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We investigate the generalized Hyers-Ulam stability of the functional inequalities || f ((x+y+z)/4)+

f((Bx—y—4z)/4)+ f ((4x+32)/4)|| < |[2f ()| and || f ((y=x) /3)+ f ((x=32) /3)+ f ((Bx+3z-y) /3)| <
|l f (x)|| in non-Archimedean normed spaces in the spirit of the Th. M. Rassias stability approach.

1. Introduction

Ulam [1] gave a talk before the Mathematics Club of the University of Wisconsin in which
he discussed a number of unsolved problems. Among these was the following question
concerning the stability of homomorphisms.

Let (Gy,-) be a group and let (Gy, *) be a metric group with the metric d(-,-). Given € > 0,
does there exist a 6 > 0, such that if a mapping h : Gi — Gy satisfies the inequality d(h(x -
y), h(x) * h(y)) < 6 for all x,y € G, then there exists a homomorphism H : Gy — Gy with
d(h(x),H(x)) <€ forall x € G1?

In other words, under what condition does there exist a homomorphism near an
approximate homomorphism? The concept of stability for functional equation arises when
we replace the functional equation by an inequality which acts as a perturbation of the
equation. In 1941, Hyers [2] gave the first affirmative answer to the question of Ulam for
Banach spaces. Let f : E — E' be a mapping between Banach spaces such that

lf(x+y)-fx)-f(y)| <6 (1.1)
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for all x,y € E, and for some 6 > 0. Then there exists a unique additive mapping T : E — E'
such that

|f(x)-T)| <6 (1.2)

for all x € E. Moreover, if f(tx) is continuous in t € R for each fixed x € E, then T is linear. In
1978, Rassias [3] proved the following theorem.

Theorem 1.1. Let f : E — E' be a mapping from a normed vector space E into a Banach space E'
subject to the inequality

|f(x+y) = fx) = F) <elllxll” + lylI”) (1.3)

forall x,y € E, where € and p are constants with € > 0 and p < 1. Then there exists a unique additive
mapping T : E — E' such that

1£ ) = TG < oy P (14

forall x € E. If p < 0 then inequality (1.3) holds for all x,y#0, and (1.4) for x #0. Also, if the
function t — f(tx) from R into E' is continuous in real t for each fixed x € E, then T is linear.

In 1991, Gajda [4] answered the question for the case p > 1, which was raised by
Rassias. This new concept is known as Hyers-Ulam-Rassias stability of functional equations.
The reader is referred to [5-13] for a number of results in this domain of research.

In 1994, a generalization of the Rassias theorem was obtained by Gavruta as follows
[14].

Suppose (G,+) is an abelian group, E is a Banach space, and that the so-called
admissible control function ¢ : G x G — R satisfies

P(x,y) =27 D2"p(2"x,2"y) < 0 (1.5)
n=0

forall x,y € G. If f : G — E is a mapping with

If(x+y)-fx)-fw)| <o(xy) (1.6)

forall x, y € G, then there exists a unique mapping T : G — EsuchthatT(x+y) = T(x)+T(y)
and || f(x) - T(x)|| < ¢(x,x) forall x,y € G.

During the last decades, several stability problems of functional equations have been
investigated by a number of mathematicians, see [15-17] and references therein for more
detailed information.

By a non-Archimedean field we mean a field K equipped with a function (valuation) | |
from K into [0, 1) such that |[r| = 0if and only if r = 0, |rs| = |r||s|, and |r + s| < max{|r|,|s|} for
allr,s € K.Clearly |1| =|-1|=1and |n| < 1foralln € N.
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Let X be a vector space over a scalar field K with a non-Archimedean nontrivial
valuation | - |. A function || - || : X — R is a non-Archimedean norm (valuation) if it satisfies
the following conditions:

(i) |lx]l = 0 if and only if x = 0;
(ii) [[rx]| = |rlllx[| (r € K, x € X);

(iii) the strong triangle inequality (ultrametric), namely,

v} (x,yeX). (1.7)

Then (X, || - ||) is called a non-Archimedean space. Due to the fact that

|| + y|| < max{||x|,

30 = X || < max{||xj —xj|| :m<j<n-1} (n>m), (1.8)

a sequence {x,} is Cauchy if and only if {x,.+1 — x,,} converges to zero in a non-Archimedean
space. By a complete non-Archimedean space we mean one in which every Cauchy sequence
is convergent (see [18-22]).

