+1|2 + mElsn+1_m|2> + 12K L3Eenst-ml’

~ 1

< <12h2Lj2, +3hL, + 3hLu> (]E|gn|2 + ]E|gn_m|2> max{ e 1+ 11}
_ 1
+ 12h2L§r <E|5n+1|2 + E|5n+1_m|2> max{ ﬁ’ 1+ 11}
< (12TL2 +3L, +3L >h<E|§ P+ Elepm|* + ElEnsi |
= f g u n n-m n+1
+E|e |2> max 1 1+
n+l-m 1- rl/ 1
= Jsh(EIEa + Ele-n[ + Elénal’ + Elenml’),
(3.20)

where J3 = (12TL§ +3Lg +3L,) max{1/1-17,1+n).
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Since method (3.1) is consistent with order p; in the mean square, there exists a
constant J4 such that

(BIEGw | F:)F) " < Juli. (321)

Noticing that &, is ¥:,-measurable and by (3.21), we arrive at

2E((€n,On11)) = 2E[E((&n, Ons1) | F1,)]

< 2E[E((€n, One1) | Fr,)| = 2E[(En, E(Oni1 | Fe,))
1/2

<2(EfE) " (W EIE G | F:,)F) (3.22)

< hEE, 2 + h ' E[ESm | F, )P
< hE[E, | + (Ja)*h?P!

= hE|&,|” + Jsh*1,

where J5 = (J4)*. Applying the inequality [E(x | F* < E(x]* | F), (3.7), (3.10), and (3.11)
yields

E(Ry | Fi,)I = [E[@f(, 2(t0), 2(tns), %(tn = 7), %(tris = T), AW,y AN,)

- ch (h/ Yo, Yot Yoom, Yosi-m, AWy, ANn)

+ g (h, X(t), % (b = T), AWy, AN,) = @y (B, Yo, Yoy, AW,,, AN,,)

2
+ (I)u(hr x(tn)/ x(tn - T), AWnr ANn) - q)u (h/ Yn/ Yn—mr AWnr ANn) | ?ty,:l

= |E[®f(h/x(tn)/x(tn+1)r x(tn - T)/ x(tn+1 - T)r AWTU ANn)
- (I)f(h/ Yn/ Yn+1/ Ynfm/ Yn+1—mr AWn/ ANn) | ?tn]
+E[@y(h, x(tn), x(tn — ), AWy, AN,) = Dy (B, Yo, Ve, AWy, AN,) | Fo,] |2
< 2E[|cpf(h, x(t), X(bns1), X (tn — T), X(bns1 — T), AWy, AN,,)
=@ (h, Yo, Yt Yo, Yot AW, AN, [P | 5, ]

2
+ 2|B[ @0, x2(ta), x(ty = 7), AWy, AN,) = @y (b, Yo, Yo, AW, AN, | F, |

< 202 (Ly) B[ (1 () = Yl + Pe(tst) = Yol # (b = ) = Yo
(bt = 7) = Yot nl)? | Fo
+ 203 (La)* (12 (tn) = Yol + [x(t = 7) = Y| ]®
<812 (Ly)°[lenl” + Elenal | F1,) + lennl’ + lensronl’]

+ 412 (L) [leal” + -]
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= (8K (Ly)? + 42 (L) lenl? + 8K (Ly)*E (lena | F1, )
+ [8;12(Lf)2 + 4h2(Lg)2] lenml® + 81 (Ls) lens1oml

(3.23)

Here, the fact used has been that x(t,), x(t, — 7), x(tps1 — T), Yo, Yoom, Yni1-m are ¥ -
measurable. Using (3.14) and (3.23), we arrive at

2E((&n, Rn)) = 2E[E((€n, Rn) | F+,)]
= 2[E(&n, E(Ry | F1,))] < 2E[|€n] - [E(Rn | F¢,)1]
<2(nlef) (1 EER F)R)
< hE|&,[> + R 'E[E(R, | Fi,)
< HE[E,[ + [8h(Ly)* + 4h(Le)*| Elesl” + 8h(Ly)*Elens

* [8h(Lf)2 + ‘Ul(La)z]Elfn—ml2 +8h(Ls) Elenstml’

< B, + [8h(L)" + 4h(Lo)] [ B + e o
+ Sh(Lf)2 [ﬁﬂilgmﬂz + UE|5n+1—m|2]
+ [80(Ls)* + (L) | Blew ml + 8h(Ls) Elena ml?

