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This paper is concerned with the behavior of solution of the nonlinear difference equation x,.1 =
axp—1 + bxpx,_1/(cxy + dx,), n = 0,1,..., where the initial conditions x_,, x_1, x¢ are arbitrary
positive real numbers and a,b,c,d are positive constants. Also, we give specific form of the
solution of four special cases of this equation.

1. Introduction

In this paper we deal with the behavior of the solution of the following difference equation:

bxnxn—l
Xp = axy1+ ——, n=0,1,..., (1.1)
Xy +dx,_o

where the initial conditions x_,, x_1, xo are arbitrary positive real numbers and a, b, c,d are
positive constants. Also, we obtain the solution of some special cases of (1.1).
Let us introduce some basic definitions and some theorems that we need in the sequel.
Let I be some interval of real numbers and let

fI" —1, (1.2)
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be a continuously differentiable function. Then for every set of initial conditions x_i, x_i1,
.., X € I, the difference equation

Xn+1 = f(Xn, Xp1,..., Xpk), n=0,1,..., (1.3)

has a unique solution {x,},_; [1].

Definition 1.1 (equilibrium point). A point x € I is called an equilibrium point of (1.3) if
x=f(x,%,...,%). (1.4)

Thatis, x, = x forn >0, is a solution of (1.3), or equivalently, X is a fixed point of f.

Definition 1.2 (stability). (i) The equilibrium point X of (1.3) is locally stable if for every e >
0, thereexists >0 such that forall x_i, X_gs1,...,Xx-1,x0 € I with

[k = X| + |Xoge1 = X| + -+ |x0 = X| < 6, (1.5)

we have

|x, —X| <€ Vn>-k. (1.6)

(ii) The equilibrium point x of (1.3) is locally asymptotically stable if x is locally
stable solution of (1.3) and there exists y > 0, such that for all x_i, x_g+1,...,x-1, X9 € I with

[ Xk = X| + |Xogs1 = X[+ + X0 —X| <, (1.7)
we have
lim x, = x. (1.8)
n— oo

(iii) The equilibrium point X of (1.3) is global attractor if for all x_x, X_g41,..., X1, x0 €
I, we have

lim x, = x. (1.9)

n— oo

(iv) The equilibrium point X of (1.3) is globally asymptotically stable if X is locally
stable, and x 1is also a global attractor of (1.3).

(v) The equilibrium point x of (1.3) is unstable if X is not locally stable. The
linearized equation of (1.3) about the equilibrium X is the linear difference equation

Ynil = Z axn - Yn-i- (110)
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Theorem A (see [2]). Assume that p,q € R and k € {0,1,2,...}. Then
lp|+lal <1, (1.11)
is a sufficient condition for the asymptotic stability of the difference equation
Xntl +PXn +qxpr =0, n=0,1,.... (1.12)
Remark 1.3. Theorem A can be easily extended to a general linear equations of the form
Xnik T P1Xpsk-1+ - +pex, =0, n=0,1,..., (1.13)

where p1,p2,...,pk € Rand k € {1,2,...}. Then (1.13) is asymptotically stable provided that

k
>l < 1. (1.14)
i=1
Consider the following equation
Xne1 = §(Xn, Xn-1, Xn-2). (1.15)

The following theorem will be useful for the proof of our results in this paper.

Theorem B (see [1]). Let [a, b] be an interval of real numbers and assume that
g:[ab]’ —[ab], (1.16)

is a continuous function satisfying the following properties:

(a) g(x,y, z) is nondecreasing in x and y in [a, b] for each z € [a, b], and is nonincreasing in
z € [a, b] for each x and y in [a, b);

(b) if (m, M) € [a,b] x [a,b] is a solution of the system

M = g(M, M, m), m = g(m,m, M), (1.17)
then
m= M. (1.18)

Then (1.15) has a unique equilibrium X € [a, b] and every solution of (1.15) converges to X.

Definition 1.4 (periodicity). A sequence {x,};._; issaid to be periodic with period p if xp.., =
x, foralln>-k.
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Definition 1.5 (Fibonacci sequence). The sequence {F,};._, =1{1,2,3,5,8,13,.. }, thatis, F,, =
Fu-1+ Fup, m>0, F5 =0, F_; = 1is called Fibonacci sequence.

Recently there has been a great interest in studying the qualitative properties of
rational difference equations. Some prototypes for the development of the basic theory of
the global behavior of nonlinear difference equations of order greater than one come from
the results for rational difference equations.