Gilanyi [23] and Ritz [24] showed that if f satisfies the functional inequality

|2 G +2f () = £ (xv™) || < £ xw), (19)
then f satisfies the Jordan-von Neumann functional equation
2f(x)+2f (y) = f (xy) + f (xy7")- (1.10)

Gilanyi [23] and Fechner [25] proved the generalized Hyers-Ulam stability of the functional
inequality (1.3).
Cho and Kim [26] proved the generalized Hyers-Ulam stability of the following

functional inequalities:
+
(55" +)

2f<x;y+z>

which are associated with Jordan-von Neumann-type Cauchy-Jensen additive functional
equations.
Now, we consider the following functional inequality:

“f<x+z+z>+f<3x—z—4z>+f<4x:;3z>
|(#57) s (57) - (55)

which is associated with Cauchy additive functional equation.

< +o(x,y,2),

lr (552 -2) + s +252
(1.11)

1)+ f(y) +2f(2)]| < +o(xy,z),

, (1.12)

| < ||2f (x)

<|If@ I (1.13)
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The purpose of this paper is to prove that if f satisfies the inequalities (1.12) and
(1.13), which satisfies certain conditions, then f is Cauchy additive, and thus we prove
the generalized Hyers-Ulam stability of the functional inequalities (1.12) and (1.13) in non-
Archimedean normed spaces.

2. Stability of Functional Inequality (1.12)

In this section, we prove the generalized Hyers-Ulam stability of the functional inequality
(1.12). Throughout this section, we assume that S is an additive semigroup and X is a
complete non-Archimedean space.

We need the following lemma in the main results.

Lemma 2.1. Let f : S — X be a mapping such that

||f<x+y+z>+f<3x—z—4z>+f<4x13z>

forall x,y,z € S. If |3| > |2|, then the mapping f is Cauchy additive.

<|l2f )| (2.1)

Proof. Letting x = y = z = 0in (2.1), we get [3]]f(0)]| < [2||lf(0)]|. So, f(0) = 0. Letting
x = z = 0 and replacing y by 4y in (2.1), we get || f(y) + f(=)|| < |2]||f(0)| for all y € S. So,
f(=y) =—f(y) forall y € S. Setting x = 0 in (2.1), we obtain

(222 (22 (2 | < s -

So,

() 155 ()

forall y, z € S. Replacing y by 2z in (2.3), we get

1(5)-1(3)

for all z € S. Using (2.4), we obtain f(2z) = 2f(z) and f(4z) = 4f(z) for all z € S. Letting
x=0,w1 =y +z)/4and w, = (y —4z)/4,in (2.1) we get

fwr) + f(wz) = f(wr +w») (2.5)

for all w;, w, € S. Hence, f is additive. O

Theorem 2.2. Let ¢ : Sx S xS — R* U {0} be a function such that

lim max

n—oo

2nx, My, 2" DNy, Ny, "
[90( x,2"y,2"z) ¢(-2"x,-2"y Z)]=0 26)

2" ' 2"
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forall x,y,z € S and let the limit

0,2.2iz,2i 0,-2.2iz,-2
p(z) = nlim max{max[q)( z22) ¢ = z)]; 0<i< n}

2[f ' 2]

exists for all z € S. Suppose that f : S — X with f(0) = 0 is a mapping satisfying

”f(x+y+z>+f<3x—z—4z>+f<4x13z>

forall x,y,z € S. Then there exists an additive mapping h : S — X such that

| <RI Fll +9(xy,2)
2 s

forall z € S. Moreover, if

0,2.2iz, 21 O,—2.2i =Dt
lim lim max{ max (P( Z Z),(P( Z Z) s k<i<n+k} =
k—oon—ae 2] 2]

then h is the unique additive mapping satisfying (2.9).

Proof. Putting x = 0 and y = 2z in (2.8), we get

b)) svoes

for all z € S. Replacing z by 4z/3 in (2.11), we obtain
2+ r-2l < 00,5, F)
for all z € S. Replacing z by —z in (2.12), we get
22+ F@a)l < 0(0, 55, 57

forall z € S. Let g(z) := (f(2) — f(-2))/2. It follows from (2.12) and (2.13) that

1 8z 4z -8z -4z
|g(22) —2g(z)|| < ] max [¢<Or§/§)/¢<0/ TT)]

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)
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for all z € S. Replacing z by 2""!z in (2.14), we get