2 2\ 1 S 2 2 1 e
1+(8(Lf) +4(La) >—1_n]hE|g,,| +8(Ly) —1_nhE|gn+1|
+ (8(Ly)* +4(La)) (14 1) hEley +8(Ls)* (1+ ) hElens1ml

< h,

1
1+ (8(Lf)2 +4(Lﬁ)2> max{q,l + 71}
[E|§n|2 + E|§n+1|2 + IEl£n+1—m|2 + IE:|€n—m|2]

= Joh[EI&l” + Elgnal + Elensiml’ + Elennl’],

(3.24)
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where Js = 1+ (8(Ls)” +4(Lz)*) max{1/(1-7),1+n}. Inserting (3.18), (3.20), (3.22), and (3.24)
into (3.17) yields

Elgnal’ < BIEW + 228 + 2J3h(EIEs + Elew-ml” + Elgwal* + Elenanl’)

+ HEIE + J5H* ™ + Joh(El&ul’ + Elé +Elenii-nl’ + Elen-nl’)
(3.25)
= (2J3+ Jo)hB[enal* + (1+ (1+2]5 + J)WEl&,[”
+ )5+ J)h(Blenstonl’ + Elen-nl) + 2J2 + J5) .
The following proof is analogous to that of Theorem 3.1 in [5]; thus, it is not hard to derive

the convergence result. The proof is completed. O

Remark 3.6. Notice that if u(-) = 0in (2.1), then (2.1) reduces to the NSDDEs without jumps,
our Theorem 3.5 coincides with Theorem 3.1 in [5], that is to say, Theorem 3.5 generalizes
Theorem 3.1 in [5] to the case of NSDDEs with jumps.

4. The Examples

Theorem 3.5 presents the convergence result about the general implicit one-step methods for
NSDDEs with jumps. In this section, we discuss the applicability of the theory presented in
the previous section. We will give the convergence orders of the stochastic 8-methods and the
balanced implicit methods.

Example 4.1. Consider the stochastic 0-methods for system (2.1),
Y1 = G(Yn+1—m) +Y, - G(Yn—m)
+[(X=0)f(Yn, Yoom) + 0f (Yus1, Yns1-m)| B (4.1)

+ 8V, Yoem) AW, + u(Y, o) AN, n=0,1,...,9-1,

wherem =7/h,0<0<1.

Lemma 4.2. Let Assumption 1 hold, then the stochastic 8-methods (4.1) are consistent with order
p1 = 3/2 in the mean and order p, = 1 in the mean square sense.

Proof. Combining (2.1), (3.2) with (4.1) yields

6n+1 = x(tn+1) - ?(trﬁ—l)

Ens1
- f [F(x(s), x(5 = 7)) = F(x(t), x(ts — 7))] ds

#7369 2 - 1) = gx(t), 20, - )] AW )
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tn+1
7 ux9), 55 = 1) = ), x(t, - )IANG)
ty

-0h [f(x(tn+1)/ X(tne1 — 7)) = f(x(tn), x(tn — T))] .
(4.2)

Noticing the compensated Poisson process, N (t) = N(t) — M, which satisfies
b —_—
E<f u(s)dN(s) | Sla> =0. (4.3)

Using Assumption1, (4.3), Holder inequality, Lemma 2.4, the properties of condi-
tional expectation, and Jenson’s inequality: |E(x | F)|* < E(|x[*> | ), we compute that

2
E|E (61 | F1,)I* < 5E

tns1
E(L [f(x(s),x(s = 7)) = f(x(tn), x(t, — T))]ds | %)