However, there have not been any effective general methods to deal with the
global behavior of rational difference equations of order greater than one so far. From the
known work, one can see that it is extremely difficult to understand thoroughly the global
behaviors of solutions of rational difference equations although they have simple forms (or
expressions). One can refer to [3-23] for examples to illustrate this. Therefore, the study of
rational difference equations of order greater than one is worth further consideration.

Many researchers have investigated the behavior of the solution of difference
equations, for example, Alogeili [24] has obtained the solutions of the difference equation

X1 = — _x;;;nil. (1.19)
Amleh et al. [25] studied the dynamics of the difference equation
X1 = %. (1.20)
Cinar [26, 27] got the solutions of the following difference equation
Xyt = (1.21)

+1 + ax,x,_1

In [28], Elabbasy et al. investigated the global stability and periodicity character and gave the
solution of special case of the following recursive sequence

bx,

_ 1.22
cxy —dx,_1 ( )

Xp+1 = Xy —

Elabbasy et al. [29] investigated the global stability, boundedness, and periodicity character
and gave the solution of some special cases of the difference equation

XXn—k

Mk (1.23)
p+ YH;(:oxnfi

Xn+l =
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In [30], Ibrahim got the form of the solution of the rational difference equation

XnXn-2
Xp-1(a + bxpxp-2)

Xn+l1 =

Karatas et al. [31] got the solution of the difference equation

x _ Xn-5
ntl — 7~ -
1+ xp-2%-5

Yalcinkaya and Cinar [32] considered the dynamics of the difference equation

aAXn-k
Xnel = —5 -
b+cxh

Yang [33] investigated the global asymptotic stability of the difference equation

Xp-1Xp-—2 t+Xp-3 +4a

Xn+1 = .
Xp-1 + Xp-2Xp-3 + 4

(1.24)

(1.25)

(1.26)

(1.27)

See also [1, 2, 30, 31, 34-40]. Other related results on rational difference equations can be

found in [32, 33, 41-48].

2. Local Stability of (1.1)

In this section we investigate the local stability character of the solutions of (1.

(1.1) has a unique equilibrium point and is given by

1). Equation

bx
X =ax+ ——— 2.1
YE et X T dx @1)
or
X*(1-a)(c+d) =bx?, (2.2)
if (¢ + d)(1 — a) #b, then the unique equilibrium point is x = 0.
Let f: (O, 0)? — (0, 00) be a function defined by
f(u,v,w) =av+ buv (2.3)
T cu+dw’ '
Therefore it follows that
bdow bu —bduv
ul\W,0, W) = —"—>, v\U, 0, W =a+ 7 w\U,0, W)= —",
ful ) (cu + dw)? fol ) cu + dw ful ) (cu + dw)?

(2.4)
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we see that
fu(X,%,%) = ﬁ, foX,X,%)=a+ %, fuo(X,%,%) = (C_fj)z. (2.5)
The linearized equation of (1.1) about X is
Yns1 — ﬁyn - <£1 + %)yn_l + ﬁyn_l =0. (2.6)
Theorem 2.1. Assume that
b(c+3d) < (1-a)(c+d)> (2.7)
Then the equilibrium point of (1.1) is locally asymptotically stable.
Proof. It follows from Theorem A that (2.6) is asymptotically stable if
(c idd)z i |a o (c idd)z b (29
or
- % <1, (2.9)
and so,
71’((5: 5)? <(1-a). (2.10)
The proof is complete. O

3. Global Attractor of the Equilibrium Point of (1.1)
In this section we investigate the global attractivity character of solutions of (1.1).
Theorem 3.1. The equilibrium point x of (1.1) is global attractor if c(1 — a) #b.

Proof. Let p,q be real numbers and assume that g : [p,q]° — [p,q] is a function defined
by g(u,v,w) = av + buv/(cu + dw), then we can easily see that the function g(u, v, w) is
increasing in u, v and decreasing in w.Suppose that (m, M) is a solution of the system

M = g(M/ M/ m)/ m= g(m/m/ M) (31)
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Then from (1.1), we see that

bM? bm?