< 1 max 0 8.2 1z 4.2m 1z 0 -8.2" 1z —42m 17
—_ |2|n+1 (P 7 3 7 3 I(P 4 3 7 3

(2.15)

on-1

H 82') _

for all z € S. It follows from (2.6) and (2.15) that the sequence {g(2"z)/2"} is Cauchy. Since
X is complete, we conclude that {g(2"z)/2"} is convergent. Set h(z) := lim, _, ,(g(2"2)/2")
for all z € S. Using induction one can show that

| 8(2"2)
2n

—g(Z)H

0,8.2kz/3,4.2kz/3 0,-8.2kz/3,-4.2kz/3
! max{max[('o( 2/ 2/ ) (P( 2/ 2/ )], 0§k<n}

S ) 7
2P 2 2

(2.16)
for all z € S and n € N. By taking n to approach infinity in (2.16) and using (2.7) one obtains

(29).
It follows from (2.8) that

) () ()|
(220 e ) o (552

f@'(x+y+z)) fR'Gx-y-4z)) [f(2"(4x+32)
4 4 4

Il
.é'_..‘
|

n— oo |2|n+1

f@(x-y-z)) fQ"(Bx+y+4z)) f(2"(-4x-32))

4 B 4 1
< Lllf@ ) - f-2m2)|| + Jim o max[ (2”xr|§rnyf 2'z) p(2"x, |—22|y —2”2)]
= [2[[|(z)]
(2.17)
forall x,y,z € S. So,
”h<x+4ﬁ> * h(W) + h<4x13z> | < 2ih()] (2.18)

forall x,y,z € S. By Lemma 2.1, the mapping h : S — X is additive.
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Now, let T : S — X be another additive mapping satisfying (2.9). Then we have

Ih(z) - T(z)n—| o t[n(2"2) - T (22) |

< Loman{ (@) -5(22) | s (2) 1)

0,2.2iz,21 0,-2.2iz, -2t
Sihm lim max{max[(P( Z z)’(p( Z Z)]; k§i<i+k}

[2 ko= [2f l2f
=0
(2.19)
for all z € S. Therefore h = T. This completes the proof of the uniqueness of h. O

Corollary 2.3. Let p > 1 and 0 be positive real numbers, and let f : S — X be a mapping satisfying
xX+y+z 3x -y -4z 4dx + 3z
(57 o () ()

forall x,y,z € S. If |2 < 1 then there exists a unique additive mapping h : S — X such that

| <RI | + Ol + [[y]|” + I1=I7)
(2.20)

|F22 - hea| < 2z @21)

| B
forallz € S.

Proof. Defining ¢ : Sx Sx S — X by ¢(x,y,z) = 0(||x||” + |lyl|” + ||z]|") we have

2" ' 2"

n—oo

lim max[‘/’(z x,2"y,2"z) ¢(-2"x,-2"y,-2 z)]

:lim6
n—oo ||

0 (IIXII"+||y||p+||Z||”) 0,

0,2.2iz,21z 0,-2.2iz,-2iz

p(z) = lim max{max[(p( - ),('0( - )], O§i<n}
nee 12| 12| (2.22)

| |(i+1)p + |2|ip

= lim max -
2]

n—oo

0lz]|P; 0<i< n} < 20|z,

¢(0,2.2'z,2'z) ¢(0,-2.2'z,-2'z) . )
|2|1_ , |2|l. s k<i<n+k

k—ocon—oo

Iim lim max { max [

< lim 12/*0]|z||F =0

forallz € S.
Applying Theorem 2.2, we conclude the required result. O
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Corollary 2.4. Let ¢ : R* U {0} — R* U {0} be a function satisfying
w(12lr) <@ (2Dg(r)  (r=0), ¢(2]) < 2] (2.23)

Let 0 > 0, let S be a normed space and let f : S — X fulfill the inequality

“f(x+y+z>+f<3x—z—4z>+f<4xz3z>

| (2.24)

<RI+ 0Lyl + ¢ (llyll) + ¢ lizD)]
forall x,y,z € S. Then there exists a unique additive mapping h : S — X such that
f(2) - f(=2) ”
————= - h(z 2.25
|%25 @) < Zawten (2.25)

forallz € S.