2

tn

tns1
+5E E(I [g(x(5), x(s = 7)) = g(x(tn), x(tn = 7))] AW (5) | ‘Ftn>

2

tne1 —
+5E IE(J [u(x(s), x(s = 7)) —u(x(ty), x(t, — 7)) ]AN(s) | %n>

tn

2
+5\%E

tn+1

E(J [u(x(s), x(s = 7)) — u(x(tn), x(t, — 7))]ds | %n>
ty

+ 5h2E|E(f(x(tn+1)/ X(tns1 = 7)) = f(x(tn), x(tn = 7)) | ?tn) |2

2
<5E [E( f(x(s),x(s = 7)) = f(x(tn), x(tn — 7))ds| | %>]
tn

ravafe( 5]

+ SIPE[E(|f (x(tust), x(bna = 7)) = f(x(ta), x (b =) [P | F, )|

tVH-]

Itm u(x(s), x(s = 7)) = u(x(tn), x(t, - 7))ds

ty

<5(1+1%)Kh Jtm E(lx(s) = x (8] + x(s = 7) = x(ty ~ 7)) ds

t
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+ 5P KE ([ (tyen) = x(t0) + 2 (bt = 7) = x(tn = 7))
< [10(1+?)KH +10KH|K,
(4.4)

tni1
E[6n]? < 4th £ (x(8), (s~ 7)) — f(x(tn), x(bs — 7)) [2ds

tTl

tns1
+4EI |g(x(s), x(s — 7)) - g(x(tn), x(t, — 7)) *ds

+ 81 " Elu(x(s),x(s — 1)) —u(x(t,), x(t, — T))|2ds

tn

+81%h J‘tm Elu(x(s),x(s — 7)) — u(x(t,), x(t, — T))|2ds

+ AR f (x(tur1), X (bt = 7)) = f(x(tn), %t = 7))|?
< <4h +4+81+ 8A2h>K J‘tn+1 E(Ix(s) — x(tp)? + |x(s = T) — x(t, — T)I2>ds

+ 4I<h2]E(|x(t,,+1 ) = x(tn)? + (b1 = 7) = x(t — T)IZ)

<8KH (1 +2T +2) + 212T> w2,
(4.5)

where the compensated Poisson process N (t) = N(t) — At satisfies

2

E = AF Elu(x(s))|*ds. (4.6)

3]

f .
f u(x(s))dN (s)

3]

Hence, the stochastic -methods (4.1) are consistent with order 3/2 in the mean and order 1
in the mean square sense. The proof is completed. O

Theorem 4.3. Let Assumption 1 hold, then the stochastic 6-methods (4.1) are convergent with order
p = 1/2 in the mean square sense.

Proof. Lemma 4.2 shows that the stochastic 6-methods (4.1) are consistent with order p; = 3/2
in the mean and order p, = 1 in the mean square sense. In order to prove that the stochastic
0-methods (4.1) are convergent with order p = 1/2 in the mean square sense, by Theorem 3.5,
we only need to verify the conditions (3.7)—(3.11).
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From (4.1), we find that

ch (h/ Yo, Yot Yooms Yor1-m, AWy, ANn) = [(1 - G)f(Ynl Yn—m) + ef(YTH—l/ Yn+1—m)] h,
@y (h, Yo, Yo, AWy, ANy) = (Y, Yom) AWy, (4.7)
Oy (h, Yo, Ynom, AW, ANy) = (Y, Yn-m) AN

For the random variables x;, y; € R (i=1,2,3,4), by Assumption 1, we have

|Df(h, x1, x2, x3, X4, AWy, ANy) = @ (h, y1, Y2, Y3, Ya, AW, AN,,) |

= [[(1-0)f(x1,x3) + Of (x2,x4) [ L = [(1 = 0) f (y1,y5) + Of (y2,y) | | 8)

4
< \/EhZ|xl _yi|-
i=1

Noticing that E|AW,|> = bh, E|AN,|> = Ah(1 + Ah), and the random variables x1, x3, Y1, Y3 are
&, -measurable, we derive that

E|®g(h, x1,X3, AW, AN,) — @ (b, y1, y3, AW, AN,) |

<E|g(x1,x3) AW, — g(v1,3) AWn|2 (4.9)