M=aM+ o meEamt e (3-2)
or
bM? bm?
MU -a) = v -9 = (3.3)
then

d(1-a)Mm +c(1 - a)M? = bM?, d(1-a)Mm + c(1 - aym* = bm?, (34)
subtracting, we obtain
c(1-a) <M2 - m2> = b(M? - m2>, c(1-a)#b. (3.5)

Thus

M =m. (3.6)

It follows from Theorem B that X is a global attractor of (1.1), and then the proof is complete.
O

4. Boundedness of Solutions of (1.1)
In this section we study the boundedness of solutions of (1.1).
Theorem 4.1. Every solution of (1.1) is bounded if (a+b/c) < 1.

Proof. Let {x,};,._, be a solution of (1.1). It follows from (1.1) that

n=-2

bx,x,-1 bx,x,-1 b
Xpil = AXpq + — <axpq + —2= = (a+ = )xp. 4.1)
CXyy + dxy_o Xy c

Then

Xn+1 < Xn-1 Vn > 0. (42)

Then the subsequences {X2,-1} 0, {X2n } oo are decreasing and so are bounded from above by
M = max{x_5,x_1,x0}. O
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5. Special Cases of (1.1)

Our goal in this section is to find a specific form of the solutions of some special cases of (1.1)
when a,b,c, and d are integers and give numerical examples of each case and draw it by
using MATLAB 6.5.

5.1. On the Difference Equation x,.1 = x,_1 + XyXy_1/ (X + Xy_2)

In this subsection we study the following special case of (1.1):

XnXn-1
Xp+l = Xp-1+ ——————, (5.1)
Xn + Xp-2

where the initial conditions x_», x_;, xo are arbitrary positive real numbers.

Theorem 5.1. Let {x,},._, be a solution of (5.1). Then forn=0,1,2,...

Fuish + F4i+2T> Yo = hnfl <F4i+5h + F4i+4T> (5.2)
i=0

Xon-1 =k (7 ,
i o \ Faisoh + Fyinr Faivsh + Fajpar

where x5 =71, x.1 =k, xo=h, {Fn}m=10,1,1,2,3,5,8,13,...}.

Proof. For n = 0 the result holds. Now suppose that n > 0 and that our assumption holds for
n—1, n—2. Thatis,

Xy = kl—[<F41+3h + F41+27’> Yoy = hn = <F4i+5h + F4i+41’)
" Fyivoh + Fajnr " i\ Faivah + Fyiar )7

n-3
P <F41+5h + F41+4T>
2n-4 —
o \Fairah + Fyisr

(5.3)

Now, it follows from (5.1) that

_ X2n-2X2n-3
Xop-1 = Xop3 + ——————
Xop-2 + Xopn—4

Fiivsh + Fajor
k]'_[ ( Faioh + Faiar )
WTT74 ((Faissh+Fuisar) / (Faisah+ Faar) k[T ((F41+3h+F41+27’)/(F41+2h + Fyiar))
W15 ((Faissh + Faiar) / (Faieah + Faiar)) +hI T/ (Faiesh+Faisar) / (Faisah + Fuiar))

_ kﬁ ( Faizh + F4i+2T)
io- \Faioh + Fyiar

((F4n sh + Fun-ar)/ (Fan-sh + Fins57)) kT 155 ((Faivsh + Faisor) / (Faisah + Faisar))
((Fan-3h + Fap- 47‘)/(F4n—4h + Fyp57)) +1




Discrete Dynamics in Nature and Society 9

I\J

n—.

(Fan_sh + Fun a?)KTT53 ((Faissh + Faisor)/ (Faisah + Fiar))

= k
Funsh + Fap_atr + Fap_sh + Fyy 51

+

e

<F41+3h + Fyipor
Fiivoh + Fajar

I\J

n—.

+

|

Faioh + Fajiar Finoh + Fay_3r

Faish + F4,+2T) (Fan—3h + F4n—4r)k1_[ (Faixah + Fuipor) / (Fais2h + Faiat))

_ kﬁ<F4z+3h + Fujpor (1 N Fin3h + Fup 47‘>
oo \Fainoh + Fajar Fanoh + Fansr
_ kn : <F4z+3h + Fyipor <F4n 1h + Fay_ 27>
i \Fairoh + Fainr / \ Fanoh + Fan_3r
(5.4)
Therefore
n-1
Faish + F4i+2r)
Xop1 =k —_— ). 5.5
. i <F4i+2h + Fainr 52)