Proof. Defining ¢ : Sx Sx S — X by ¢(x,y,z) = 0[g(lx])) + ¢(lyl) + ¢(lzl})] we have

lim max

n—oo

(2"x,2"y,2"z) (-2"x,-2"y,-2"z)
2" ' 2"

<0 1lim max[(%)n(w(x,y, z),9(-x,-y, —z))] =0,

n—oo

0,2.2iz,2i 0,-2.2iz, -2
p(z) = nlim max{max[(P( z22) 9 = z)]; 0<i< n}

e 2" (2.26)
=209 (]|z[)),
0,2.21z,2 0,-2.2iz, -2
Iim lim max{max[q)( lZ Z),(P( lZ Z>:|; k§i<n+k}
koo 2 2
(12D
< tim (V0 ) wti=h) -
forallz € S.
Applying Theorem 2.2, we conclude the required result. O

Theorem 2.5. Let ¢ : S x S xS — R* U {0} be a function such that

nh_r)rc}0 max{[2["p(27"x,27"y,27"), 12["p(-27"x, 27"y, -27"2)} = 0 (2.27)
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forall x,y,z € S and let the limit
p(z) :== lim max{max [|2|"(p<0,2.2’iz, 2”'2>, |2|"(p<0, 227z, —2"2)],‘ 0<i< n} (2.28)
exist for all z € S. Suppose that f : S — X with f(0) = 0 is a mapping satisfying

Hf<x+y+z>+f<3x—z—4z) +f<4x:;3z>

forall x,y,z € S. Then there exists an additive mapping h : S — X such that

<RIIfE | +o(x v, 2) (2.29)

[£2762

|2|<p(z) (2.30)

forall z € S. Moreover, if

lim lim max{max[|2| (p<0 2.2° z,2_iz>, |2|i(p<0, —2.27z, —2_iz>]; k<i<n+ k} =0 (2.31)

k—oon—o

then h is the unique additive mapping satisfying (2.30).

Proof. 1t follows from (2.14) that

pi)-sls o0 2 D)0 T} e

for all z € S. Hence,

zng(z—nz) _ 2(n+1)g<2—(n+l)z>

427"z 227"z 42"z 227"z
<21 = =
<2 maX{tp<0, 33 >,tp<0, 3 T3 )}

(2.33)

for all z € S. It follows from (2.27) and (2.33) that the sequence {2"¢g(27"z)} is a Cauchy
sequence for all z € S. Since X is complete, the sequence {2"¢(27"z)} converges. So, one can
define the mapping h: S — X by h(z) = lim, . {2"g(27"z)} forallz € S.

The rest of the proof is similar to the proof of Theorem 2.2. O

Remark 2.6. We can obtain similar results to Corollary 2.3 for p < 1 and Corollary 2.4.

3. Stability of Functional Inequality (1.13)

We prove the generalized Hyers-Ulam stability of the functional inequality (1.13). Through-
out this section, we assume that S is an additive semigroup and X is a complete non-
Archimedean space.

We need the following lemma in the main results.
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Lemma 3.1. Let f : S — X be a mapping such that

|(555) s (557) o (55)

forall x,y,z € S. If f(0) =0, then the mapping f is Cauchy additive.

<l f@| (3.1)

Proof. Letting x = y = 0 in (3.1), we get
If2)+ f@I < fO) =0 (3.2)
forall z € S. Hence, f(~z) = —f(z) forall z € S. Letting x = 0 and y = 6z in (3.1), we get
If22) =2f@)| < | fO) =0 (33)
for all z € S. Hence,
f(2z) =2f(z) (3.4)
forall z € S. Letting x = 0 and y = 9z in (3.1), we get
1fB2) - f(2) -2f @) <[l f O] =0 (3.5)
for all z € S. Hence,
f(3z) =3f(z) (3.6)

forall z € S. Letting x = 0in (3.1), we get

HONCICE)

<[lfOl =0 (37)
forall x,y,z € S. So,

f<%) + f(-2) +f<z— %) =0 (3.8)
forall x,y,z€ S.Lett; =z—-y/3and t, = y/3in (3.8). Then

f(t2) = f(bi+12) + f(f) =0 (3.9)

forallt;,t, € S. So, f is additive. O
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Theorem 3.2. Let ¢ : Sx S xS — [0,00) be a function such that

2,2y, 2"
i 222"y, 2"2)

n—oo |2|n

forall x,y,z € S and let the limit

O,6.2i ,2i 2 0,3.2i ,2i
o( ?Z),Iltp( 'z Z)];0§i<n}

¢(z) := lim max{max[ - -
noe 2| 12|

exist for all z € S. Suppose that f : S — X with f(0) = 0 is a mapping satisfying
y—-x x -3z 3x+3z-y
[(555) +#(557) 1 (5 | s el + o)

forall x,y,z € S. Then there exists an additive mapping T : S — X such that

1
If @) - T < 57(=)
forall z € S. Moreover, if
0,6.2'z,2z) [2]¢(0,3.2z,2!
klim lim max{max[lp( |2|1.Z Z), | |tp( |2|l. z Z)]; k<i< n+k} =0

then T is the unique additive mapping satisfying (3.13).