2

7

< thIE|x1 - y1|2 + E|X3 - Y3

E|®, (h, x1,X3, AW,, AN,) = @, (b, y1, 3, AW, AN,)|*
< E|u(x1,x3) AN, - u(y1, y3) AN, | (4.10)
< A1+ AT)Kh[E|x1 - 1 [* + Exs - ya |-
From (4.8)—(4.10), we see that the increment functions of the stochastic 6-methods (4.1)
satisfy the inequalities (3.7)—(3.9) with Ly = VK, Ly = bK, and L, = A(1 + AT)K. Noting

that AW,,, AN, are independent of ¥;, and x1, x3, y1, and y3 are ¥;,-measurable, then using
|E(x | )| < E(|x| | F), we find that

E[® (h, x1, x5, AWy, AN,) = @g (h, y1, y3, AW, AN,,) | 5]
=E[g(x1,x3) AW, — g(y1,y3) AW, | Ft,]
= [g(x1,x3) — g(y1, v3) |E(AW,, | F41,) =0,

|E[®y(h, x1,x3, AW, AN,) = @, (h, y1,y3, AW, AN,) | F,]
= |E[u(x1, x3) AN, — u(y1, y3) AN, | Ft,]
= |[u(x1, x3) = u(y1,y3)]| - E(ANW | F1,)

< .)L\/I?h[lxl —yll + |X3—y3|].

(4.11)
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Here, the fact used has been that EAW, = 0 and EAN, = Ah. From above, we find that
the increment functions of the stochastic 0-methods (4.1) satisfy the estimations (3.10) and
(3.11) with Lz = AV/K. Therefore, the conditions (3.7)—(3.11) are satisfied. By Lemma 4.2 and
Theorem 3.5, it is not difficult to find that the stochastic 6-methods (4.1) are convergent with
order p = 1/2 in the mean square sense. The proof is completed. O

Remark 4.4. For the case of G(-) = 0, (2.1) reduces to the stochastic delay differential equations
with jumps
dx(t) = f(x(t7),x(t” = 7))dt + g(x(t7), x(t —7))dW(¢)
+u(x(t7),x(t”—7))dN(t), 0<t<T, (4.12)
x(t) =¢(t), -T<t<L0,
where ¢ € LZ ([-7,0];RY).

Theorem 4.3 implies that the stochastic 8-methods for (4.12) are convergent with order
p = 1/2, which coincides with Theorem 3.2 in [11].

Example 4.5. Consider the balanced implicit methods for system (2.1),

Yn+1 = G(Yn+1—m) + Yn - G(Yn—m) + f(Ynl Yn—m)h
+ (Y, Yom) AW, + (Yo, V) AN, (4.13)

+ C(Yn/ Yn—m) [Yn - G(Yn—m) - Yn+1 + G(Yn+1—m)]-
Here, the d x d matrix C(Y,,, Yy—m) is given by

C(Yo, Yu-m) = Co(Yon, Yoem)h + C1(Yo, Yoern) |AWy| = Conh + C1u| AW, (4.14)

where the Co,, = Co(Ya, Yi-m), Cin = C1(Ys, Yu-m) are, in general matrix, called control fun-
ctions which are often chosen as constants.

Furthermore, the control functions must satisfy some conditions.

Assumption 4. The Cy(x,y) and C;(x, y) represent bounded d x d-matrix-valued functions for
X,y € R4. For any real numbers ag € [0,a], a1 > 0, where & > h for all step sizes h considered
and x,y € R4, the matrix M (x,y) = I+ ayCo(x,y) + a1C1(x, y) has an inverse and satisfies
the condition

|(M(x,9))"| <H <o, (4.15)
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Here, I is the unit matrix, and H is a positive constant. Notice that if Cy,, C1, satisfy
Assumption 4, the methods (4.13) are well defined and can be rewritten as

Yn+1 = G(Ym—l—m) + Yn - G(Yn—m) + [I + C(an Yn—m)]_1
(4.16)
X (f(Yn, Yo-m)h + §(Yo, Yoem) AW, + u(Yo, Y,,_m)ANn).

Lemma 4.6 (see [12]). If F(y, w) is independent of ¥,y € R, w € Q, E(F(y,w)) = ¢(y), and ¢
is F-measurable, then E(F (g, w) | F) = ¢(g).