Also, we see from (5.1) that

_ X2n-1X2n-2
Xop = Xop2+ ————————
Xon-1 + X2n-3

_ hn—z <F4i+5h + F4i+47‘>
Fuisah + Faipar

kH V((Fais3h + Fuisor) / (Faisah + Faia 7)) AT 10 ((Faissh + Faizar) / (Faisah + Faiiar))
kH ((F4z+3h + F41+27)/(F41+2h + F4,+1T))+k1_[ ((F41+3h + F41+2r)/(F41+2h + F41+1r))

_ hn—z <F4i+5h + F4i+47‘>
Fuisah + Faipar

((F4n 1h + Fuat) / (Finoh + Fansr)) T 115 (Faissh + Fasar) / (Faisah + Faisar))
(F4n 1h+F4n ZT/F4n 2h+F4n 3T)+1

N

-

et

h

Fiiush + F4l+4r> , (Fanah + Fanst)RITG ((Faiesh + Fuivar) / (Faiah + Fasiar))
Fuisah + Fyjpar Fyp1h + Fapor + Fay oh + Fup 37

N

n

(Fan-1h + Finor)h[ 155 ((Faissh + Faivar)/ (Faisah + Faisar))

_ hl—[<F41+5h + F41+4T> N

o \Fairah + Faisar Faph + Fapar
_ hﬁ<F41+5h + F41+4T> (1 . Fan- 1h + Fin- 2T>

o \Fairah + Fyirsr Fynh + Fanar
T <F4l+5h + F4l+4r> <F4n+1h + F4nr)

ioo- \ Fairah + Faiszr /) \ Fanh + Fanar

(5.6)
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Thus
n-1
Fyish + F4i+4T>
X =h <7 . 5.7
" 1;)[ Faisah + Fyjpar (5.7)
Hence, the proof is completed. O

For confirming the results of this section, we consider numerical example for x_, =
7,x.1 =6, xo =3. (See Figure 1).
5.2. On the Difference Equation x,.1 = X,_1 + XnXn_1/ (X — Xp_2)

In this subsection we give a specific form of the solutions of the difference equation

XnXn-1

Xn+l = Xp—1 + (58)

- 7
Xn — Xn-2

where the initial conditions x_»,x_1,x9 are arbitrary positive real numbers with x_, # xo.

Theorem 5.2. Let {x,};._, be a solution of (5.8). Then forn=0,1,2,...

n-1 n-1
Fizh - F2i+1T> <F2i+4h - F2i+2T>
_=k|| _— ), =h|| —_—— ), 5.9
ot i (P 2iv1h = Fojar o iio \ Fainoh — Foir 59)

where x5 =1, x.1 =k, xo=h, {Fu}.41=11,0,1,1,2,3,5,8,13,...}.
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Proof. For n = 0 the result holds. Now suppose that n > 0 and that our assumption holds for
n—-1, n-2. Thatis,

n-2 n-2
Fish - F2i+17‘> <F2i+4h - F2i+27‘>
L= k(2 L= p[[( Rl
o i <F2i+1h = Fyiar a2 o\ Faioh — Foir
(5.10)

n-3
Foiiah — Fajpor
4=h —_— ).
ot 1;)[( Faivoh — Fyir >
Now, it follows from (5.8) that

_ X2n-2X2n-3
Xop-1=Xop-3+ ———————
X2n-2 — X2n-4

n-2
Foizh - F2i+1T)
l;)l Frizih = Foiqr
N W15 ((Faissh = Fainor) / (Faisah = Foir) KT 1155 ((Faissh — Faisar) / (Faivih — Faioir))
W12 ((Faisah — Faisor) / (Faisah — Fair)) = RTT5 ((Faisah = Faisor) / (Faisgh — Fyr))

_ kﬁ ( Foiysh - F2i+1T)
o \Faivih — Faiqr

(Fanh — Fanat) / (Fan-2h = Fau_ar))KTT}55 ((Faissh = Faiaar) / (Faivth — Faiar))
(Fonh = Fopor/Fopoh — Fopgr) =1

L

kﬁ<F2i+3h - Fz,-+1r) . (Fanh — Fanat) KI5 ((Faissh = Faiaar) / (Faisih — Faiar))
F2i+1h - Fz,'_lr FZn—lh - an_37'

1

Friish = Foipar
Frisih — Foiqr

1

1

Fonh — Foppr >
1+
( Frp1h — Foar

n

T

1

Frisih = Foiqr Fop1h = Fop_3r

n—

T

Foiizh — Fojar

0
I( )

0

: <F2i+3h - F2i+17‘> (FZn—lh = Fopar + Foh - an—27‘>
0

I( )