Proof. Letting x = 0 and y = 6z in (3.12), we get
[1£22) +2f(-2)|| < 9(0, 62, 2)
for all z € S. Putting x = 0 and v = 3z in (3.12), we get
|21 (z) + 2f (=2) || < [2l¢(0,3z, z) < ¢(0,3z,z)
for all z € S. It follows from (3.15) and (3.16) that

|f(2z) = 2f (z)|| < max{¢(0,6z,z),¢(0,3z,z)}

for all z € S. Replacing z by 2" 'z in (3.17), we get

H f@'z) _ f(2"'z)

2" 2n-1 < o max [‘P (0' 6.2"1z,2" z> ¢ <0, 3.2m 1z, on1 z>]

s

11

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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for all z € S. It follows from (3.10) and (3.18) that the sequence { f(2"z)/2"} is Cauchy. Since
X is complete, we conclude that {f(2"z)/2"} is convergent. Set T(z) := lim, ., (f(2"z)/2")
for all z € S. Using induction one can show that

12 e

0,6.2kz,2k2) 12]0(0,3.2kz, 2k
<_max{max[<p( z,26z) |2lp( z,22)

, ; 0<k<n; (3.19)
121 2[* 2/ ] }

for all z € S and n € N. By taking n to approach infinity in (3.19) and using (3.11) one obtains
(3.13).
Replacing x, y, and z by 2"x,2"y, and 2"z, respectively, in (3.12) we get

2"(y - x) 2"(x - 3z) 2"(3x+3z Y)
p(2) (5 (52)

< ‘ f(2"x)

(3.20)

2n

—p(2"x,2"y, 2"z
o D(2'x,21y,2"2)
for all x,y, z € S. Taking the limit as n — infty and using (3.10) we get

HT(]/;X>+T<X—332>+T<M>“<||T(x)” (3.21)

for all x,y,z € S. By Lemma 3.1, the mapping T : S — X is additive.
If T' is another additive mapping satisfying (3.13), then

ITG)-T @l = e[ (2) -7(24)|
< el [r(22) - () ) 12|

0,622,2'z) |2lp(0,32iz,2
0(0,6222z) PlpO32222) |\ ;g
2/ 2

1 . .
< ol lim lim max{max[

k—ocon—oo

=0
(3.22)

for all z € S. Therefore T' = T. This proves the uniqueness of T. Hence, the mapping T : S —
X is a unique additive mapping satisfying (3.13). O

Corollary 3.3. Let p > 1 and 0 be positive real numbers, and let f : S — X be a mapping satisfying

lr(257) + 1 (55%) (50| < W+ it + P iy 623)
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forall x,y,z € S. If |2| < 1 then there exists a unique additive mapping T : S — X such that

20
I @) =T@] < 5 l1=l7 (3.24)
forallz € S.
Proof. Letting ¢(x,y, z) = 0(||x||” + |ly||” + ||z]|") in Theorem 3.2, we obtain the result. O

Corollary 3.4. Let ¢ : [0,00) — [0, o0) be a function satisfying
w(2r) < g(2Dy(r)  (r=20), g(2) <[2]. (3.25)

Let 0 > 0, let S be a normed space, and let f : S — X fulfill the inequality
Yy—x x -3z 3x+3z—y>
I (57) (7)o (5

forall x,y,z € S. Then there exists a unique additive mapping T : S — X such that

<IfFE | + 0wl + ¢ ([lvl) + ¢ Ul=l)]
(3.26)

0
If(2) - T()|| < |27|4f(||2||) (3.27)

forallz € S.

Proof. If we define ¢(x,y, z) = 0[¢(||lx]]) + ¢(lyl) + ¢(||z])] in Theorem 3.2, then we get the
result. O

Remark 3.5. We can formulate a similar statement to Theorem 3.2 in which we can define the
sequence T(z) := lim,_ 2" f(z/2") under suitable conditions on the function ¢ and ¢ and
then obtain similar results to Corollary 3.3 for p < 1 and Corollary 3.4.
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