For simplicity, from now on, we suppose that Cp,, C1, in (4.14) are constants, that is to
say, Con = Co, C1n = Cl.

Lemma 4.7. Let Assumptions 1, 2, and 4 hold, then the balanced implicit methods (4.13) are
consistent with order py = 3/2 in the mean and order p, = 1 in the mean square sense.

Proof. Without loss of generality, we can assume that 0 < h < 1. From Lemma 4.2, we know
that the Euler-Maruyama method is consistent with order 3/2 in the mean, thus using (4.4),
we have

2]

= E{ ']E[x(tnﬂ) —YE(th) | ?tn] + E[YE(th) _YB(th) | stt,,]

]E[']E[x(t,M) —YB(trH—l) | ?tn]

]
Josfep P

1

(4.17)

< ZED]E[X(th) —?E(fm) | %n] 2]

< [20 (1 + )E)Kﬁ + 201<ﬁ] W3+ 2R UE [?E(tn+1) Y (tn) | %]

where YE(tn+1) and ?B(tml) are defined as follows:

Y (1) = G(x(tuss = 7)) + x(tn) = G(x(tn = 7)) + F (x(t), x(ty — T))2

+ g(x(tn)rx(tn - T))AWn + u(x(tn)/ x(tn - T))ANn/

Y (tn1) = G(x (bt = 7)) + X(tn) = G(x(ty = 7)) + [ + Cy] ™

X (f(x(tn)r x(tn - T))h + g(x(tn)rx(tn - T))AWn + u(x(tn)/ x(tn - T))ANn)/
(4.18)



Discrete Dynamics in Nature and Society 17

where C,, = Coh + C1|AW,,|. By (4.18), we have

Y (t) =Y (tr) = (1= 11+ Cal ™)
(f(tn), X(tn = 7)) B+ g(x(tn), X (tn — 7)) AW, +u(x(t), X (ta—T)) AN,
=[[+C] - (I +Ca) =)
(fGeltn), X (tn = 7))+ g(x(bn), X (bn = 7)) AWy +2u(x(t), X (b2 =T)) AN
=[I+C,]"-C,
(fCeltn), x(tn = 7)) B+ G(x(tn), X (bn = 7)) AW, 1 (x(tn), X (t2—T)) AN,).
(4.19)

Noticing that x(t,), x(t, — T) are ¥ -measurable, AW, is independent of ¥;, and using
Lemma 4.6, we find that

E[(+C)™ - Co- g(x(ta), X(by =) AW, | F,] = 0. (4.20)

We notice that Cy and C; are constants; thus, there exists a positive constant B, such that
|ICi| < B (i = 0,1). Since AW,,, AN,, are independent of ¥,,, by Assumption 4, (4.19), (4.20),
[E(x | F)| <E(|x] | F), E|]AW,| < vVbh, and EAN,, = A\h, we obtain

‘E[?E (tn+1) - ?B (tn+1) | ?tn:l

< | fGxta), Xt =) |h-E(|(T+ C) ! |- [Coh + CLIAW, | | F, )
+ur(t), x(t =T B[+ C) ! |- ICol + CLAWLI - ANG [ F1,) (41
< |f(x(ta), x(tn = 7)) |[HR - E(IColt + CLIAW, || | F,)

+ [u(x(tn), x(tn — 7)) [H - E(|Coh + C1|AW, || - ANy, | F4,)

< (| f Geltn), x (b =) | + [u(x(tn), x (b - T))IA)Hh3/2B<\/ﬁ+ \/I;).

It follows from Assumption 2, Lemma 2.3, and (4.21) that

2]

<2HB (VT + Vo) IO [E[f (e(t), x(ts —~ T)[* + Blux(t), x(t )P 42

E[‘E[?E(tm) Y (t) | %n]

< 2LHZBZ<1 + /\2> (ﬁ + \/15>2(1 +2J1)H3.
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Inserting (4.22) into (4.17) yields

]E[|]E[x(tn+1) —?B(trﬁ—l) | C‘Ftn]