0

<F2n+1h - F2n717’>

o \Faivih = Foiar / \ Fon-1h — Fan-sr
(5.11)
Therefore
Xon-1 :kﬁ(M) (5.12)
" i o \Faisth = Fyiar ) ’
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Also, we see from (5.8) that

_ X2n-1X2n-2
Xop =Xop2+ —
Xon-1 — X2n-3

_ hﬁ < Fiiah — F2i+27‘>
- Frioh — Foir

kH V ((Faissh = Faisar) / (Faiih — Faioar)) 155 ((Faivah — Faior) / (Faisah — Fair))
kTT ((Faissh = Faiaar) / (Faisth = Faiar)) =K 1% ((Faiesh = Faiaar)/ (Faisah = Faiar))

_ hﬁ < Fiiah — F2i+27‘>
- Frioh — Foir

((F2n+lh Fan-17)/ (Fan-1h = Fansr))h[ 1255 ((Faivah — Faisat) / (Faisah — Fair))
((Fons1h = Fopar)/ (Fon1h — Fop3r)) =1

N

_ hh < Foizah - le+zr> . (Fansih = Faua7) RTS8 ((Faivah — Faisor) / (Faisah — Far))
o\ Faioh — Py Fopsih — Fopar = Fop-1h + Fopar
_ hﬁ < Foizah - le+zr> . (Fansrh = Faua7) R 1158 ((Faivah — Faisor) / (Faisah — Far))
o\ Fainoh— Fy Foph = Fopor
_ hﬁ<Fzz+4h F21+27‘> (1 . Ponith — Fop- 1T>
io \ Fainoh—F; Foph — Fopor
_ o <F21+4h F21+27‘> <F2n+2h anT>
iio \ Faioh — Fy; Foph = Fapor
(5.13)
Thus
n-1
Foisah — F2i+27‘>
X =h —_ ). 5.14
o 1,:[< Foisnoh — Foir (619)
Hence, the proof is completed. O

Assume that x_, =0.7,x_.1 = 1.6, x9 = 13. (See Figure 2), and for x » =9,x_1 =5, x¢ =
2. (See Figure 3).
The following cases can be treated similarly.

5.3. On the Difference Equation x,.1 = x,-1 — XyXy_1/ (X + Xy_2)
In this subsection we obtain the solution of the following difference equation

XnXn-1
Xn+l = Xp-1— T (515)
Xn + Xp-2

where the initial conditions x_,, x_1, X are arbitrary positive real numbers.
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Theorem 5.3. Let {x,},._, be a solution of (5.15). Then forn=0,1,2,...

n-1 n-1
Frih + Fpjar > <in+1h + F2i+2r>
dows = k[ (22222200 -, = p[ [ (2l
et i (F 2is1h + Fajpor n 1;)[ Foioh + Fojyar

wherex_p =1, x.1 =k, xo="h, {F,}% {0,1,1,2,3,5,8,13,...}.

m=0 =
Figure 4 shows the solution when x_, =3, x_.1 =7, xg = 12.

13

(5.16)
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5.4. On the Difference Equation x,.1 = x,-1 — Xy X1/ (Xp — Xy_2)

In this subsection we give the solution of the following special case of (1.1)

XnXn-1
Xn+l = Xp-1 — —x X (517)
n - An-2
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where the initial conditions x_», x_1,x¢ are arbitrary real numbers. with x_, #x9, x_o, x_1,
xo #0.

Theorem 5.4. Let {x,},._, be a solution of (5.17). Then every solution of (5.17) is periodic with
period 12. Moreover {xy} ., takes the form

kr hk kr hk
{T,k,h, _ h,h—r, P h,—T,—k,—h, m,—(h—r), E,T,k,h,...} (518)

where x_o =1, x_1 =k, x9 = h.
Figure 5 shows the solution when x_ =3, x.1 =7, x9 =2.

6. Conclusion

This paper discussed global stability, boundedness, and the solutions of some special cases of
(1.1). In Section 2 we proved when b(c +3d) < (1-a)(c+ d)?, (1.1) local stability. In Section 3
we showed that the unique equilibrium of (1.1) is globally asymptotically stable if c(1-a) # b.
In Section 4 we proved that the solution of (1.1) is bounded if (a + b/c) < 1. In Section 5 we
gave the form of the solution of four special cases of (1.1) and gave numerical examples of
each case and drew them by using Matlab 6.5.
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