]
(4.23)
< (20(1 + )L2>I<ﬁ +20KH + 4LHzB2<1 + )8) (ﬁ + \/E>2(1 + 211));13,

which implies that the balanced implicit methods (4.13) are consistent with order 3/2 in the
mean. In the following, we will show that the balanced implicit methods (4.13) are consistent
with order 1 in the mean square sense. Using Assumptions 2 and 4, Lemma 2.3, |C;| < B
(i =0,1), E|AW,[*> = bh, E|]AW,,|* < 3b?h?, EAN?2 = Ah(1 + Ah), and (4.19), we compute that

d ]

< 3W2H?E(|Coh + Ci|AW,|* - | f(x(tn), x(tn — T)) |2)

—E —B
Y (tha) =Y (tna1)

+ SHPE(ICoh + ColAW, - [3(x(t) x(ta = D) AW )
+3H?E(|Coh + C1|AW, |- [u(x(ta), x(t, — 7)) PAN)

< SH2HE((2CoPH? + 2ICiPIAWLP) - | f(x(t), x(t = 7))
+SEPE((2CPIIAWL + 2C PIAW, ) - [g(ett), x(t - T)F) 42
+ 3HZE( (2CoPH* + 2AC1PIAWaL) - [u(x(t), (ks ~ 7)) P ANS)

< 3h2H> <2B2h2 + Zszh>E[| F(x(ty), x(ty — 7)) |2]
+3H?2 <2B2h2bh +2B2. 3b2h2)]E[| g(x(tn), x(ty — 7)) |2]
+3H2AR(1 + M) (28202 + 2B2bh>]E [lu(x(tn), x(ty — T))|2]

< 6H2B2L[T2 +2bT +3b + A(1 + AT)(T + b)] (1+2]1)h%

Theorem 4.3 implies that the Euler-Maruyama method is convergent with order p = 1/2.
Thus, by (4.5) and (4.24), we have
2]

o] o

< [161<ﬁ (1 42T +20 + 2A2T> +12H2B2L

X(tn1) = Y (bns1) X(tn1) = Y (busa)

2] + 21E['7E(tn+1) Y (thn)

(4.25)
x[Tz +2bT +3b% + A(1 + AT)(T + b)] 1 +2]1)]h2.

The proof is completed. O
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Theorem 4.8. Let Assumptions 1-4 hold, then the balanced implicit methods (4.16) are convergent
with order p = 1/2 in the mean square sense.

Proof. By (4.16), the increment functions @, ®¢, and @, of the balanced implicit methods
(4.16) are given as follows:

(Df (h/ Yn/ Yn+1/ Yn—m; Yn+1—m/ AWn/ ANn) = [I + C(Ynz Yn—m)]_lf(yn/ Yn—m)h/ (426)

(I)g(h/ Yn/ Yn—m/ AWn/ Aer) = [1 + C(le/ Yn—m)]_lg(yn/ Yn—m) AWnl

(4.27)
(Du (h/ an Yn—m/ AWn/ ANn) = [I + C(an Yn—m)]_lu(yn/ Yn—m)ANn-
For x;,y; € R4 (i=1,2,3,4), by Assumptions 1-4, (4.26), we arrive at
|ch(h/ X1, X2, X3, X4, AWTU A]\]‘Vl) - (I)f(h/ Y1,Y2,Y3, Y4, AWnr ANn) |
= [T+ Coh + AW, f (1, x3)h = [T + Coh + CAWL f (v, ys)h| - (4.28)

< H\/I?h(|x1 —y1| + |.’)C3 —y3|).

Noticing that E|[AW,,|* = bh, EAN2 = Ah(1 + \h), the random variables x1, x3, y1, and y; are
&,-measurable and using Assumptions 1-4, (4.27), we obtain

E|(Dg(hr X1, X3, AWn, AJ\ITZ) - cDg(hr Y1, Y3, AWH/ ANn) |2

= IE| [I+Cn)] 7 g1, x3) AW, — [T+ Co] g (11, y3) AW, : (4.29)
< szKh[IE|x1 -1 |2 +E|xs - y3|2],

E|®,(h, x1,X3, AWy, AN,) = @y (B, y1, y3, AW,,, AN, |
- E) (I +Cp] " u(x1, x3) ANy, — [T+ Co] (11, y3) AN, ’ (4.30)

< H2KA(1 + )LT)h[E|x1 —y|* + E|xs - y3|2].

Since AW,,, AN,, are independent of ¥;, and the random variables x1, x3, y1, and y3 are ¥, -
measurable; thus, by the inequality |E[x | ¥]| < E[|x| | ¥], EAN,, = Ah, and Lemma 4.6, we
compute that

E[cDg(h/ X1, X3, AWn/ ANTI) - q)g(h/ Y1,Y3, AI/Vn/ ANn) | ?tn]

= E[(I+Co) ™' g1, x3) AW, | Fr, | ~E[(T+ C) g (v, y2) AW, | | (43D)

=0,
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|]E[(Du (h/ X1, X3, AWn/ ANn) - (I)u<h/ yll y3/ AW}’ZI ANT!) | ?tn]

< E‘ [I+ Cn]ilu(xlrxfs)ANn - [I+ Cn]ilu(ylryb%)ANn | ¥,

(4.32)
< Ju(xr, x3) = u(ys, ys) |- E[| 1+ C) 7| - ANy 1 4]

< HVEKM[|x1 =y + |3 — 3]

From (4.28)-(4.32), we see that the increment functions of the balanced implicit methods
(4.13) satisfy the conditions (3.7)-(3.11) with Ly = HVK, Ly = H?Kb, L, = H*KA(1 + AT),
and Ly = HVK . A combination of Lemma 4.7 and Theorem 3.5 leads to the conclusion that
the balanced implicit methods (4.13) are convergent with order p = 1/2 in the mean square
sense. The proof is completed. O

Remark 4.9. For the case of G(-) = 0 and 7 = 0, (2.1) reduces to the stochastic differential
equations with jumps

dx(t) = f(t,x(+7))dt + g(t, x(t7))dW (t) + u(t,x(t7))dN (), 0<t<T,
4.33
x(07) = xo. (43

From Theorem 4.8, it is not difficult to find that the balanced implicit methods for (4.33) are
convergent with order p = 1/2 in the mean square sense, which coincides with Theorem 2.1
in [13].

5. Numerical Experiments

In this section, several numerical examples are given to illustrate our theoretical results in the
previous sections. Consider the nonlinear equation

dl(x(t) —x(t=1))] = |-x(t) + #(_tl—)l) dt + [sin(x(t)) + cos(x(t —1))]dW (¢)
(5.1)
+ %x(t)dN(t), te[0,T],
with initial data
x(t)=1, te[-1,0]. (5.2)

To show the convergence of the 6-methods (4.1) and the balanced implicit methods
(4.16), we choose 6 = 0.5, Cyp = 1, and C; = 0.5. In all the numerical experiments, we
identify the numerical solution using very small stepsize h = At as the exact solution and
compare this with the numerical approximations using h = 4At,8At,16At,32At,64At for
At = 271 over 2000 different discretized Brownian paths. The mean-square errors & =
exrp, ¥ =1,2,3,4,5, all measured at time T = 1, are estimated by trajectory averaging, that is,
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Figure 1: The convergence of the numerical methods. (a) Stochastic 6-method (4.1); (b) the balanced
implicit methods (4.16).

e =1/ 20002?2(1)0|xr1(a)j) - Y, 4(wj)[>. We plot our approximation to /" against h on a log-
log scale in Figure 1. For reference, a dashed line of slope one-half is added in two graphs. In
Figure 1., we show the convergence of the 6-method (4.1) in the left picture and the balanced
implicit methods (4.16) in the right picture, respectively.

We see that the slopes of the two curves appear to match well in two pictures in
Figure 1, which is consistent with the strong order of one-half implied in Theorem 4.3 and

Theorem 4.8.

6. Conclusion

In this paper, we consider a family of implicit one-step methods for the NSDDEs with
jumps. A relationship between the consistent order and the convergence order is established.
A general framework for mean-square convergence of the methods is provided. The
applicability of the mean-square convergence theory is illustrated by the stochastic O-
methods and the balanced implicit methods. We have generalized the existing results. The
examples presented in Section 4 show that the main result in this paper can be applied not
only to semi-implicit methods but also to full implicit methods.
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